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Abstract: In Hilbert spaces of possibly infinite dimension, this paper proves
that the solution set of variational inequality being nonempty and bounded is
equivalent to the strict feasibility of the solution set, assuming that the mapping
is a compact field and pseudo-monotone in the sense of S.Karamardian, by
the invariance under homotopy of the degree and the excision property of the
degree. This generalizes some known results from finite dimensional spaces to
infinite dimensional spaces in general, and the provided that condition of the
mapping is weaker than that in the literature.
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1. Introduction

In this paper(unless explicitly stated otherwise), we suppose that H is a Hilbert
space, K is a nonempty closed convex subset of H, and F is a continuous
mapping fromK toH. We consider the following variational inequality problem
(V IP (K,F )): to find x∗ ∈ K such that

〈F (x∗, y − x∗〉 ≥ 0, for all y ∈ K.
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When K is a convex cone, the problem is reduced to the complementary
problem, denoted by (CP (K,F )), is to find x ∈ K satisfying that:

F (x) ∈ K+, 〈F (x), x〉 = 0,

where K+ is the dual cone of K, it is defined as

K+ = {x∗ ∈ H : 〈x∗, x〉 ≥ 0, for allx ∈ K}.

Let barr(K) denote the barrier cone of K whose definition will be given in
the next section. Assume that the interior of barr(K) is nonempty, then the
problem V IP (K,F ) is said to be strictly feasible if

F (K)
⋂

int(−barr(K)) 6= ∅.

Strict feasibility has played an very important role in the development of al-
gorithms for variational inequalities, especially interior point algorithms and
continuation methods, refer to [1], [2], [3]. From the theoretical aspect, when F

satisfies certain kind of monotonicity condition, according to some researchers,
then strict feasibility of variational inequalities implies that the solution set of
variational inequalities is nonempty and bounded (see [4], [5], [6]). Recently,
some researchers have studied the converse: whether the nonemptiness and
boundedness of the solution set of variational inequalities implies the strict
feasibilities of variational inequalities. And then they have considered the fol-
lowing problem: the solution set being nonempty and bounded is equivalent to
the strict feasibility of the variational inequalities, provided that many kinds
of monotonicity. Under the many kinds of different setting, they proved the
equivalence between this, see [7], [8], [9]. [8] verified the equivalence when
x 7→ F (x) +NK(x) is a maximal monotone mapping, where NK(x) is the nor-
mal cone of K at x. In the case when H = R

n and K is a box, [5] proved the
equivalence, provided that F is a P0-mapping. In the case when H = R

n and
K = Rn

+, [9] proved that the equivalence, assuming that F is a P∗-mapping. In
the case when H = R

n and K is a closed convex cone in R
n, ([10], Theorem

2.4.4) proved that the equivalence, provided that the mapping F is set-valued,
and stably pseudo-monotone on K, and that the restriction of F on each line
segment of K is upper semi-continuous(which is defined in [11]). This result
was further improved in [7] where the space is a reflexive Banach space. There
is a main difference between the equivalence result in [7], [12] and that in [10],
[5], [9] are: first, in the former, the mapping F is set-valued and in the latter,
the mapping F is single-valued; second, even when the mapping is specialized to
be a single-valued mapping, the continuity assumption in the former is weaker
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than that in the latter. Other related results on strict feasibility include (see
[13], [6]) which independently proved an alternative theorem for strict feasibility
of V IP (K,F ) when H = R

n and K = R
n
+. In the setting of a Hilbert space, we

prove in this paper that provided that F is a pseudo-monotone mapping and is
a compact field, then the solution set of V IP (K,F ) is nonempty and bounded
if and only if V IP (K,F ) is strictly feasible. It is known if the space is of finite
dimension, then every continuous mapping is a compact field. Thus the main
result of this paper generalizes Theorem 2.4.4 in [10] from finite dimensional
Euclidean spaces to infinite dimensional Hilbert spaces.

2. Preliminaries

Let H be a Hilbert space with 〈·, ·〉 as its inner product, K be a nonempty
closed convex subset of H. int(K) denotes the interior of K; cl(K) denotes the
closure of K; bd(K) denotes the boundary of K; barr(K) denotes the barrier
cone of K, it is defined as follows:

barr(K) := {x∗ ∈ H : sup
x∈K

〈x∗, x〉 < ∞}.

K∞ denoted the recession cone of K, it is defined as follows:

K∞ := {d ∈ H : ∃tn → 0+, ∃xn ∈ K, tnxn ⇀ d}

where ⇀ stands for the weak convergence which is in the weak topology;
cone(K) denotes the cone hull of K,

cone(K) := {tx : t ∈ R+, x ∈ co(K)},

where co(K) denotes the convex hull of K.

K− := {x∗ ∈ H : 〈x∗, x〉 ≤ 0, for all x ∈ K}.

In view of [14], Proposition 3.10, [barr(K)]− = K∞. Since K is closed and
convex, for every x ∈ H, the projection

ΠK(x) := {x ∈ K : ‖y − x‖ = inf
y∈K

‖y − x‖}

is nonempty and ΠK(x) is a singleton. A known variational principle(refer to
[15]) for this projection is

x = ΠK(x) ⇔ 〈x− x, y − x〉 ≥ 0, for all y ∈ K (1)
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Let SOL(K,F ) denote the solution set of V IP (K,F ) and R(x) := x−ΠK(x−
F (x)). An easy consequence of (1) is

x ∈ SOL(F,K) ⇔ R(x) = 0.

We say that a mapping T : H 7→ His said to be compact if T is continuous and
for every bounded subset A of H, T (A) is a relatively compact subset of H, in
other words, cl(T (A)) is compact. We say that F : H 7→ H is compact field if
F has the form F (x) = x−T (x), where T : H 7→ H is a compact mapping. We
say that F : H 7→ H is pseudo-monotone on K, if for any x, y ∈ K,

〈F (x), y − x〉 ≥ 0 ⇒ 〈F (y), y − x〉 ≥ 0.

The following results are known in the literature.

Lemma 2.1. (see [7], Proposition 2.1) Let K be a nonempty closed convex

set in H, and barr(K) has nonempty interior. Assume that C is nonempty

closed convex subset of K. Then C∞ = 0 if and only if C is bounded.

Lemma 2.2. (see [7], Proposition 2.2) Let K be a nonempty closed convex

set in H. If barr(K) has nonempty interior, then there does not exist {xn} ⊆ K

with ‖xn‖ → ∞ and xn

‖xn‖
⇀ 0. If in addition, K is a cone, then there does not

exist {dn} ⊆ K with each ‖dn‖ = 1 such that dn ⇀ 0.

Taking the upper hemicontinuty of F in Theorem 3.2 in [7], where F is a
set-valued reduced to the special case, when F is single-valued, then F turn to
be continuous, we obtain the proposition below.

Proposition 2.1. Let K be a nonempty closed convex set in H. Suppose

that F : K 7→ H is continuous and pseudo-monotone on K. Assume that

int(barr(K) 6= ∅, then SOL(K,F ) is nonempty and bounded if and only if

K∞
⋂

F (K)− = {0}.

3. Main Results

Theorem 3.1. Let K ⊆ H be a closed convex set and F : H 7→ H

a compact field with F (x) = x − T (x), where T : H 7→ H is a compact

mapping. Suppose that F is pseudo-monotone on K and int(barr(K)) 6= ∅.
Then SOL(K,F ) is nonempty and bounded if and only if

F (K)
⋂

int(−barr(K)) 6= ∅. (2)
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Proof. Theonly if part. Suppose SOL(K,F ) is nonempty and bounded.
Then by Proposition 2.1, we have

K∞

⋂
F (K)− = {0}. (3)

Let α be an arbitrary vector in K. Define a homotopy by

h(x, t) := x−ΠK(t(x− F (x)) + (1− t)α), (x, t) ∈ H[0, 1]. (4)

Let

C := x ∈ H : h(x, t) = 0, t ∈ [0, 1]. (5)

We claim that C is bounded. If not, there exist a sequence of {tk} ⊂ [0, 1] and
a sequence {xk} ⊂ H such that

lim
k→∞

‖xk‖ = ∞ and h(xk, tk) = 0, for all k. (6)

From (5) and (6), we know that tk is positive for sufficiently large k. In fact,
if tk = 0, then by (5) and (6), xk = α, it is a contradiction to lim

k→∞
‖xk‖ = ∞. By

the definition of the homotopy mapping h, we have xk ∈ K for all k; moreover,
by (2),

〈tkF (xk) + (1− tk)(x
k − α), y − xk〉 ≥ 0, for all y ∈ K

which implies that

〈F (xk), y − xk〉 ≥ −
1− tk

tk
〈xk − α, y − xk〉, for all y ∈ K.

Fix any y ∈ K. Since lim
k→∞

‖xk‖ = ∞, the right-hand side in the above expres-

sion is nonnegative for sufficiently large k. Thus, the pseudo-monotonicity of
F implies that

〈F (y), y − xk〉 ≥ 0, for sufficiently large k. (7)

Let d be a weak accumulation point of { xk

‖xk‖
}. Then d ∈ K∞ and d 6= 0 by

virtue of a consequence of Lemma 2.2. Dividing ‖xk‖ on both sides in (7)
and letting k → ∞ yields that 〈F (y), d〉 ≤ 0. Since y ∈ K is arbitrary, thus
d ∈ F (K)−. Thus we have shown that

0 6= d ∈ K∞

⋂
F (K)−,
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this is a contradiction to (4). Therefore we proved that C is a bounded set.
Let U be a bounded open set containing C

⋃
{α}. If x ∈ cl(U) is such that

h(x, t) = 0 for some t ∈ [0, 1], then x is not in bd(U) as U is a open set containing
C. That is 0 is not in h(bd(U)[0, 1]). Since R(x) = h(x, 1), R−1(0) ⊂ C.
Since U is an open set containing C, R−1(0)

⋂
bd(U) = ∅;. For every x ∈ H,

ΠK(x − F (x)) = ΠK(T (x)). Since ΠK is Lipschitz continuous and T (x) is a
compact mapping, we have the mapping x 7→ ΠK(x − F (x)) is compact, then
R(x) = x − ΠK(x − F (x)) is a compact field by the definition of compact
field. By the definition of Leray-Schauder degree (see [16], Section 4.3), we
have deg(R,U) is well defined. Consequently, the invariance under homotopy
of the degree (see [16], Theorem 4.3.4) shows that

deg(R,U) = deg(h(, 1), U) = deg(h(, 0), U) = deg(I − α,U) = 1

where I denotes the identity mapping. By the excision property of the degree
(see [16], Theorem 4.3.9), U can be replaced by any bounded open set containing
R−1(0)

⋃
{α}. That is,

deg(R, ) = deg(h(, 1), ) = deg(h(, 0), ) = deg(I − α, ) = 1

for a bounded open set containing R−1(0)
⋃
{α}. Let q be an arbitrary vector

in int(−barr(K)). For any ǫ > 0, define

Rǫ(x) := x−ΠK(x− F (x) + ǫq)

The nonexpansiveness of ΠK implies that

‖R(x)−Rǫ(x)‖ = ‖ΠK(x− F (x) + ǫq)−ΠK(x− F (x))‖ ≤ ‖ǫq‖ = ǫ‖q‖.

Therefore, [16], Theorem 4.3.7 implies that for sufficiently small ǫ > 0,

deg(Rǫ,Ω) = deg(R,Ω) = 1

where Ω is a bounded open set containing R−1(0)
⋃
{α}. Therefore, there is

x0 ∈ Ω such that Rǫ(x0) = 0, which implies that x0 ∈ K and

〈F (x0)− ǫq, y − x0〉 ≥ 0, for all y ∈ K.

By the definition of barr(K), F (x0)−ǫq ∈ −barr(K). Since q ∈ int(−barr(K)),
we have

F (x0) ∈ ǫq − barr(K) ⊂ int(−barr(K))− barr(K) ⊂ int(−barr(K)),
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Thus (2) holds.
The if part. If (2) holds:

F (K)
⋂

int(−barr(K)) 6= ∅,

then
0 ∈ int(F (K) + barr(K)) ⊂ int(cone(F (K)) + barr(K)),

it follows that
cone(F (K)) + barr(K) = H

and hence
[cone(F (K))]− + [barr(K)]− = {0}

Since F (K)− = [cone(F (K))]− and [barr(K)]− = K∞, we have

F (K)−
⋂

K∞ = {0}.

By Proposition 2.1, the set SOL(K,F ) is nonempty and bounded.

Acknowledgments

This work is partially supported by National Natural Science Foundation of
China (Grant No. 10701059), the Scientific Research Fund of School of Science
SUSE(10LXYB03), and the Scientific Research Fund of Sichuan Provincial Ed-
ucation Department(12ZA098).

References

[1] Osman Guler, Existence of interior points and interior paths in nonlinear
monotone complementarity problems, Math. Oper. Res., 18 (1993), 128-
147.

[2] Masakazu Kojima, Nimrod Megiddo, Toshihito Noma, Homotopy continu-
ation methods for nonlinear complementarity problems, Math. Oper. Res.,
16 (1991), 754-774.

[3] Yun-Bin Zhao, George Isac, Properties of a multi-valued mapping associ-
ated with some nonmonotone complementarity problems, SIAM J. Control
Optim., 39 (2000), 571-593.



330 X. Liu

[4] S. Karamardian, Complementarity problems over cones with monotone
and pseudo-monotone maps, J. Optim. Theory Appl., 18 (1976), 445-454.

[5] G. Ravindran, M. Seetharama Gowda, Regularization of P0-function in
box variational inequality problems, SIAM J. Optim., 11 (2000), 748-760.

[6] Yun-Bin Zhao, George Isac, Quasi-P∗-maps, P (τ, α, β)-maps, exceptional
family of elements, and complementarity problems, J. Optim. Theory
Appl., 105 (2000), 213-231.

[7] Yiran He, Stable pseudomonotone variational inequality in reflexive Ba-
nach spaces, J. Math. Anal. Appl., 330 (2007), 352-363.

[8] L. Mc Linden, Stable monotone variational inequalities, Math. Program-
ming (Ser. B), 48 (1990), 303-338.

[9] Yun-Bin Zhao, George Isac, Strict feasibility conditions in nonlinear com-
plementarity problems, J. Optim. Theory Appl., 107 (2000), 641-664.

[10] F. Facchinei, J.-S. Pang, Finite-Dimensional Variational Inequalities and
Complementarity Problems, Springer-Verlag, New York (2003).

[11] Jean-Pierre Aubin, Hélène Frankowska, Set-Valued Analysis, New York,
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