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Abstract: Fix a zero-dimensional scheme E ⊂ P
r defined over the finite field

K. For any S ⊆ P
r(K) such that S∩E = ∅ let C(S,m,E) denote the evaluation

code obtained evaluating H0(Pr,IE(m))) at the points of S. Here we extend
works of Hansen, (case E = ∅) to the case of a complete intersections E ∪ S.
The proofs for the minimum distance are the same.
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Let K be a finite field and K its algebraic closure. For any integere m ≥ 0
let K[x0, . . . , xr]m denote the K-vector space of all degree m homogeneous
polynomials. In [4], [3] and [6] the authors considered the following problem.
Fix a finite set S ⊂ P

r(K) and an integer m > 0. Let C(S,m) denote the
evaluation code obtained evaluating the homogeneous polynomials of degree m
in r + 1 variable over K (see [6]. Fix a zero-dimensional scheme E ⊂ P

n(K).
Set I(E)m := {f ∈ K[x0, . . . , xr]m : f |E ≡ 0}. The set I(E)m is a K-linear
subspace. If S∩E = ∅, then let C(S,m,E) denote the evaluation code obtained
evaluating I(E)m at the points of S.
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Theorem 1. Fix positive integers di, 1 ≤ i ≤ r and set s := (
∑

r

i=1 di −
r−1. Assume that E∪S is a complete intersection of r hypersurfaces of degree

d1, . . . , dr defined over K. assume 1 ≤ m ≤ s. Then C(S,m,E) has minimum

distance ≥ s−m+ 2.

Remark 1. The case E = ∅ of Theorem 1 is [3], Theorem 3.2. The
same proof works in the general case, because the Cayley-Bacarach property
holds at the scheme-theoretic level (see [2]). Similarly, the lower bounds for the
minimum distance for Gorenstein reduced schemes X given in [6], Propositions
2.1 and 3.1, work if instead of a reduced X we take X = E ∪S with S reduced
and use C(S,m,E) instead of C(X,m).

Remark 2. As in [1] and [2] we work in P
2. We fix an integer r ≥ 1

and the scheme-theoretic singular locus Z of a degree r + 1 foliation ψ defined
over K. Since ψ is defined over K, Z is defined over K. In [1] it was assumed
that Z is reduced and that each point of Z is defined over K. The part of
[1] concerning the minimum distance holds in this case if we only assume Z =
E ⊔ S with S reduced and each point of S is defined over K (obviously, this
implies that E is defined over K and hence C(S,m,E) is defined). Indeed, in [2]
the Cayley-Bacharach conditions are proved for an arbitrary scheme-theoretic
singular locus.

For any linear code C and any integer i ≥ 1 let di(C) denote the i-th Ham-
ming weight of C (see [5]). [6], Proposition 2.1, may be improved in the following
way.

Proposition 1. Assume that C(S,m,E) has minimum distance δ ≥ 2.
Then for every integer x such that 1 ≤ x ≤ m−1 the linear code C(S, x,E) has
minimum distance ≥ δ+m− x. If 2 ≤ x ≤ m and if dh(C(S, x,m)) ≤ ♯(S)− 2,
then dh(C(S, x− 1,m)) ≥ dh(C(X,m)) + 1.
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