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Abstract: In this paper, we study the stability and bifurcation of the Solow-
Swan model with classical saving and time delay. We find that there are stability
switches and Hopf bifurcations occur when the delay passes through a sequence
of critical values.
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1. Introduction

The study of delayed differential equations that arise in economic growth models
has received much attention in the last decade. In particular, delayed differ-
ential equations have proven to be useful in understanding the dynamics of
capital accumulation. Asea and Zak [1] considered the Solow-Swan model with
a time lag introduced in production and showed that a delay causes cycles in
the economy. In this paper, we propose to modify Zak’s model by relaxing the
standard assumption of constant saving rate and assuming the saving rate to
be a function of the profit rate. Within this framework, the stability of the
model is investigated by analyzing the associated characteristic transcendental
equation. Conditions on the asymptotic stability of the solution are established.
Moreover, it is proved that a sequence of Hopf bifurcations occur at the posi-
tive equilibrium as the delay increases. A final comment. In recent years, some
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authors (see, e.g., Ferrara and Guerrini [3-5], Guerrini [6-13]) have investigated
the implications of studying economic growth models under a variable popu-
lation growth law hypothesis. For future research, we aim to investigate the
consequence of introducing a time lag in these models.

2. The Model with Classical Saving

We consider the basic Solow-Swan model [15-16] with no population growth
and relax the standard assumption of constant saving rate. The saving rate s is
now a function of the profit rate ρ, i.e. s = s(ρ), with s′ > 0. Only capitalists
save due to the fact that workers do not have sufficient income to be able to
maintain anything but a negligible saving rate. For a competitive economy,
ρ will be equal to the marginal product of capital, i.e. ρ = f ′(kt), where kt
denotes the individual’s capital stock. Furthermore, ∂s[f ′(kt)]/∂kt < 0 yields
the saving rate to be falling with rising per capita capital. The production
function is assumed to be of Cobb-Douglas type, f(kt) = kαt , α ∈ (0, 1). Within
this framework, the model happens to be described by

.
k = s

(

kα−1
t

)

kαt − δkt, (1)

where δ ∈ (0, 1) represents the capital depreciation rate. For simplicity, let us
assume s

(

kα−1
t

)

= kα−1
t . Then Eq. (1) becomes

.
kt = k2α−1

t − δkt. (2)

A steady state is a path for kt such that
.
kt = 0. Setting the left hand side

of Eq. (2) equal to zero, we derive that there is a unique positive equilibrium
k∗ = δ1/(2α−2). Taking a first order Taylor expansion of Eq. (2) around k∗ yields.
kt = −(2−2α)δ(kt−k∗), whose solution is kt = k∗+(k0−k∗)e

−(2−2α)δt . Hence,
for any kt in the neighborhood of k∗, the economic system converges to k∗, i.e.
the model is asymptotically stable.

3. The Model with Classical Saving and Time Delay

We modify our model by assuming the rate of change in capital stock at moment
T ≥ 0 to be a function of the productive capital stock at t−T. As a result, Eq.
(2) is replaced by a differential equation with a delay parameter:

.
kt = k2α−1

t−T − δkt, (3)
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for some initial function kt = φt, t ∈ [−T, 0]. Instead of an initial point value
for an ordinary differential equation, the initial function φt is required, which
is defined over the range of time delimited by the delay. Of course, steady
states of Eq. (3) coincide with the corresponding points for zero delay, T = 0.
To examine the stability of the positive critical point k∗, we linearize the right
hand-side of Eq. (3) at k∗ and then make the change of variables xt = kt − k∗.
In this way, k∗ is moved to x∗ = 0. Hence, the resulting equation is

.
xt = (2α − 1)δxt−T − δxt. (4)

By substituting candidate solutions of the form e−λT into Eq. (4), we get

λ+ δ − (2α − 1)δe−λT = 0. (5)

This is the characteristic equation of Eq. (4) at k∗. It is a quasi-polynomial,
which exhibits an infinite number of (complex) roots. Obviously, when T = 0,
x∗ = 0 is asymptotically stable.

Proposition 1. Let |2α− 1| ≥ 1/(1 + δ). Then x∗ = 0 is asymptotically

stable for all delay T ≥ 0.

Proof. First we show that all roots of Eq. (5) have negative real parts. Let
iω0 (ω0 > 0) be a root of Eq. (5). Then we have

iω0 + δ − (2α− 1)δe−iω0T = 0.

Separating the real and imaginary parts gives

1− (2α− 1) cos ω0T = 0, ω0 + (2α− 1)δ sinω0T = 0,

so that

ω2
0 = 1− (2α − 1)2(1 + δ)2.

Thus, under inequality 1 − (2α − 1)2(1 + δ)2 ≤ 0, i.e. |2α− 1| ≥ 1/(1 + δ),
Eq. (5) has no imaginary roots. Since λ = 0 is not a root of Eq. (5) and zero
is asymptotically stable when T = 0, applying the Corollary 2.4 in Ruan and
Wei [14], we obtain that all roots of Eq. (5) have negative real parts. Then the
zero equilibrium is asymptotically stable for all delay T ≥ 0, completing the
proof.

Remark 1. |2α− 1| ≥ 1/(1 + δ) yields the inequalities α ≤ δ/2(1 + δ)
and (2 + δ)/2(1 + δ) ≤ α < 1.
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Proposition 2. Let |2α− 1| < 1/(1 + δ). Define

ω0 =
√

1− (2α − 1)2(1 + δ)2,

Tj =
1

ω0

[

arctan
(

−
ω0

δ

)

+ 2jπ
]

, j = 0, 1, 2, ...

If T ∈ [0, T0), all roots of Eq. (5) have negative real parts. If T = T0, all

roots of Eq. (5), except ± iω0, have negative real parts. If T ∈ (Tj , Tj+1) for

j = 0, 1, 2, ..., Eq. (5) has 2(j + 1) roots with positive real parts.

Proof. From the previous discussion, we know that if |2α− 1| < 1/(1 + δ),
Eq. (5) has a pair of purely imaginary roots ±iω0 at the sequence of critical
values Tj . Suppose λj(T ) = νj(T ) + iωj(T ) denotes the root of Eq. (5) near
T = Tj satisfying νj(Tj) = 0 and ωj(Tj) = ω0, j = 0, 1, 2, ... Then differentiating
the characteristic equation (5) with respect to T gives

dλ

dT
+ (2α− 1)δe−λT

(

T
dλ

dT
+ λ

)

= 0,

that is
(

dλ

dT

)

−1

= −
1

λ(λ+ δ)
−

T

λ
.

Thus

sign

[

dνk(T )

dT

∣

∣

∣

∣

iω0

]

= sign

[

Re

(

dλ

dT

)

−1
∣

∣

∣

∣

∣

iω0

]

= sign

[

Re

(

−
1

λ(λ+ δ)
−

T

λ

)
∣

∣

∣

∣

iω0

]

= sign

(

1

ω2
0 + δ2

)

> 0.

So, by Rouche’s Theorem [2], the root λj(T ) near Tj crosses the imaginary axis
from the left to the right as T continuously varies from a number less than Tj

to one greater than Tj . The statement is now immediate.

Remark 2. |2α− 1| < 1/(1+ δ). yields δ/2(1+ δ) < α < (2+ δ)/2(1+ δ).

Spectral properties of Eq. (5) lead immediately to the properties of the
positive equilibrium k∗ for Eq. (3). Therefore, summarizing the above results,
we obtain the following Theorem.
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Theorem 1.

1. If |2α− 1| ≥ 1/(1 + δ) is satisfied, then k∗ is asymptotically stable for all

T ≥ 0.

2. If |2α− 1| < 1/(1 + δ) is satisfied, then k∗ is asymptotically stable for

T ∈ [0, T0) and unstable for T > T0, and Eq. (3) undergoes a Hopf

bifurcation at k∗ when T = Tj , for j = 0, 1, 2, ...
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[2] J. Dieudonné, Foundations of Modern Analysis, Academic Press, New York
(1960).

[3] M. Ferrara, L. Guerrini, Economic development and sustainability in a
Solow model with natural capital and logistic population change, Interna-
tional Journal of Pure and Applied Mathematics, 48 (2008), 435-450.

[4] M. Ferrara, L. Guerrini, The Ramsey model with logistic population
growth and benthamite felicity function revisited, WSEAS Transactions

on Mathematics, 8 (2009), 97-106.

[5] M. Ferrara, L. Guerrini, A note on the Uzawa-Lucas model with unskilled
labor, Applied Sciences, 12 (2010), 90-95.

[6] L. Guerrini, The Solow-Swan model with AK technology and bounded
population growth rate, International Journal of Pure and Applied Math-

ematics, 60 (2010), 211-215.

[7] L. Guerrini, The dynamic of the AK Ramsey growth model with quadratic
utility and logistic population change, International Journal of Pure and

Applied Mathematics, 62 (2010), 221-225.

[8] L. Guerrini, The Ramsey model with AK technology and a bounded pop-
ulation growth rate, Journal of Macroeconomics, 32 (2010), 1178-1183.

[9] L. Guerrini, A note on the Ramsey growth model with the von Bertalanffy
population law, Applied Mathematical Sciences, 4 (2010), 3233-3238.



998 L. Guerrini

[10] L. Guerrini, The AK Ramsey growth model with the von Bertalanffy pop-
ulation law, Applied Mathematical Sciences, 4 (2010), 3245-3249.

[11] L. Guerrini, The AK Ramsey model with von bertalanffy population law
and Benthamite function, Far East Journal of Mathematical Sciences, 45
(2010), 187-192.

[12] L. Guerrini, Kaldor and Classical savings in the Solow-Swan model with
a bounded population growth rate, International Journal of Pure and Ap-

plied Mathematics, 60 (2010), 193-199.

[13] L. Guerrini, Logistic population change and the Mankiw-Romer-Weil
model, Applied Sciences, 12 (2010), 96-101.

[14] S. Ruan, J. Wei, On the zeros of transcendental functions to stability of
delay differential equations with two delays, Dynamics of Continuous, Dis-

crete and Impulsive Systems, Series A: Mathematical Analysis, 10 (2003),
863-874.

[15] R.M. Solow, A contribution to the theory of economic growth, Quarterly

Journal of Economics, 70 (1956), 65-94.

[16] T.W. Swan, Economic growth and capital accumulation, Economic Record,
32 (1956), 334-361.


