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Abstract: The paper describes the process of growth of two-dimensional
structures on the basis of the phase-field model and the DLA (Diffusion-limited
aggregation). We consider a hybrid model, based on which can be described
various transport phenomena in systems of dispersed particles, nanoparticles,
etc. Investigated the characteristic parameters of the model. Give estimates of
the rate of growth of structures described by such models.
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1. Introduction

Mathematical modeling of heat and mass transfer in systems of dispersed par-
ticles, nanoparticles and nanofluids with magnetic properties is one of actual
problems at present. This paper considers the hybrid model based on the
phase-field model and the DLA, which can be used to describe such processes.

There are many modifications of the algorithm DLA [1-3]. Structure re-
sulting from the operation of such an algorithm similar to crystals, solidified
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melt or salts, and other objects found in nature [2-3]. Analogous algorithm can
be used to model the dielectric breakdown and other processes in systems with
magnetic properties [3]. Described on this approach, the structure have fractal
properties [2 - 4].

In [7-12] describes the phase-field model, widespread at present. Form of
the surface structures in these models is changed due to the phase transforma-
tion, taking into account the anisotropy of the surface tension. In [9-11] are
considered and studied the modification of such models with the deposition of
particles on the surface.

2. Modelling

Building a cluster DLA is based on numerical methods. Original algorithm
consists of the following steps:

1. On a square two-dimensional grid at the origin is the initial particle.

2. Away from the cluster is born a new particle.

3. New particle wanders randomly (for simplicity, we assume that the par-
ticle can move in 4 directions).

4. If the particle is conveniently situated close to completed cell, then it
sticks.

5. If the particle moves away from the cluster, it disappears.

6. Repeat - from step 3 as long as the particle does not stick or did not die,
then there is a start of a new particle (step 2).

The output of the algorithm depends on the step 2 - that is, that where
there is a new particle. Often, the implementation of such an algorithm is given
a circle with a radius that is much superior to the particle size and the center
of the initial particle, as well as changing the radius of the circle. At such a
circle randomly appear particles. In Figure 1. shows a typical DLA-clusters.

The advantage of the model described in this paper is the consideration of
mechanisms of particle deposition and growth of structure through the phase
transition. This model can be applied to a wider class of systems that need to
take into account both the growth mechanism. In another paper considers a
similar model for the formation of ice crystals on surfaces (patterns), various
approaches to the modeling of these processes, including DMB and DLA. The
algorithm described in this paper is a generalization.

The crystallization process with moving interphase boundaries will be con-
sidered on the basis of models that have been studied in [7-11]. These models
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a) b) c)

Figure 1: The structures were generated by the algorithm DLA: (a) -
the particles appear on a circle of constant radius, (b) - the particles
appear in a circle of radius changing, (c) - the particles are deposited
on the circle, and appear on a circle of constant radius.

are based on the introduction of the spatial variable phase field p(x, y, t) as
a function of horizontal and vertical coordinates x and y with time t, which
characterizes the state of matter, and taking different values for the solid and
liquid phases (1 and 0).

τ
∂p

∂t
= ∇(ε2∇p) + p(1− p)(p−

1

2
+m) (1)

For the dimensionless temperature T (x, y, t) equation can be written

∂T

∂t
= ∇2T +K

∂p

∂t
(2)

Value of the variables and constants are taken in a similar way as described
in [7-11].

Consider a hybrid model. The hybrid model includes mechanisms of the
models described above. In the phase-field model with the given parameters
p(x, y, t) and T (x, y, t) and initial conditions, and in the form of a circular
particle [11]. On a circle of a given radius centered at the round particles
nucleate small particles. Small particles wander in the steps of the algorithm
described above. Sticking to the growing structure is the case, if the particle
is near the square, where the value p(x, y, t) is greater than the critical value
p0. The velocity of the particle is determined by the size δ0(number of random
walks in a unit of time).
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Deposition of particles on the surface alters the growth rate of the entire
structure because the rate of growth of structure in the phase-field model greatly
depends on the curvature of the surface. In Fig. 2 shows the structure of growth.

a) b) c)

Figure 2: Growth structure were generated: (a) - the phase-field model,
(b) - a hybrid model for δ0 = 0.6, p0 = 0.5, and (c) - a hybrid model
for δ0 = 6, p0 = 0.5. Different colors correspond to different ages, white
color - initial time, black color - the final time.

To study the value of the model is investigated numerically in the size of
the structure over time. Such a value may be defined by the form:

H(t) =

∫
Hx

0

∫
Hy

0
p(x, y, t)dxdy (3)

In Fig. 3 shows the typical dependence H(t).

For values of the parameter K is about 1.5 (phase-field model parameter),
the dependence H(t) of the structure of phase-field model for the initial time
interval can be considered linear, as shown in [11]. In the hybrid model, the
growth rate will depend on the probability of deposition of particles on the
surface (the more particles join - the more structure), due to the fact that the
particle can not adhere to the structure. Probability of settling particles on the
surface depends on the size and shape of the structure. Therefore, as a first
approximation, we can assume that the growth rate is directly proportional to
the size of the structure. Which implies that over time the size of the structure
increases exponentially. What is clear from the graphs.
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Figure 3: The figure shows the dependence H(t): solid line for the
phase-field model, dotted line for the hybrid model δ0 = 3 · 103, dotted
line with a point for the hybrid model δ0 = 3 · 104.

3. Conclusion

In work was considered a hybrid model that can be used for modeling of pro-
cesses with a moving boundary, such as the crystallization of the deposition of
particles on the surface, in the systems of dispersed particles, nanoparticles and
nanofluids. Simulation results are estimates of the value of the growth rate.
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