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Abstract: We consider in this work the heat diffusion of one-dimensional spatial

variable in finite domains. Two finite interval models are derived from relevant models

in the semi-infinite interval. We investigate both static and dynamic grid approaches

in fixed coordinates. Numerical discretizations based on finite differences or spectral

differentiations are applied. For each computational model we discuss the numerical

methods and the issues in software design and the trade-offs between accuracy and

efficiency. In particular, we discuss a control variable (the scale factor) for achieving

appropriate grid distribution and therefore better accuracy and run-time efficiency. The

observations can be helpful in practical applications for which no explicit solution is

expected.
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α – the Stefan constant

∆t – temporal meshsize

∆x – spatial meshsize
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k
I

– thermal conductivity of the solid phase (ice)

k
W

– thermal conductivity of the liquid phase (water)

S – one-point interface as the water-ice boundary in the semi-infinite interval

T
Ice

– constant temperature at the far-field

TWater – constant temperature at the left boundary

t – the temporal variable in the semi-infinite interval

u – temperature distribution in the semi-infinite interval, OC
v – transformed image of u in the finite interval, OC
x – spatial coordinate in models in the semi-infinite interval

ξ – spatial coordinate in models in the finite interval

ξ
S

– transformed image of S in the finite interval

Subscripts

t – temporal derivatives in the semi-infinite interval

τ – temporal derivatives in the finite interval

x – spatial derivatives in the semi-infinite interval

ξ – spatial derivatives in the finite interval

Matrices

C – collocation matrix in water or ice zone subject to Dirichlet B.C.

D – first-order differentiation matrix in water or ice zone

D2 – second-order differentiation matrix in water or ice zone

Experiments

eav – normalized 1-norm of errors in the calculated temperature over all spatial nodes

emax – maximum norm of errors in the calculated temperature over all spatial nodes

e
S

– signed error in the calculated interface position

nI – the number of computational nodes in the ice zone

nt – total number of time steps in marching

n
W

– the number of computational nodes in the water zone

nx – the number of interior computational nodes in the spatial variable

rav – normalized 1-norm of the residual vector in calculation of the discrete algebraic

system

rmax – maximum norm of the residual vector in calculation of the discrete algebraic

system

t-march – the cpu-time in the whole time marching including intermediate outputs to

screen

t-nl-solve – the cpu-time in solving the discrete system, with pre- and post- operations.
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1. Introduction

We consider in this work the temperature function u = u(x, t) , defined for temporal

variable t ≥ 0 and one-dimensional spatial variable x in a finite interval. Traditionally

the study of directional solidification was and is performed within the framework of

the classical model [23], leading to the Stefan boundary-value problem [9, 26] in the

semi-infinite interval. A more practical model was investigated in [1, 2], which con-

sidered a mushy layer in addition to solid and liquid phases. This mushy layer model

was used in [13] to solve the real-life problem [16, 28], based on a pre-study [12]

in the classical two-phase model in the semi-infinite interval. However, in the field

of computational differential equations, many numerical methods are developed for

applications in a finite interval. Hoping to take advantages of established knowledge

in computation involving finite intervals, the author convert the semi-infinite interval

model to a system in the finite interval [−1, 1] and investigate the numerical modeling

in this paper.

Two spatial transforms (mappings) are applied in Section 2 to yield models of

Stefan problems in the finite interval [−1, 1]. Numerical methods for solving these

models are investigated in Sections 3,4. Followed in Section 5 are the numerical ex-

periments and discussions. Conclusion is given in the final section. More tables and

figures appear in the appendices.

The author has been working on solving the real-life problem [16, 28], for which

no explicit solution is expected and very long-term computations are needed. Many

decisions in the associated DNS (Direct Numerical Simulation) are made based on

observations noted from kind of burning tests in regards of the classical two-phase

models. Issues of numerical modeling of the classical

Model S. Two-phase Stefan problem in [0,+∞) in fixed coordinate.

were addressed in some details in [12], which we refer to for explicit formulation, the

analytic similarity solution, and for formulation in moving coordinate. Plots of the

solution and its temporal derivative at several specific time instances and two-hundred

spatial nodes are shown in Fig. 1. We mention that the phase field function approach

([9, 11]) is not considered in this work.

2. Stefan Problem in a Finite Interval

In the field of computational differential equations, many numerical methods are de-

veloped for applications in a finite interval. We therefore convert the semi-infinite

interval model to a system in the finite interval [−1, 1). Considered here are a coordi-

nate transform and its inverse ξ = ξ(x), x = x(ξ), where x denotes spatial variable
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Figure 1: Analytic solutions and temporal derivatives at eight equally-

distanced times up to t
end

= 12 in the semi-infinite interval truncated dif-

ferently.

in the semi-infinite interval [0,+∞) and ξ in the finite interval [−1, 1). The relation

v(ξ, t) = u(x, t) and application of chain rule yields

ut = vt , ux = ξxvξ
, uxx = (ξx)

2v
ξξ
+ ξxxvξ

, ξ′
S
(t) = ξxS

′(t) ,
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where ξ
S

denotes the interface coordinate in [−1, 1) as a function of time.

Two such transforms will be discussed in the sequel.

2.1. Exponentially Transformed System in a Finite Interval

With a real positive scale factor x
ref

, we consider the exponential transform and its

inverse

ξ(x) = 1− 2e
−

log 2
x
ref

x

= 1− 2
1− x

x
ref ,

x(ξ) = x
ref

−
x
ref

log 2 log(1− ξ) .

This maps the triple x ∈ {0, x
ref
,+∞} to ξ ∈ {−1, 0, 1}. For uniform nodes in the

finite interval [−1, 1] with mesh size ε = 2
n , the right-most interior nodes (ξ = 1− ε)

corresponds to x = logn
log 2xref

in the semi-infinite interval.

We are thus led to the transformed problem.

Model F1. Exponentially mapped system onto the finite interval [−1, 1].

Water zone, −1 ≤ ξ ≤ ξ
S

,

PDE : vt = kW

(

log 2

x
ref

)2
[

(1− ξ)2v
ξξ
− (1− ξ)v

ξ

]

, −1 < ξ < ξS , 0 < t. (2.1)

B.C. :
v(ξ = −1, t) = TWater > 0 ,

v(ξ = ξ
S
, t) = 0 ,

0 ≤ t,

0 ≤ t.

Interface , ξ = ξ
S

,

ODE : α
dξS (t)

dt
= (

log 2

x
ref

)2(1− ξ
S
)2
[

k
I
v
ξ
(ξ+

S
)− k

W
v
ξ
(ξ−

S
)

]

. (2.2)

I.C. : ξ
S
(t = 0) = −1.

Ice zone, ξ
S
≤ ξ < 1,

PDE : vt = k
I

(

log 2

x
ref

)2
[

(1− ξ)2v
ξξ
− (1− ξ)v

ξ

]

, ξ
S
< ξ < 1, 0 < t. (2.3)

B.C. :
v(ξ = ξ

S
, t) = 0 ,

v(ξ = 1−, t) = T
Ice

< 0 ,

0 ≤ t,

0 ≤ t.
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2.2. Algebraically Transformed System in a Finite Interval

A second transform and its inverse are the following

ξ(x) = 1−
2x

ref
x+x

ref
=

x−x
ref

x+x
ref

=
x

x
ref

−1

x
x
ref

+1 ,

x(ξ) = x
ref

1+ξ
1−ξ .

This maps the triple x ∈ {0, x
ref
,+∞} to ξ ∈ {−1, 0, 1}. We note for uniform

nodes in the finite interval [−1, 1] with mesh size ε = 2
n , the right-most interior node

(ξ = 1− ε) corresponds to x = (n− 1)x
ref

in the semi-infinite interval.

We can derive and obtain the transformed problem.

Model F2. Algebraically mapped system onto the finite interval [−1, 1].

Water zone, −1 ≤ ξ ≤ ξ
S

,

PDE : vt = k
W

[

(1− ξ)4

4x2
ref

v
ξξ
−

(1− ξ)3

2x2
ref

v
ξ

]

, −1 < ξ < ξ
S
, 0 < t. (2.4)

B.C. :
v(ξ = −1, t) = T

Water
> 0 ,

v(ξ = ξ
S
, t) = 0 ,

0 ≤ t,

0 ≤ t.

Interface, ξ = ξS ,

ODE : α
dξ

S
(t)

dt
=

(1− ξ
S
)4

4x2
ref

[

kIvξ
(ξ+

S
)− kW v

ξ
(ξ−

S
)
]

. (2.5)

I.C. : ξ
S
(t = 0) = −1.

Ice zone, ξ
S
≤ ξ < 1,

PDE : vt = k
I

[

(1− ξ)4

4x2
ref

v
ξξ
−

(1− ξ)3

2x2
ref

v
ξ

]

, ξ
S
< ξ < 1, 0 < t. (2.6)

B.C. :
v(ξ = ξ

S
, t) = 0 ,

v(ξ = 1−, t) = T
Ice

< 0 ,

0 ≤ t,

0 ≤ t.

Formulation of the interface dynamics differs slightly from an early version (Appendix

A in [12]). The formulation here is more suitable for extracting data on the finite

interval.

We remark on both finite interval models that, (i) the spatial boundary ξ = 1 ,

which corresponds to infinity in the semi-infinite interval, is a removable singularity;
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Figure 2: Analytic solutions and temporal derivatives at eight equally-

distanced times by exponential transform to finite interval at three different

scales.

and (ii) the interface point is related to that in the semi-infinite interval by ξS(t) =

1− 21−S(t)/x
ref or ξ

S
(t) = (S(t)−x

ref
)/(S(t)+x

ref
) for Model F1 and Model F2,

respectively. The behavior of the solutions and their temporal derivatives are shown



26 D. Lee

in Figs.2 and 3 for the two models at several scales. We regard the scale factor as a

control variable. It is important to computational accuracy and efficiency. Its effect in

many respects are thoroughly examined in the sequel. We refer to [6, 7, 22] for more

on transforms (mappings). Specialization to one-phase problem in a finite interval is

omitted. It can be easily derived by setting the far-field temperature v(ξ = 1−) = 0 as

in the semi-infinite interval.

We note the continuous system, in the semi-infinite or finite interval, can be solved

by numerical procedures in an algorithmically unified manner.

3. Spline Model vs Finite Difference Model at Nonuniform Nodes

Cubic spline interpolation and spline collocation (or FD method) are performed in the

water and ice zones at every time steps in our computation. These two topics are well-

documented in many places. We will briefly give the highlights, simply to help our

detailed discussion in later sections.

We consider a node sequence, {x0 < x1 < ... < xn−1 < xn}, in each of water and

ice zones, and set hi = xi−xi−1, 1 ≤ i ≤ n. Let y = {yi | 0 ≤ i ≤ n} be the interpo-

lation data at the nodes and s be the (C2-smooth) cubic spline (piecewise polynomial)

interpolant with knot sequence {xi}. Conventional notations in FD (finite difference)

method, such as si ≡ s(xi) and s′i ≡ s′(xi) , are adopted. Also, C-language notations

for vectors and matrices are applied. Ocassionally, we abuse the notation and write

y′′ for s′′, also s for y. Nonuniform distributions of nodes are allowed. Specifically,

we will investigate numerically the uniform and several orthogonal nodes. We refer to

[4, 15] for general references.

3.1. Cubic Spline Interpolation at Nonuniform Nodes

By the construction of cubic spline interpolation, it can be derived that,

0 ≤ i ≤ n− 1, s′(x+i ) =
yi+1 − yi
hi+1

−
hi+1

3
s′′i −

hi+1

6
s′′i+1 , (3.1)

1 ≤ i ≤ n, s′(x−i ) =
yi − yi−1

hi
+

hi
6
s′′i−1 +

hi
3
s′′i . (3.2)

Two immediate consequences follow. By averaging the above, for 1 ≤ i ≤ n− 1,

s′(xi) =
1

2
(
yi+1 − yi
hi+1

+
yi − yi−1

hi
)−

hi+1 − hi
6

s′′i +
hi
12

s′′i−1 −
hi+1

12
s′′i+1 , (3.3)

and by subtraction, we obtain

Cubic spline interpolation algorithm (at interior nodes). For 1 ≤ i ≤ n− 1,
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Figure 3: Analytic solutions and temporal derivatives at eight equally-

distanced times by algebraic transform to finite interval at three different

scales.

(Mw[i],Mp[i],Me[i])
(

s′′i−1, s
′′
i , s

′′
i+1

)T

= (Fw[i], Fp[i], Fe[i]) (yi−1, yi, yi+1)
T , (3.4)
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which relates the second derivatives of the spline interpolant (s′′) to the interpolation

data (y) in terms of two tridiagonal matrices. Here the stencils are

(Mw[i],Mp[i],Me[i]) = 1
6 (hi, 2(hi + hi+1), hi+1) , 1 ≤ i ≤ n− 1,

(Fw[i], Fp[i], Fe[i]) = ([xi+1 − xi]− [xi − xi−1]) y, 1 ≤ i ≤ n− 1.

We note the divided differences on the right-hand-side of the last equation are regarded

as operators [4]. In case of uniform nodes, the algorithm simplifies by scaling to

1
6 (1, 4, 1)

(

s′′i−1, s
′′
i , s

′′
i+1

)T
= 1

h2 (1,−2, 1) (yi−1, yi, yi+1)
T , 1 ≤ i ≤ n− 1,

with h = xn−x0
n .

These equations are generic and implied by the C2-smoothness (definition) of a

cubic spline, independent of boundary conditions to be imposed shortly.

The interpolation system, equation (3.4), consists of n − 1 equations at interior

nodes in the n + 1 variables y[0 : n]. Two more constraints are needed to uniquely

define the cubic spline interpolant. We apply the not-a-knot ([5]) boundary condition.

s′′1 − s′′0
h1

=
s′′2 − s′′1

h2
and

s′′n − s′′n−1

hn
=

s′′n−1 − s′′n−2

hn−1
. (3.5)

The values s′′0 and s′′n can be obtained by linear extrapolations. The left-hand side of

equation (3.4), with i = 1, n − 1, reduce to

h1s
′′
0 + 2(h1 + h2) s′′1 + h2 s′′2

= (h1+h2)(h1+2h2)
h2

s′′1 + (h1+h2)(h2−h1)
h2

s′′2
(3.6)

and

hn−1 s′′n−2 + 2(hn−1 + hn) s′′n−1 + hns
′′
n

= (hn−1+hn)(hn−1−hn)
hn−1

s′′n−2 + (hn+hn−1)(hn+2hn−1)
hn−1

s′′n−1.

(3.7)

As described, the size of the interpolation system is (n-1)-by-(n-1). The resulting in-

terpolation system may be abbreviated as Ms′′ = F y, where the averaging operator

M and the finite difference operator F are described in equation (3.4) up to scaling.

We mention that with the not-a-knot boundary condition, should we extend the in-

terpolation system by insertion of the two equations (3.5), the resulting system would

not be tridiagonal. It is almost tridiagonal ([4]) and, in that case, Gauss elimination

without pivoting works as fine as with diagonally dominant tridiagonal system. But

then the data structure is not as neat as could be. Our preference is for clarity and ease

of implementation, and then run-time efficiency.

At nonuniform (and uniform) nodes, the spline interpolant is exact for a cubic

polynomial by construction and is therefore second-order accurate in approximation

to the second derivative. We refer to [5] for a rigid convergence analysis.
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3.2. Cubic Spline Collocation at Nonuniform Nodes

Aiming at DM (differentiation matrix) approach to solving differential equations, we

restrict our discussion to cubic spline model with not-a-knot boundary condition only.

The first- and second-order DMs are denoted by D and D2, respectively.

3.2.1. Second-Order Differentiation Matrix

In the Stefan problem, Dirichlet boundary conditions are assumed at two ends in each

of the water and ice zones. We obtain from equations (3.4, 3.6, 3.7) a linear algebraic

system Ms′′ = F y, defined by tridiagonal matrices M and F of sizes (n-1)-by-(n-1)

and (n-1)-by-(n+1), respectively. The averaging operator, M , is (strictly) diagonally

dominant. The second-order differentiation matrix is therefore uniquely solvable that

s′′ ≡ D2 · s = M
−1 · F · y,

which yields s′′i at interior nodes. We can determine s′′0 and s′′n by the B.C., equation

(3.5). The differentiation matrix D2[1 : n − 1][1 : n − 1] extends accordingly to

D2[0 : n][0 : n].

3.2.2. First-Order Differentiation Matrix

Once we obtain the second derivative of the spline, the first derivative is at hand. A

pseudo-code reads like

D[0][] = −x1−x0
3 D2[0][] − x1−x0

6 D2[1][] + y1−y0
h1

,

D[n][] = xn−xn−1

6 D2[n− 1][] + xn−xn−1

3 D2[n][] + yn−yn−1

hn
,

and for 1 ≤ i ≤ n− 1,

D[i][] =
hi
12

D2[i− 1][]−
hi+1 − hi

6
D2[i][] −

hi+1

12
D2[i+ 1][]

+
1

2

(

yi+1 − yi
hi+1

+
yi − yi−1

hi

)

.

Here the defaulted index, j, runs through 0 : n. The above relations are implied by the

C2-smoothness assumption (equations 3.1-3.3), independent of any B.C..

Remark 1. In practical implementation, explicit generation of the differentiation

matrices can be avoided by applying a reversed communication technique, similar to

the design of pre-conditioned iterative solvers in a sparse linear algebra package [20].
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3.3. Spline Model vs Finite Difference Model

In FD modeling, the first and second derivatives are estimated at (interior) nonuniform

nodes, respectively, as

y′i =
hi

hi + hi+1

yi+1 − yi
hi+1

+
hi+1

hi + hi+1

yi − yi−1

hi
(3.8)

−
hihi+1

6
y
(3)
i −

(hi+1 − hi)hihi+1

24
y
(4)
i +HOTs

and

y′′i =

yi+1−yi
hi+1

− yi−yi−1

hi

(hi+1 + hi)/2
(3.9)

−
hi+1 − hi

3
y
(3)
i −

h2i+1 − hi+1hi + h2i
12

y
(4)
i +HOTs.

These can be derived by a formal Taylor expansion argument. The implied three-point

stencils are simplified at uniform nodes to standard central differences

y′i =
yi+1−yi−1

2h , (0, 1, 0)
(

y′′i−1, y
′′
i , y

′′
i+1

)T
= 1

h2 (1,−2, 1) (yi−1, yi, yi+1)
T .

These are to be compared with the cubic spline model. Equation (3.4) is a fourth-

order accurate implicit relation, while the three-point stencil in equation (3.9) can be

an implicit or explicit relation. Both schemes can reproduce the second derivative of

a cubic polynomial at uniform nodes. However, the three-point difference in equation

(3.9) may be inferior to second-order at nonuniform nodes, as we will see in Tables 20

-22.

Summary. We conclude that cubic spline collocation is advantageous, in theory,

mostly in case of nonuniform grid. It can be regarded as a compact FD scheme.

We mention in passing that, at uniform nodes, the compact scheme ([8])

1
12 (1, 10, 1) ·

(

y′′i−1, y
′′
i , y

′′
i+1

)T
= 1

h2 (−1, 2,−1) · (yi−1, yi, yi+1)
T

is a fourth-order approximation to y′′. However, it needs four boundary values, y0, yn,

y′′0 and y′′n. In our application to solving two-point boundary value problems, y0 and

yn are given while y′′0 and y′′n are unknowns. Therefore, some kind of one-sided seven-

point schemes are needed for y′′ at the boundaries, and relatively very dense grid is

needed for numerical stability. We ruled out the choice of this scheme in our numerical

experiment.
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4. Numerical Methods for the Stefan Problem

The finite interval Stefan problem, equations (2.1-2.3 or 2.4-2.6), consists of three

subsystems

1. the water zone, with PDE and B.C. depending on a moving boundary.

2. the water-ice interface, with ODE and I.C. describing the dynamics of the inter-

face.

3. the ice zone, with PDE and B.C. depending on a moving boundary.

Computational methods of solving a moving boundary problem fall into two categories

: moving coordinate methods and fixed coordinate methods. We will not discuss the

former, while the latter can be further calssified as being based on either dynamic

or static grid. For clarity, we discuss the grid arrangements in these two approaches

separately.

4.1. Discretization of the Geometry in Dynamic Grid Approach

Dynamic (time dependent) grid is adopted in the fixed coordinate system. At compu-

tational nodes, the relations

−1.0 = x0 < x1 < ... < xn
W

< ξ
S
(t),

xn
W

+1 = ξ
S
(t),

ξS(t) < xnW +2 < ... < xnW +1+nI
< xn+1

= 1.0,

are maintained in the water zone, the interface and the ice zone, respectively. The num-

bers of interior nodes are n
W

and n
I

for the two zones. Through the whole simulation,

the total number of interior nodes in the dynamic grid approach is kept a constant,

n = n
W

+ n
I
+ 1. Two methods of geometry discretization are considered.

FD. The grid is subuniform, i.e., uniform in both water and ice zones with probably

different mesh sizes.

DM. We apply either spectral or spline collocation in each of the water and ice zones,

but not mixed. For spectral collocation, only Chebyshev extrema are deployed.

Other choices are computationally inefficient in updating the collocation nodes

and matrices at each time step. For spline collocation, we take both uniform

and several orthogonal nodes. See Table 4 for all collocations compared and

discussed later.
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The FD or DM nodes and differentiation matrices in water and ice zones must be re-

set at each time step. The number of nodes (and sizes of differentiation matrices) may

need adjustment(s) as the interface moves.

4.2. Discretization of the Geometry in Static Grid Approach

Static (time independent) grid is adopted in the fixed coordinate system. The compu-

tational nodes are

−1.0 = x0 < x1 < ... < xnW
< ξS (t),

ξ
S
(t) ∈ (xn

W
, xn

W
+1),

ξ
S
(t) < xn

W
+1 < ... < xn

W
+n

I
< xn+1 = 1.0,

in the water zone, the interface and the ice zone, respectively. The numbers of interior

nodes are n
W

and n
I

for the two zones. The memory for the interface location, ξ
S

,

is allocated separately. The nodes are almost uniform in each zone, except near the

interface ξ
S

. Through the whole simulation in static grid approach, the total number

of interior nodes is kept a constant, n = n
W
+n

I
. Similar to the case of dynamic grid,

the interior nodes in each zone must be re-assigned at each time step. The numbers of

interior nodes in each zone, nW and nI , may need to be adjusted as the interface moves

in time. Our preliminary test shows that the DM method is not suitable in the static

grid approach, probably because of the clustering of nodes near the two ends, with

possible exception for spline collocation at uniform nodes. In static grid arrangement,

only FD method is thoroughly examined.

4.3. Discretization of the Equations

In solving the ODE and two PDEs, two-level FD is applied to temporal derivatives,

while spatial derivatives are resolved through either of the following.

1. FD.

We apply equations (3.8,3.9) to spatial derivatives in both water and ice zones,

and adopt one-sided extrapolation in solving the interface dynamics (the Stefan

condition). Tridiagonal version of LU works well.

2. Spectral or spline collocation via DM.

(a) For spectral collocation, (shifted and scaled) Chebyshev extrema are taken

as nodes in each zone. The nodes and DM are known in explicit ana-

lytic forms for this case. This enables efficient generations of the nodes
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and DMs (and CMs, equations (4.1, 4.2)) at each time step. The choice

of Chebyshev zeros can be converted to yield closed-end nodes, and in

explicit expression as well. However, it takes a lot of computation to de-

termine the DM with Chebyshev zeros. All other choices of spectral nodes

demand a lot of computation in obtaining even the collocation nodes as

solutions to algebraic eigenvalue problems, in addition to the generations

of DMs.

(b) For cubic spline collocation in each zone, the nodes can be uniform or

orthogonal. Several choices of spline nodes are tested and discussed, as

shown in Tables 4, 11-16, in which the hyperbolic-tangent function is used

to generate distributions of nodes either clustered near both ends of a re-

gion (type hyper2) or clustered only near the interface (type hyper1). The

Chebyshev and Legendre zeros are converted to closed-end nodes.

(c) At each time step, the CM (collocation matrix) is

C =
1

∆t
I − k(

log 2

x
ref

)2
(

(1− ξ)2D2− (1− ξ)D
)

(4.1)

by exponential transform (equations (2.1),(2.3)), and

C =
1

∆t
I − k(

1

x
ref

)2
(

(1− ξ)4

4
D2−

(1− ξ)3

2
D

)

(4.2)

by algebraic transform (equations (2.4),(2.6)), with ξ denoting interior

nodes and k = k
W

(or k
I
) in water (or ice) zone. The above subsys-

tem in water or ice zone extends to boundary nodes by the corresponding

boundary conditions.

Remark 2. The variable coefficients in the PDEs involve a term, 1 − ξ, which is

bounded above by 2 and decays exponentially (Subsection 2.1) or algebraically (Sub-

section 2.2) near the end node (ξ = 1.0) in ice zone. Therefore, equations (2.1) and

(2.4) in water zone are more diffusion-dominant near ξ = −1.0, while equations (2.3)

and (2.6) in ice zone more advection-dominant near ξ = 1.0.

4.4. More on Solving the PDEs

For spatial derivatives, either FD or DM method ([6],[7], [22]) is taken. Central differ-

ences (equations 3.8,3.9) are applied in the former case with first-order upwind differ-

ence of the advection term as an option. Spatial differentiations for subsystems in the

water or ice zone can be implicit or explicit. In the implicit FD approach, the resulting
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discrete algebraic subsystems can be solved by tridiagonal Gaussian elimination (GE)

without pivoting or by iterative methods via three-point stencils. The two subsystems

of PDEs are each treated as a two-point boundary value problem with Dirichlet data.

An ODE equation of IVP type governs the evolution of position of the interface.

The discrete subsystems in spatial collocation approach, involving the Chebyshev

or spline differentiation matrix, are solved by dense LU and BiCGSTAB [19] as a

double check for some tests. The above-mentioned linear solvers are chosen based on

thorough examinations.

Our preliminary test shows that implicit backward Euler scheme yields more ac-

curate results than explicit forward Euler scheme. We note that MOL type approach

for temporal discretization is a popular method for moving boundary problems, at least

easy for the one-phase problem, but impractical for (static or dynamic grid) fixed co-

ordinate approach to the two-phase problem in view of computational inefficiency due

to the moving interface.

4.5. More on Solving the Interface Dynamics

One-sided spatial derivatives in the Stefan condition (equation (2.2) or (2.5)) are re-

solved at the interface by either of the following.

1. Spectral differentiation by DM.

Here the interface ODE is solved by two-level backward Euler scheme. The one-

sided spatial derivatives are obtained using the first-order DM (Subsubsection

3.2.2) in each of the water and ice zones.

2. Extrapolation by FD.

Various one-sided schemes are possible for this purpose. We note the ODE

at the interface is of first order in spatial variable, we expect in theory using

a third order scheme so as to keep the over-all second order convergence in

solving the Stefan problem. Our numerical experiment suggests usage of the

four-point third-order extrapolation scheme of one-sided derivatives of S for

better accuracy and stability. A pseudo-code for the water zone subsystem in

static grid approach reads like

i = n
W
;

du1 = (ui−0 − ui−1)/(xi−0 − xi−1); m1 = (xi−1 + xi−0)/2;
du2 = (ui−1 − ui−2)/(xi−1 − xi−2); m2 = (xi−2 + xi−1)/2;
du3 = (ui−2 − ui−3)/(xi−2 − xi−3); m3 = (xi−3 + xi−2)/2;

ux(S
−) = +du1 ∗ (xS −m2) ∗ (xS −m3)/(m1 −m2)/(m1 −m3)

+du2 ∗ (xS −m1) ∗ (xS −m3)/(m2 −m1)/(m2 −m3)
+du3 ∗ (xS

−m1) ∗ (xS
−m2)/(m3 −m1)/(m3 −m2);
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The notations are interpreted in an obvious manner. Similar argument holds for

ux(S
+) and a simplified version works in dynamic grid approach. The same

idea applies to both semi-infinite and finite intervals. We omit further algorith-

mic details in discretizing the Stefan condition. It is well-known now that low

order finite element and finite volume methods are equivalent to finite differ-

ence method. Even a quadratic scheme in the finite volume approach to current

problem leads to very complicated derivations ([29]). The Crank-Nicolson type

variants were found not worthy of the double efforts in our preliminary test. The

exponential type extrapolation suffers numerical instability and loses precision

very soon.

4.6. Solution Procedure in Summary

In a time march, the whole discrete algebraic system consists of three blocks at each

time step. The two PDEs with B.C. in water and ice zones are solved firstly. The

interface dynamics (ODE with I.C.) is resolved secondly. Appropriate post-processing

then ends the computation at a time step. Reversing the order in solving the PDEs and

ODE yields practically identical results in a long-term simulation. In case of the FD

method on either static or dynamic grid, robust and efficient tridiagonal system solvers

are identified. Results are confirmed by using both direct and iterative methods. In

case of dynamic grid and DM method, dense-version LU and BiCGSTAB method

([25]) outperform several other linear solvers. Numerical experiments of all the above

is discussed in Section 5.

4.7. A Critical Common Issue in FD and DM Approaches: Interpolation

In both the dynamic and static grid approaches, interpolations are needed to update

physical and geometric variables at the end of each time step. Among various options,

the fourth-order accurate not-a-knot cubic spline interpolation is chosen for the current

second-order PDE systems. Other choices might be using radial basis function or Pade

approximation. However, the local support property ([4]) and therefore numerical

stability of the spline model is preferred.

4.8. A Threshold Strategy for Static Grid

The application of a static grid is much more difficult and complicated than that of a

dynamic grid. When the interface front approaches an integral computational node, the

regular three-point FD approximation becomes close to being singular and is sensitive

to truncation error. This inevitably leads to loss of significant digits. The propagation
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of error can be fatal in a long-term simulation. To overcome this intrinsic difficulty, we

designed a threshold strategy in which a frontal position, when approaching a compu-

tational node within a threshold, is re-assigned cross the integral node appropriately.

Housekeepings are carried out accordingly, i.e., all relevant variables including the

clock time are modified properly. This may yield, at the time step, a linearly compat-

ible continuation of the physical process, provided that the threshold is roughly at the

scale of the motion at one computational time step. In a sense, the threshold signifies

the level of relative error. We note the idea is a specialization of level set methods

([14, 17, 21]). The threshold we used in all results shown later is 1.0e-06 relative to

the spatial mesh size. Some of our computational results are double-checked by using

the value 1.0e-08 instead. No significant difference is found by the Unix utility diff

in detailed outputs.

4.9. Algorithm Complexity in DM Approach

In complexity analysis below, m denotes one of the three : nW , nI , max(nW , nI ). We

discuss only the scalar operation counts and refer to [3, 24, 27] for details at the code

level.

(I) Spline collocation. In addition to initial setup and overheads after the final time

step, the simulation process consists of the following tasks.

(1) Solve the water zone problem. This is similar to the next step with much

smaller subsystem in current application Table 3.

(2) Solve the ice zone problem using updated nodes and DMs.

(2.1) Set up the implicit system. The first two items on task list below may

be saved if the simulation code is optimized and aimed at simple goals

only.

(2.1a) Copy the first-order DM: an O(m2) operation.

(2.1b) Copy the second-order DM: also O(m2).

(2.1c) Process the diffusion term : an O(m) operation.

(2.1d) Process the advection term : an O(m) operation.

(2.1e) Process the temporal difference : an O(m) operation.

(2.1f) Assemble the CM : O(m), can be saved if carefully designed.

(2.2) Solve the system by dense LU. This is an O(m3) operation. Precisely,

O(m3) for the forward elimination and O(m2) for each backward

substitution.
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(3) Solve the interface equation by two-level backward Euler scheme and two

four-point third-order extrapolations. This calls for only as constant as

many operations.

(4) Update as post-processing before end of each time step. Re-set geometry-

dependent variables in water and ice zones, as follows.

(4.1) Set new nodes : O(m).

(4.2) Determine second-order DM by m tridiagonal solve. This is an O(m2)
task.

(4.3) Determine the first-order DM : O(m2).

(4.4) Re-set physical variables by cubic spline interpolation in each zone.

The tasks are to determine the spline (structure) and to evaluate new

variables. Each of these tasks needs O(m) operations.

(II) Spectral collocation. The solution procedures are very similar to the above. We

note the following.

(1) Operation counts in the generation of DMs. The complexity of the setup

of first-order DM is O(m2). But that of the second-order DM (as a matrix-

matrix multiplication) is O(m3), which is one order more expensive than

the setup of cublic spline collocations.

(2) The condition numbers of CMs. These grow quickly on Spectral Cheby-

shev collocations, while the condition numbers remain moderate on spline

collocations at uniform or orthogonal nodes.

Numerical observations are discussed later.

4.10. Algorithm Complexity in FD Approach

The operation counts of setup, solving and post-processing about the three-point sten-

cils (and tridiagonal systems) are all linear (O(m)) in the grid size in either the water

or ice zone. Run-time efficiencies of various computational models are discussed later.

5. Numerical Experiments and Discussion

Our numerical experiments are motivated by an attemp to answer the following ques-

tions.

1. How to choose between using exponential and algebraic transforms ?
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2. How to choose between static grid and dynamic grid approaches ?

3. How to choose between FD and DM methods ?

4. In application of DM method (on dynamic grid), how to choose between spectral

and spline collocations ?

5. In application of FD method, how to choose between static grid and dynamic

grid ?

6. In application of DM method on dynamic grid, how to choose the node distribu-

tion?

7. In application of FD method on dynamic grid, how to choose the node distribu-

tion?

8. In case of FD method on static (uniform) grid, what is the performance com-

pared to other models ?

9. What are the scale effects in all the above ?

10. How do answers to the above change in long-term simulations ?

11. How do answers to the above change in much finer (or coarser) grids ?

12. Can we pinpoint a finite interval computational model whose performance is

superior to or comparable with the best performance of models in the semi-

infinite interval ? What is the specific combination of parameters and options

?

The question list is ordered in a top-down manner. However, the object-oriented tests

have to be conducted in sort of a bottom-up sequence. Below we describe our experi-

ments, relevant tables and figures, and some observations.

5.1. Computer Environment

Most numerical experiments reported here are running on a Tyan VX50B4985-E server

system with AMD Opteron 8350 CPU at 2.0 Ghz. Other experiments are running on

several Tyan servers of previous generations. The run time environment is practically

single user and single task via remote shell. The software is designed in C-language

and compiled by gcc with O2 optimization. However, the codes serve for very general

purposes so that the cpu-time of computations are not to be compared cross tables.

Some technical subroutines (functions) are designed with prototypes from several ref-

erences : [10, 18, 19, 24, 27]. The special function subroutines we used were tested

and matched the known tabulated numbers [30].
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5.2. Parameters and Computational Models

Physical parameters are shown in Table 1. These include the Stefan constant (α), the

boundary temperatures, and the diffusivity constants (k
W

, k
I
) of water and ice zones

respectively. These nondimensional constants are chosen for no particular reasons.

Domain Spatial− range k
W

k
I

α T
Water

T
Ice

time− span

Finite [−1, 1] 5.5967-02 2.0260-01 1.0 1.0 -1.0 [2,3],[2,12]

Semi-infinite [0, 10], [0, 20] 5.5967-02 2.0260-01 1.0 1.0 -1.0 [2,3],[2,12]

Table 1: Physical parameters.

Domain truncations ([6, 22]) in test cases on semi-infinite models are based on

Table 2, where it is shown that the choice of truncation at x = 10.0 or 20.0 enables

using numerical B.C. at the far field accurate in 5 or 16 digits. The former, with ap-

proximately accurate boundary values, were used for general test purposes, while the

latter was chosen in some burnning test cases. The table also reflects the similarity

effect. Accordingly, some tests were using (t0, tend
) = (2.0, 3.0) and xmax = 10.0,

rather than (2.0, 12.0) and 20.0. The above are defaults in all tests, if not stated oth-

erwise. Since all one-phase models are special cases of the corresponding two-phase

models, with the far-field temperature equal to zero (the freezing temperature), we

consider here only two-phase models. Actually, one-dimensional one-phase models

are probably best tackled by moving coordinate approach.

The water and ice zone problem sizes of sample tests are recorded in Table 3 as

reference for subsequent test runs.

Shown in Table 4 are two types of collocations adopted in the DM method, and

also various nodes distributions for FD method. The abbreviations for nodes corre-

spond to the method-and-nodes coupling (Table 5) in a one-to-one manner, and will be

referred as such subsequently. We explain in some detail below.

1. Global approximation is based only on (first kind) Chebyshev extrema, i.e., two

end-points plus zeros of a Chebyshev polynomial of the second kind. Spectral

collocations at nodes other than Chebyshev extrema are tested and found too

costly in cpu-time. Such results are not shown.

2. Local approximation using cubic spline model is confined at closed-end nodes

such as uniform, Chebyshev extrema or zeros (converted). Other choices of
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t
end

x
max

analytic-solution value t
end

x
max

12.0 2.0 -5.5760888305236378e-01 3.0 1.0

12.0 4.0 -9.1540961863156045e-01 3.0 2.0

12.0 6.0 -9.9209835612639885e-01 3.0 3.0

12.0 8.0 -9.9965322317623884e-01 3.0 4.0

12.0 10.0 -9.9999300606173236e-01 3.0 5.0

12.0 12.0 -9.9999993602806814e-01 3.0 6.0

12.0 14.0 -9.9999999973683862e-01 3.0 7.0

12.0 16.0 -9.9999999999951583e-01 3.0 8.0

12.0 18.0 -9.9999999999999956e-01 3.0 9.0

12.0 20.0 -1.0000000000000000e-00 3.0 10.0

Table 2: Dirichlet data towards infinity for domain truncation.

orthogonal nodes are denied because of stability or efficiency concerns after

some preliminary tests. The results of (converted) Legendre zeros are presented

in several tables only for illustrations.

We note that, the finite interval model with dynamic grid and Spectral collocation using

algebraic transform is equivalent to a rational Chebyshev method ([6, 22]) applied to

the original semi-infinite interval.

Computational models and numerical methods are summarized in Table 5. In the

category of fixed coordinate approach, both FD and DM methods on dynamic grid

are conducted. On static grid, only results in FD method (and uniform nodes) are

presented. These are shown in the table with abbreviations for later reference. A test

run is judged as failed if at any time step the interface position (S) turns backward.

Computations of FD method on static grid at nonuniform nodes are unsatisfactory in

our preliminary tests, probably due to the clustering of nodes at ends and instability of

extrapolation. Similarly, DM method seems not appropriate on static grid with only

possible exception for uniform nodes, in the author’s experience.
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Domain t
end

nx Transf x
ref

initial
nx,W

final
nx,W

initial
nx,I

final
nx,I

[−1, 1] 3.0 100 exp 0.5 25 29 75 71

[−1, 1] 3.0 100 exp 1.5 9 11 91 89

[−1, 1] 3.0 100 exp 2.5 6 7 94 93

[−1, 1] 3.0 100 alg 0.5 29 33 71 67

[−1, 1] 3.0 100 alg 1.5 12 15 88 85

[−1, 1] 3.0 100 alg 2.5 8 9 92 91

[−1, 1] 12.0 200 exp 0.5 49 99 151 101

[−1, 1] 12.0 200 exp 1.5 18 41 182 159

[−1, 1] 12.0 200 exp 2.5 11 26 189 174

[−1, 1] 12.0 200 alg 0.5 58 100 142 100

[−1, 1] 12.0 200 alg 1.5 24 50 176 150

[−1, 1] 12.0 200 alg 2.5 15 33 185 167

[0, 20] 12.0 2000 20 49 1980 1951

Table 3: Initial and final grid sizes in water vs ice zone. Subuniform nodes

are assumed.

5.3. Experiments

Our discussion is focused on computation using the finite interval models. Results in

the semi-infinite interval shown in this work serves for comparison purpose only.

As summarized in Table 6, we conducted several groups of numerical experiments:

A. Validation of solvers of the three subsystems : Table 7.

B. Reference cases using semi-infinite interval models : Tables 8- 10.

C. Performance and condition numbers of various collocations : Tables 11, 12.

D. Analysis of cpu-time profile for collocation models : Tables 13, 14.

E. Effect of scale in collocation models : Tables 15, 16.

F. Effect of scale and optimal scale in finite difference models : Tables 17- 19.

G. Unit time simulations on dynamic grids : Tables 20- 22.

H. Long-term simulations at various scales : Tables 23- 25.
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Type Nodes Abbreviation

(local) spline collocation uniform spl-unif

(local) spline collocation Legendre zeros spl-Leg

(local) spline collocation Chebyshev zeros spl-Cheb1

(local) spline collocation Chebyshev extrema spl-Cheb2

(global) spectral collocation Chebyshev extrema Spectral

finite difference uniform unif

finite difference Chebyshev zeros Cheb1

finite difference Chebyshev extrema Cheb2

finite difference Hyperbolic-tangent hyper1

finite difference Hyperbolic-tangent hyper2

Table 4: Types of spatial discretizations and nodes.

I. Finite difference models with small time steps in [−1, 1] vs [0,+∞) : Tables

26, 27.

Compared with the analytic solution (equation (2.12) in [12]), errors in the calculated

solution at the final time and at all spatial nodes are reported in discrete maximal and

normalized 1-norm in the emax and eav columns of tables. The signed error in the

calculated interface position is shown in the e
S

column. The accumulated cpu-time in

the whole time marching, including overheads in pre- and post-processing within the

time loop, appears in the t-march column.

5.4. Observations

We analyze the experiments and report some observations here. Firstly, in some other

applications, dense LU with only partial pivoting may fail and GS iteration wanders.

We examined carefully our subsystem linear solvers for all relevant computational

models.
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Numerical
Model

Domain Transform
Grid
Type

Spatial
Discretization

Nodes in
Water/Ice

alg-stat-FD Finite algebraic static FD (sub)uniform

exp-stat-FD Finite exponential static FD (sub)uniform

alg-dyna-FD Finite algebraic dynamic FD (non)uniform

exp-dyna-FD Finite exponential dynamic FD (non)uniform

alg-dyna-DM Finite algebraic dynamic DM Spectral or spl-*

exp-dyna-DM Finite exponential dynamic DM Spectral or spl-*

stat-FD Semi-infinite static FD (sub)uniform

dyna-FD Semi-infinite dynamic FD (non)uniform

dyna-DM Semi-infinite dynamic DM Spectral or spl-*

Table 5: Computational models in fixed coordinate approach.

1. Various linear solvers were examined in DM approach on dynamic grid. We

omit the table of results. The preferred methods are LU and BiCGSTAB in view

of accuracy, numerical stability and run-time efficiency. The former was used in

all subsequent computation, while the latter as a double check for some cases.

2. In case of FD approach, the PDEs in water and ice zones yield discrete tridiag-

onal linear systems. The GE method and GS in checkboard order are preferred

for efficiency. We used the direct (GE) method in all further tests of FD models.

3. Table 7. In using the FD method, one-sided extrapolation scheme for the inter-

face position (S) is critical in solving the interface dynamics. We tested several

schemes with details shown here for two of them only : scheme 2 (three-point

second-order) and scheme 3 (four-point third-order). The ratio ∆t/(∆x)2 are

kept a constant (0.125) in all cases. Note that we adopt (general) central differ-

ences (equations 3.8,3.9) in the discretizations of PDEs in water and ice zones.

We observed the following.

(a) Using the third-order extrapolation at uniform nodes, convergence of av-

eraged system simulation error (eav) is superior to second-order in spatial

mesh size (cases Tu2-Tu4 vs Tu6-Tu8). While using the second-order ex-

trapolation, the error is slightly inferior to second-order (cases S1-S4 vs

S5-S8). Scheme 3 performs much better than scheme 2 on both static and

dynamic grid using either transforms. Similar behaviors are seen with the

other two measurements of errors (emax ,e
S

). The effort (cpu-time) differs

only a little in using either extrapolation scheme.
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Test goal ∗−dyna−DM
on [−1,1]

∗−dyna−FD
on [−1,1]

∗−stat−FD
on [−1,1]

∗−FD
on [0,∞)

dyna−DM
on [0,∞)

validation of linear solver T* T*

extrapolation T7 T7

reference cases T8,T9 T10

performance of collocations T11,T12

cpu-time profile analysis T13,T14

effect of scale T15,T16 T17 T18,T19

unit time span simulations T20-T22 T20-T22

long-term simulations T24,T25 T23-T25 T23,T24

FD with small time step T26,T27 T26,T27 T26,T27

Table 6: Test goals and tables. Computation on [0,∞) are on truncated do-

mains. Denoted by T* are table of results not shown because of space.

(b) For dynamic grid at nonuniform nodes (group TC,Th,TH). the convergence

in eav are mostly inferior but close to second-order using either transform,

as predicted by equations (3.8,3.9).

(c) For long-term simulation (t
end

= 12.0) using the third-order extrapola-

tion at uniform nodes, the convergence in system error is still better than

second-order using exponential transform on both static and dynamic grid

(cases Lu5,6,7,8). It is about second-order using algebraic transform on

dynamic grid (case Lu3 vs Lu4) and slightly inferior on static grid (case

Lu1 vs Lu2).

(d) Summary. We use the four-point third-order extrapolation in all subsequent

FD computation of the Stefan condition, i.e., equations (2.2,2.5). Results

here seemingly favors the exponential transform to algebraic transform, at

xref = 1.0 and using FD approach. However, it awaits thorough examina-

tions in combinations of various parameters.

4. Tables 8-10. It is the purpose of writing this paper to investigate combination(s)

of various options for better performance in computational models in the finite

interval. Reference data in the semi-infinite interval models in long-term simu-

lation are recorded in Table 8.

(a) Cases 1-12 demonstrate about second-order convergence in average sys-

tem error and justify partially our implementation of stat-FD and dyna-FD

computational models in the semi-infinite interval.

(b) The system accuracies in domain truncation at xmax = 10 (cases 13-26)

are inferior to accuracies in truncation at xmax = 20 (cases 1-12). This is

certainly consistent with the observation made on Table 2.
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(c) Summary. We regard the marked cases (3,6,11) in the semi-infinite inter-

val as tough reference cases for later comparisons. The fact that PDEs in

the semi-infinite interval are (linear and) easier to solve, together with the

limited precison one can achieve in computation of the err function makes

these reference cases seemingly matchless. These are about optimal in

balance between accuracy and efficiency.

As a first try, a few data obtained in finite interval models are shown in the last

group in the table. The results of cases 28 and 30c are nearly comparable to the

above tough reference cases in both accuracy and run-time efficiency. We will

investigate more later.

Some more numerical evidence on correctness (of the convergence behavior)

of code is given in Table 9. Collocation results in the semi-infinite interval are

shown in Table 10, to demonstrate the seemingly matchlessness of the reference

cases using FD in Table 8. The (small) condition numbers of the CMs are not to

be blamed.

5. We start serious investigations of computational models in the finite interval by

firstly looking at the computational performance of DM methods. Results are

shown in Table 11. We note the following.

(a) By comparison of the average error, cases 1-4 vs 9-12 using exponential

transform and cases 15-18 vs 27-30 using algebraic transform, it is found

that all the *-dyna-DM models on spl-* nodes are about second-order in

space while the Spectral collocations slightly better than second-order. Re-

call the not-a-knot cubic spline interpolation conducted at the end of each

time step is fourth-order accurate and the PDEs are of second-order, the

observed convergence is reasonable. This comment applies to other tables

as well.

(b) Using exponential transform, the spline collocation at Chebyshev extrema

is more accurate than at uniform nodes or Chebyshev zeros (case 3 vs 1,2

and 11 vs 9,10) in all three measurements of errors.

(c) Using algebraic transform, results at uniform nodes are more accurate than

at Chebyshev extrema or zeros (case 15 vs 16,17 and 27 vs 28,29), also in

all three measurements of errors.

(d) Spectral collocation seemed the most accurate and efficient at a first glance,

should one compare cases 4 vs 5,6,7 and 18 vs 27,28,29 (or 19-21,23-

25). The observation remains true for all three measurements of errors.
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However, the calculation with Spectral models is less preferred with grid

size larger than 100 or so. In those cases, the cpu-time increases eight

times if the grid size doubles just in one-dimension. On the contrary, the

increase in cpu-time is only five to six times in spline collocations.

(e) Summary. Spectral collocation is much more accurate than spline collo-

cations at as coarse as grid size 100. Beyond this, the cubic-order growth

in the cost of cpu-time is a serious drawback for Spectral collocations.

On the other hand, spline collocation models offer scalable performance.

The two preferred subcases are exp-dyna-DM and alg-dyna-DM models,

precisely, using exponential transform at Chebyshev extrema and using al-

gebraic transform at uniform nodes.

The spl-Leg data (case 14) is included just to show its disadvantage : solving

(two) algebraic eigenvalue problems at every time step is simply unaffordable in

cpu-time.

6. Run-time efficiency and condition numbers of various collocation matrices are

shown in Table 12. The condition numbers of the CMs in Spectral and spl-

Cheb2 models grow with refined grids in a hand-in-hand manner. Thanks to

the 1
∆t term in the diagonal of the CM, the quality of the computation remains

acceptable. The cpu-time makes the difference. The Spectral model needs a

dense linear solver ( BiCGSTAB is not always reliable). The cpu-time spent for

each of the three spline collocation modles is comparatively much smaller.

(a) Fact. The condition number reduces linearly as the temporal mesh refines

in all type collocations, but grows in cubic-order of grid size in spectral

collocation, while only second-order in spline collocations.

(b) The cpu-time increases linearly in nt, while grows in cubic-order of nx

in spectral collocation, and only five to six times in spline collocations at

doubled grid size.

(c) Summary. The three spline type collocations (at uniform nodes, Cheby-

shev zeros and extrema) are preferred to spectral collocation for efficiency,

especially on a fine grid.

The results of cases in Legendre nodes showed very expensive cost in cpu-time.

7. For a further investigation, profile details of cpu-time spent in various DM meth-

ods are examined in unit time span and long-term simulations separately. The

results are shown in Tables 13 and 14.
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(a) The simulation spent most time in solving the coupled system of equa-

tions. The pre and post out the system solve are minor, i.e., the ratio (t-

nl-solve)/(t-march) is close to 1.0, as can be derived from rightmost two

columns of Table 13.

(b) The system solve consists of four steps : solve in the water zone, the ice

zone, at the interface, and update everything. In a semi-implicit approach,

solving the interface equation needs just two matrix-vector multiplications

(via DM). The cost of such are not shown. Solving PDEs in the water and

ice zones cost only (the same) little time for Spectral and spline colloca-

tions, as recorded in the t−W and t− I columns.

(c) The update cost in cpu-time are measured both within the calling subrou-

tine (function) and also in the caller (main.c). It is seen that the compiler

overheads in function calls are minor (the t−update column vs the update
column).

(d) The update process contains three steps : update (vectors and matrices) for

water and ice zones, and a post-interpolation. In our application, the ice

zone contains much more nodes than in the water zone. Setting up new

DM in ice zone makes a very big difference between spectral and spline

collocation matrices. As shown previously in an algorithmic complexity

analysis (Subsection 4.9), the setup of a spectral DM is an O(m3) oper-

ation, while only an O(m2) operation for a spline DM. Here m denotes

the number of nodes in water or ice zone. We can foresee that evenly dis-

tributed nodes in water and ice zones will not make much difference in the

contrast of the comparison. We mention that the spline interpolation can be

decomposed into two steps : (i) determine the representation structure and

(ii) evaluate. We checked and found the vector version of the evaluation

procedure saves only a tiny percentage of cpu-time.

(e) Summary. Spectral collocation, even the Chebyshev type, is not preferred

in solving time-dependent PDEs at more than about 100 nodes, especially

when the DMs need to be adjusted all the time.

8. Recorded in Table 15 are the effect of scale in spline collocations using both

transforms at uniform nodes vs Chebyshev extrema.

(a) Using exponential transform, Cheb2 nodes is superior to uniform nodes in

both eav and emax at all scales but 0.2.

(b) Using algebraic transform, the error eav (emax ) at Cheb2 nodes is smaller

than at unif nodes for scales x
ref

> 2.5 (1.5).
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(c) Actually, excluding the case x
ref

= 0.2 (the only scale the water zone

contains more nodes than ice zone at the initial time), the exp-dyna-DM

model at Cheb2 nodes (the second group in table) outperforms all other

three groups in the average error eav , while the alg-dyna-DM model yields

best calculation of the interface in most cases. The optimal scale in each

respect doen not necessarily require even distribution of nodes in the usual

sense.

(d) Summary. As marked by down arrows (↓), the errors eav and emax reduce

with increasing scales until impractical situation (the water zone has too

few nodes to start). However, the cpu-time in solving the ice zone and

therefore the whole problem grows either. Tuning the control variable (the

scale factor) remains a question. Visualization through Figs.(2, 3) does not

explain everything.

9. Table 16 provides a comparison of spectral collocation with spline collocation

in previous table, both at Chebyshev extrema. Spectral collocation is less stable.

It yields more accurate result at the cost of much more cpu-time.

10. Computational errors at various scales in FD method on dynamic grid at various

nodes are studied with results shown in Table 17.

(a) The uniform nodes (cases 1-8,25-32) yield more accurate results than hy-

per1 nodes (cases 17-24,41-48). This is true in the average error (eav )

using either exponential or algebraic transform, for all tested scales. It is

also true in the maximal error. As shown, the uniform nodes outperforms

the hyper1 nodes in all respects but e
S

.

(b) Excluding the extreme scale 0.2, the uniform nodes yield better results

in eav and emax than Chebyshev extrema. On the contrary, the Cheb2

nodes provides result more accurate than uniform nodes in e
S

using both

transforms, with the exception x
ref

= 0.2, 2.0. We note more nodes are

clustered near x
S

in the deployment of Cheb2 and hyper1 nodes. Therefore

extrapolation yields better estimation of x
S

.

(c) Summary. The Chebyshev extrema seems the best choice of nodes for *-

dyna-FD models in minimizing the eS error, while uniform nodes optimal

in minimizing the average error, and also more accurate in emax in most

cases, except for scale factors 0.2 and 2.0. At both the uniform nodes

and Chebyshev extrema , the average error decreases (as marked) with

increasing scales.

11. Recorded in Table 18 are scale effect in various aspects on static grid using FD

models. We note the following.
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(a) The exp-stat-FD model is more accurate than alg-stat-FD model in eav at

all scales, except the extreme case x
ref

= 0.2. It is interesting to note that

with scale x
ref

= 0.2, the nodes are about evenly distributed ( 100-to-99 )

in water and ice zones at initial time, while the average accuracies achieved

in both models are the worst, compared to other scales. The scaling with

x
ref

= 0.2 is therefore regarded as improper.

(b) The diagonal dominance (rightmost four columns of table) increases with

larger scales as expected from the PDEs (equations 2.1,2.3, 2.4,2.6). This

seems not an important issue. The algebraic linear tridiagonal system can

be solved in a stable way for all diagonally dominant matrices. Choosing

economic temporal mesh size results in accurate computation.

(c) More regular behaviors can be seen in emax , eav , but less in eS . This seems

a characteristic of free boundary problems. To achieve minimal error (emax

, eav or e
S

), the optimal choice of x
ref

are different in using algebraic or

exponential transform. These are marked by asterisks (*) in the table.

(d) Summary. With ratio ∆t/(∆x)2 = 20/8 in this table, exponential trans-

form is more suitable to our application than algebraic transform. The

comment is consistent with findings discussed later in Tables 26, 27 and

accompanies Table 25 giving a whole picture. The optimally scaled ex-

ponential transform (at xref = 1.2) yields more accurate results in eav
and emax than algebraic transform at any scale. To one’s surprise, it is not

particularly useful to equally distribute the nodes in water and ice zones,

neither the resulting diagonal dominance due to scaling.

12. Table 19. We take a closer look at the four *-*-FD models. The scale which

minimizes any of the errors (emax ,eav ,eS ) in each of the four groups of test cases

are marked by asterisks (*).

(a) Summary. The results indicate that neither the maximal nor the average

error is much influenced by the specific scale which optimized the interface

error e
S

.

(b) Still, we pose the important question : can we develope a feedback the-

ory which predicts the over- or under-estimation of the interface position

? This may be important in two- or three-dimensional applications. We

conjectue that residuals in the computations may shed light on this.

13. Reported in Tables 20- 22 are results, at three scales, of using finite interval

models on dynamic grid in unit time span at three consecutively refined grid

resolutions. At each scale, two groups of tests are conducted using different
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transforms. The smallest error in each group are marked by an asterisk (*).

Based on the accuracy and efficiency, we note the following.

(a) All computational models on dynamic grid (*-dyna-FD and *-dyna-DM)

exhibit about second-order convergence in the errors eav and emax . This is

true for both transforms and all three scales.

(b) The winners are the *-dyna-FD models at uniform nodes. The correspond-

ing average errors (eav ) are the least in each group. These are ranked as E1

and A1 in the last column of the three tables.

(c) We regard the *-dyna-FD models at Chebyshev extrtema as the second,

marked by E2 and A2. The performance of these models are, in general,

next to the best.

(d) We reserved the third place for a spline collocation model. At scale 0.5,

spline collocation at uniform nodes is selected for both transforms, while

Chebyshev extrtema is selected at scales 1.5 and 2.5.

(e) Summary. Computations by exp-dyna-FD model at uniform nodes yield

the least average error, while exp-dyna-FD or exp-dyna-DM model at Cheby-

shev extrema yields the least error in the calculated interface position. Dif-

ferent applications may favor either choice. Spectral (Chebyshev) colloca-

tions at more than 100 nodes are inferior in the balance between accuracy

and efficiency.

14. Table 23. Performances of four *-*-FD computational models in long-term sim-

ulation are investigated here. The temporal and spatial mesh sizes are chosen

here to keep the cpu-time in t-march column comparable to our tough references

in Table 8.

(a) The first two groups of tests were running at scale 1.0. The first group cases

show an saturation of accuracy in the alg-stat-FD model at nx = 400 (cases

1-5), while the second group cases demonstrate significant progresses in

exp-stat-FD model at the same temporal and spatial meshes (cases 11-15)

as marked by down arrows (↓). Here we focused on the average error as

marked by ↓ in eav column. It is noted that even case 11 (nt = 40000)

yields errors eav and emax smaller than case 5 (nt = 640000). In view of

this prominent performance, the resolution with (nt, nx) = (320000, 400)
from case 14 is therefore selected for further test.

(b) The third group of tests show that the performance of the exp-stat-FD

model is stable, exhibiting similar behavior at various scales except for

the (improper) extreme scale 0.5. A glance at Figs. 2(a) and 2(b) explains
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why. We note many subcases in this group are only slightly less accu-

rate than our tough reference cases in the semi-infinite interval (Table 8),

while costing less cpu-time. The remaining cases (28-36) used *-dyna-FD

models. The exp-dyna-FD model (cases 28-33) achieved slightly better

accuracy than the exp-stat-FD model (the third group, cases 16-21) but at

some more cpu-time.

(c) Summary. In long-term simulation of a natural diffusive process in the

semi-infinite interval, the transformed problem on the finite interval is bet-

ter solved by using the exponential than using the algebraic transform, for

a wide range of scales. The exp-stat-FD model is more accurate than alg-

stat-FD model at the cost of about 10% more cpu-time, due to different

sizes of ice zone. In long-term simulation, the exp-dyna-FD model may

be a good substitute for exp-stat-FD model at uniform nodes. There exist

uncertainties of risk in the implementation of threshold strategy in long-

term simulations. With algebraic transform, the computational accuracy

saturated at nx = 400 and alg-dyn-FD model performs more accurate than

alg-sta-FD model.

Finally, we note a comparison of cases 30,34,35,36 (two dynamic grid models at

unif vs Cheb2 nodes). The accuracy at uniform nodes are better than at Cheby-

shev extrema, using either transform. This is the same as noted in unit time span

simulations in Tables 20- 22.

15. Table 24. Long-term simulations (t
end

= 12.0) of all models in the finite interval

are conducted with nx = 100, 200, 500. The ratio ∆t/(∆x)2 is fixed at 5/8.

(a) For dynamic grid and FD method, using exponential transform (cases 2-6)

is most accurate if deployed at uniform nodes (case 2). While using alge-

braic transform (cases 8-12), it is most advantageous at Chebyshev extrema

(case 12). This is true in the averaged error and at two spatial resolutions

(nx = 100, 200). The best couplings of such (cases 2,12) is superior to FD

on static grid using algebraic transform (case 7), and inferior to FD using

exponential transform (case 1). This rule was observed here at scale 1.0.

(b) As far as the DM method is concerned.

i. With respect to eav and emax , the spectral collocation performs better

using algebraic transform (case 20) than using exponential transform

(case 16).

ii. On the contrary, the spline collocations yield smaller error using expo-

nential transform (cases 13-15) than using algebraic transform (cases
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17-19). Using either transform, spline collocation model is most ac-

curate at uniform node distribution (cases 13,17).

iii. The spectral collocation (cases 16,20) is more accurate than all spline

collocations, but the cpu-time grows in cubic-order in the spatial grid

size. On the contrary, the growth is only five to six times with doubled

grid size if using spline models.

(c) Summary. At the resolution nx = 200, computations using exponential

transform is more accurate than using algebraic transform. This holds for

all three models (*-stat-FD,*-dyna-FD,*-dyna-DM) in their advantageous

nodes distributions. These observations are still true for results (cases 21-

24) on a finer grid with nx = 500, whence the exponential transform fa-

vors uniform nodes and algebraic transform is doing good at Chebyshev

extrema, as we noted in many instances.

16. Table 25. Computational models in the finite interval are compared in long-term

simulations, at three scales : 0.5, 1.5 and 2.5. Very fine grids (nx = 1000) are

used in FD models (cases 1a-6c). For all cases in this table, the ratio ∆t/(∆x)2

(=125/8) indicates twenty-five times fewer time steps are taken in computa-

tion for cases here than cases in the previous and the next Tables 24, 26. With

relatively large time steps here, the computational performance is better in us-

ing algebraic than using exponential transform. This holds for all grid sizes

nx = 200, 400, 800, 1000. Performance of cases are judged in the balance of

(least) average error and (less) cpu-time.

(a) The first block (without case numberings) are all at scale 1.5. These

showed computation using algebraic transform is superior to using expo-

nential transform.

(b) The alg-stat-FD (alg-dyna-FD) model is more accurate than exp-stat-FD

(exp-dyna-FD) model at the middle range scale (i.e., cases 4b vs 1b, 5b vs

2b). Actually, alg-*-FD models are more accurate than the corresponding

exp-*-FD models in all but one case, i.e., cases 4a-4c better than 1a-1c,

cases 5a-5b better than 2a-2b, cases 6a-6c better than 3a-3c.

(c) Only a few tests (cases 7b-15b) of DM models on coarse grid are shown.

The increase of much more cpu-time on a denser grid is an unwanted dis-

advantage of collocations.

(d) Summary. Algebraic transform outperforms exponential transform in long-

term simulation at the combination of very dense spatial grid and relatively

large time steps. Actually, these are about optimal performance of models
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in the finite interval and are slightly better than the tough references (Table

8) in the semi-infinite interval.

17. Table 26. Compared here are three computational models at three scales in eight

groups of tests: the exp-stat-FD and alg-stat-FD models in the finite interval

and the stat-FD model in the semi-infinite interval. The scale factors for finite

interval models are 0.5, 1.5 and 2.5. All models are run in a unit time span at

static subuniform nodes, except second half of the last group (case 8), which

runs on dynamic subuniform nodes.

(a) The exp-stat-FD model is the winner in all respects. This model is more

accurate than the other two in all spatial resolutions (nx/100 = 1, 2, 4, 8)

at each scale. Ranked as D1, case 1d is superior to cases 4d,7d,8d, and

case 2d (ranked as D2) superior to cases 5d,7d,8d, ... , and similarly for

cases nc,nb,na (n=2,3).

(b) At scale factor 2.5, the other model (alg-stat-FD) in the finite interval is

more accurate than semi-infinite interval models on coarse grid (case 6b/6c

vs cases 7b/7c and 8b/8c). However, the accuracy of computation in the

finite interval by algebraic transform saturated at spatial grid that nx > 400
and relatively fine time steps. This seems a characteristic (disadvantage)

of the algebraic transform.

(c) It is worth noting that, in the semi-infinite interval, the static grid model

is more accurate than the dynamic grid model, on coarse grid (nx = 200)

only (case 7b vs 8b). We do not try setting (different) optimal threshold

for the continuation process at each run.

(d) All three models are more or less second-order accurate in space, while

the finite interval model using exponential transform show probably more

potential. However, we will not persuit the final time accuracy more than

seven digits. After all, the long-term calculation involving the err function

has its limitation ([18]). The residual reductions, not shown by limitation

of space in the table, indicate partially that the calculations are on the right

track. This is of value in case no analytic solution is known.

(e) Summary. In all cases here the ratio ∆t/(∆x)2 is 5/8, while the ratio is

125/8 in cases 1a-6c in Table 25. Time steps are twenty-five times denser

in current table. With fine time meshes, using exponential transform is

superior to using algebraic transform.

18. Table 27 is a long-term simulation (t
end

= 12.0) version of Table 26. All pa-

rameters are the same on the finite interval.
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(a) Computational results using exponential transform are more accurate than

using algebraic transform, at scales 1.5 and 2.5.

(b) Computational models on the finite interval are flexible with many options

in choosing various parameters. The computations on the (truncated) semi-

infinite interval can not achieve the same accuracy as efficiently as in the

finite interval.

However, these are not as economic as the optimal results from Table 25.

6. Conclusion

In this work, the classical two-phase Stefan problem in the semi-infinite interval [0,∞)
is transformed to the finite interval [−1, 1] by either an algebraic or exponential map-

ping, with a scaling factor as a control variable which is critical to computational

accuracy and efficiency.

Three groups of computational models are investigated.

(A) Finite difference methods in static grid arrangement using algebraic or exponen-

tial transform, denoted as alg-stat-FD and exp-stat-FD models.

(B) Finite difference methods on dynamic grid. These are the alg-dyna-FD and exp-

dyna-FD models.

(C) Collocation methods on dynamic grid. including the alg-dyna-DM and exp-

dyna-DM models.

For a complete description of a computational model, more factors such as the scale

and the deployment of nodes are to be specified. We reserve the node types Spectral

and spl-Cheb2 for spectral and spline collocations, both using the Chebtshev extrema

for computational nodes. Other orthogonal nodes are applied as well. In terms of com-

putational performance, we compare the accuracies of various models in combinations

of many factors, at (roughly) the same cpu-time spent in unit time span or long-term

simulations.

To answer the questions raised in Section 5, we conclude that

1. In choosing between the two transforms at the start, the exponential one is found

superior to the algebraic one in either unit time span (Tables 20- 22) or long-

term simulation (Tables 23, 24), with relatively fine time steps (∆t/(∆x)2 =
5/8, or10/8). On the contrary, the algebraic transform is the winner in balance

of accuracy and efficiency, with larger time steps (∆t/(∆x)2 = 125/8, Table

25).
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Figure 4: Error on finite interval by FD at scale 0.5.

2. In comparison between static and dynamic grid arrangements, the static grid

approach with the proposed threshold strategy and implicit algebraic solve pro-

vides with the most accurate results among all models in finite interval. Al-

though, the dynamic grid approach (with implicit algebraic solve) is also accu-

rate and stable.
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3. Various collocations are uniquely classified by node types (Spectral or spl-*).

Among these, the Spectral collocation is the most accurate and effective (only)

at gird size about 100. The corresponding cpu-time grows in cubic-order in the

grid size, while it grows five to six times in spline collocations. The second-

order convergence in spline collocations is stable and scalable.

4. At the bottom line, the FD method is more economic in achieving good accu-

racy than the DM method. At the right scale, the maximal and average errors

are the least in the *-stat-FD models (finite difference on static grid). The errors

are comparatively the worst in the *-dyna-DM models (collocations on dynamic

grid). Ranked in between are the *-dyna-FD models (finite difference on dy-

namic grid). These are true in using either exponential or algebraic transform.

Furthermore, the accuracy in using the formal transform is better than using the

latter. On the other hand, the convergence in time of the maximal and aver-

age errors are the smoothest on dynamic grid by collocations and least smooth

with possible zig-zagging on static grid by finite differencs, due to the presence

of the moving interface. The computational models on dynamic grid by finite

differencs stand in between again.

5. A closer look at Table 3 reveals the fact that the two-phase Stefan problem, in

the semi-infinite interval, starts initially too close to the left end and therefore

the ice region contains too large portion of the whole grid. While in the finite

interval we can have better balance in the grid arrangement by choosing the con-

trol (scale) factor properly. In this sense, finite interval models can be better than

semi-infinite ones. The problem size in the ice region can be smaller in finite

interval. This means more economic computation and also smaller propogated

error. The condition number of DM in the ice region can be much smaller than

in the semi-infinite interval. Computations using the finite interval models are

satisfactory and provide many options for various considerations. Such are pre-

ferred to those of semi-infinite interval models.

6. Different convergence behaviors are visualized in Figs.4, 5. It highlights several

points.

(a) For current application, the scale 1.5 is a right scale in that the maximal and

average errors decay in time as shown in Figs.5(b), 5(d), 5(f) and 5(c). This

reflects the diffusive feature of the PDEs. These sub-figures also show that

the convergence of errors in using the exponential transform is significantly

smaller than using the algebraic transform.

(b) The spatial grid sizes are nx = 200 in all tests shown in these figures. It
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Figure 5: Error on finite interval by FD at scale 1.5.

is obviously seen for the improper scale, 0.5, that more spatial nodes (and

more cpu-time) are needed.

Some of our observations on the numerical experiments can be explained to

some extent by the graphical behaviors of the analytic solution and its deriva-
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tive. To gain more knowledge for real-life problems, more theoretic and compu-

tational studies are needed.

7. Optimal scales (x
ref

) with respect to the three measurements of errors (eav , emax ,

e
S

) are different and depend on node types. Refined spatial and temporal mesh-

sizes are not critical in minimizing the error e
S

. Instead, a proper choice of

the scale can make a big difference. This is true for both spatial FD and DM

methods. It would be nice to know whether the calculated x
S

is over- or under-

estimated. Such a feedback can be used to control for many purposes.

At the time of writing this paper, we have made successful simulations for a real-life

problem using a mushy layer model [2, 13], (only) by the fixed coordinate static grid

approach using the proposed threshold strategy in computational model in the semi-

infinite interval. The findings here will hopefully shed light on more efficient, accurate

and robust computation in the finite interval and in two- and three-dimensional appli-

cations.
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A. More Tables

Table 7: Effect of extrapolation scheme in interface evolution of *-*-FD mod-

els. x
ref

= 1.0,∆t/(∆x)2 = 1
2 .

Case Sch t
end

nt nx Tr Grid
Type

Node emax eav e
S

t−
march

S1 2 3.0 20000 100 alg stat unif 2.866-4 6.645-5 1.062-4 2.3

S2 2 3.0 20000 100 exp stat unif 3.145-4 4.068-5 1.044-4 2.6

S3 2 3.0 20000 100 alg dyna unif 6.260-4 9.276-5 2.300-4 2.5

S4 2 3.0 20000 100 exp dyna unif 5.678-4 7.216-5 1.910-4 2.9

S5 2 3.0 80000 200 alg stat unif 6.710-5 1.913-5 2.369-5 17.7

S6 2 3.0 80000 200 exp stat unif 8.739-5 1.108-5 2.762-5 20.7

S7 2 3.0 80000 200 alg dyna unif 1.734-4 2.488-5 6.155-5 19.8

S8 2 3.0 80000 200 exp dyna unif 1.585-4 1.949-5 5.131-5 22.8

Tu1 3 3.0 20000 100 alg stat unif 9.959-5 3.430-5 -8.665-6 2.3

Tu2 3 3.0 20000 100 exp stat unif 1.201-5 4.624-6 4.749-6 2.6

Tu3 3 3.0 20000 100 alg dyna unif 1.038-4 2.376-5 4.174-5 2.5

Tu4 3 3.0 20000 100 exp dyna unif 7.134-5 1.264-5 2.762-5 2.9

Tu5 3 3.0 80000 200 alg stat unif 3.811-5 1.130-5 -8.059-6 17.7

Tu6 3 3.0 80000 200 exp stat unif 3.007-6 1.011-6 4.309-7 20.7

Tu7 3 3.0 80000 200 alg dyna unif 2.010-5 5.001-6 8.214-6 19.8

Tu8 3 3.0 80000 200 exp dyna unif 1.542-5 2.669-6 6.041-6 23.1

TC1 3 3.0 20000 100 alg dyna Cheb2 9.874-5 1.548-5 -2.942-7 2.6

TC2 3 3.0 80000 200 alg dyna Cheb2 2.479-5 4.197-6 -1.227-6 20.7

TC3 3 3.0 20000 100 exp dyna Cheb2 5.353-5 1.132-5 -8.406-6 3.1

TC4 3 3.0 80000 200 exp dyna Cheb2 2.110-5 3.652-6 -4.684-6 23.8

Th1 3 3.0 20000 100 alg dyna hyper1 1.009-4 1.862-5 4.583-6 2.7

Th2 3 3.0 80000 200 alg dyna hyper1 2.551-5 4.605-6 1.042-6 21.2

Th3 3 3.0 20000 100 exp dyna hyper1 1.265-4 2.841-5 -2.643-5 3.0

Th4 3 3.0 80000 200 exp dyna hyper1 3.312-5 7.307-6 -7.062-6 23.6

TH1 3 3.0 20000 100 alg dyna hyper2 1.672-4 2.268-5 -8.650-7 2.7

TH2 3 3.0 80000 200 alg dyna hyper2 4.195-5 5.729-6 -5.720-7 21.0

TH3 3 3.0 20000 100 exp dyna hyper2 1.230-4 2.157-5 -2.665-5 3.1

TH4 3 3.0 80000 200 exp dyna hyper2 3.339-5 5.631-6 -7.568-6 24.2

Lu1 3 12.0 200000 100 alg stat unif 1.028-4 3.684-5 1.330-5 21.5

Lu2 3 12.0 800000 200 alg stat unif 2.756-5 1.012-5 1.053-6 172.7

Lu3 3 12.0 200000 100 alg dyna unif 1.107-4 3.393-5 3.730-5 24.6

Lu4 3 12.0 800000 200 alg dyna unif 2.776-5 8.479-6 9.669-6 195.4

Lu5 3 12.0 200000 100 exp stat unif 8.447-5 8.175-6 5.017-6 25.2

Lu6 3 12.0 800000 200 exp stat unif 2.044-5 1.671-6 4.941-7 197.9

Lu7 3 12.0 200000 100 exp dyna unif 8.555-5 1.804-5 2.743-5 27.8

Lu8 3 12.0 800000 200 exp dyna unif 2.055-5 3.897-6 5.798-6 218.3
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Table 8: Reference cases in semi-infinite interval by FD. t
end

= 12.0.

Finite interval models are using FD and uniform nodes,x
ref

= 1.0,

ratio=∆t/(∆x)2. Cases 3,6 and 11 are regarded as tough references.

Case x−

range
Tr x

ref
nt nx Ratio

Grid
Type

emax eav e
S

t−
march

1 [0,20] 6250 500 1.0 stat 1.713-4 9.378-6 -5.638-5 3.2

2 [0,20] 25000 1000 1.0 stat 3.536-5 2.076-6 -1.024-5 26.0

3* [0,20] 100000 2000 1.0 stat 7.815-6 4.836-7* -2.025-6 *207.6

4 [0,20] 6250 500 1.0 dyna 8.565-5 7.327-6 1.827-5 3.7

5 [0,20] 25000 1000 1.0 dyna 1.129-5 1.345-6 1.027-5 29.9

6* [0,20] 100000 2000 1.0 dyna 1.712-6 2.665-7* 3.924-6 *241.1

7 [0,20] 31250 500 5.0 stat 1.446-4 6.870-6 -6.846-5 16.3

8 [0,20] 125000 1000 5.0 stat 2.871-5 1.451-6 -1.327-5 131.1

9 [0,20] 500000 2000 5.0 stat 6.129-6 3.268-7 -2.781-6 1043.6

10 [0,20] 31250 500 5.0 dyna 2.070-5 3.092-6 6.691-6 18.8

11* [0,20] 125000 1000 5.0 dyna 7.434-6 5.295-7* 7.264-6 *150.0

12 [0,20] 500000 2000 5.0 dyna 4.337-6 1.405-7 3.157-6 1197.1

13 [0,10] 6250 250 1.0 stat 1.713-4 1.901-5 -5.638-5 1.8

14 [0,10] 25000 500 1.0 stat 3.536-5 4.426-6 -1.024-5 14.1

15 [0,10] 100000 1000 1.0 stat 7.815-6 1.262-6 -2.025-6 113.4

16 [0,10] 200000 1000 0.5 stat 6.845-6 1.069-6 -2.498-6 222.6

17 [0,10] 6250 250 1.0 dyna 8.571-5 1.474-5 1.823-5 2.0

18 [0,10] 25000 500 1.0 dyna 1.130-5 2.927-6 1.027-5 16.2

19 [0,10] 100000 1000 1.0 dyna 6.845-6 8.189-7 3.924-6 129.2

20 [0,10] 200000 1000 0.5 dyna 6.845-6 6.202-7 3.445-6 257.3

21 [0,10] 31250 250 0.2 stat 1.446-4 1.401-5 -6.846-5 8.9

22 [0,10] 125000 500 0.2 stat 2.871-5 3.186-6 -1.327-5 71.1

23 [0,10] 500000 1000 0.2 stat 6.845-6 9.531-7 -2.781-6 567.2

24 [0,10] 31250 250 0.2 dyna 2.059-5 6.408-6 6.655-6 9.9

25 [0,10] 125000 500 0.2 dyna 7.428-6 1.335-6 7.261-6 80.4

26 [0,10] 500000 1000 0.2 dyna 6.845-6 5.794-7 3.157-6 643.9

27 [-1,1] exp 1.0 320000 400 10.0/8 stat 5.042-6 5.634-7 3.053-7 157.5

28* [-1,1] exp 1.0 320000 500 15.6/8 stat 3.199-6 4.600-7* 2.941-7 *195.8

29 [-1,1] exp 1.0 320000 800 40.0/8 stat 1.198-6 3.402-7 2.954-7 312.6

30a [-1,1] exp 1.0 160000 1000 125.0/8 stat 1.271-6 5.689-7 6.066-7 190.3

30b [-1,1] exp 1.5 102400 800 62.5/8 stat 2.216-6 8.607-7 6.199-7 103.5

30c* [-1,1] exp 1.5 204800 800 62.5/8 stat 1.221-6 4.974-7* 2.669-7 *205.3

30d [-1,1] exp 1.5 204800 800 62.5/8 dyna 1.926-6 6.555-7 7.271-7 230.6

30e [-1,1] alg 1.5 102400 800 62.5/8 stat 2.919-6 7.959-7 3.575-7 88.9

30f [-1,1] alg 1.5 204800 800 62.5/8 stat 2.530-6 7.446-7 -2.256-8 178.8

30g [-1,1] alg 1.5 204800 800 62.5/8 dyna 1.563-6 6.565-7 9.048-7 202.6
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Table 9: Performance of FD method in the semi-infinite interval.

t
end

xmax nt nx
Grid
Type

emax eav e
S

t−
march

3.0 5.0 4000 100 stat 4.443-04 3.087-05 -1.192-04 1.6

3.0 5.0 16000 200 stat 9.195-05 7.012-06 -2.132-05 8.9

3.0 5.0 64000 400 stat 1.841-05 1.780-06 -3.972-06 67.2

3.0 5.0 4000 100 dyna 6.644-04 4.474-05 -1.631-04 1.7

3.0 5.0 16000 200 dyna 5.725-05 5.925-06 -1.172-05 10.0

3.0 5.0 64000 400 dyna 6.627-06 1.070-06 2.169-06 76.3

3.0 10.0 16000 200 stat 4.338-04 1.451-05 -1.238-04 8.3

3.0 10.0 64000 400 stat 8.909-05 3.178-06 -2.245-05 61.1

3.0 10.0 16000 200 dyna 6.517-04 2.048-05 -1.674-04 9.3

3.0 10.0 64000 400 dyna 5.163-05 2.404-06 -1.283-05 70.7

12.0 10.0 160000 200 stat 2.266-04 2.088-05 -1.213-04 81.6

12.0 10.0 640000 400 stat 4.544-05 4.595-06 -2.334-05 647.7

12.0 10.0 160000 200 dyna 8.168-05 1.115-05 -4.133-05 109.6

12.0 10.0 640000 400 dyna 1.088-05 1.680-06 6.461-06 742.2

Table 10: Performance of DM method on dynamic grid in the semi-infinite

interval with nt = 16000, nx = 200.

DM−

type
emax eav e

S

t−
march

cond
W

initial

cond
W

final

cond
I

initial

cond
I

final

spl-unif 6.096-05 4.777-06 -1.400-05 146.4 1.02 1.01 1.1 1.1

spl-Cheb1 1.861-05 4.359-06 2.888-06 147.8 1.01 1.01 20.8 21.0

spl-Cheb2 5.049-05 5.632-06 1.250-05 149.8 1.02 1.01 58.3 58.9

Spectral 1.275-05 8.555-07 1.542-06 407.2 1.02 1.01 63.5 64.1
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Table 11: Run-time efficiency and accuracy of collocation (*-dyna-DM) mod-

els at various nodes. t
end

= 3.0, x
ref

= 1.0, ratio=∆t/(∆x)2.

Case nt nx Ratio T r
DM−

Node
emax eav e

S

t−
march

1 20000 100 1/8 exp spl-unif 5.657-5 1.217-5 -1.313-5 23.5

2 20000 100 1/8 exp spl-Cheb1 4.680-5 1.275-5 -9.583-6 23.8

3 20000 100 1/8 exp* spl-Cheb2* 3.682-5 1.144-5 -6.469-6 23.7

4* 20000 100 1/8 exp Spectral 1.614-5 2.724-6 -1.769-7 45.6

5 20000 200 4/8 exp spl-unif 2.476-5 4.721-6 -2.951-6 131.1

6 20000 200 4/8 exp spl-Cheb1 1.792-5 4.385-6 -6.934-7 133.3

7 20000 200 4/8 exp spl-Cheb2 1.710-5 4.289-6 -4.351-7 132.9

8 20000 200 4/8 exp Spectral 1.146-5 2.101-6 1.284-6 356.1

9 80000 200 1/8 exp spl-unif 1.666-5 3.238-6 -4.001-6 530.4

10 80000 200 1/8 exp spl-Cheb1 9.662-6 2.934-6 -1.754-6 529.3

11 80000 200 1/8 exp* spl-Cheb2* 8.838-6 2.840-6 -1.500-6 530.9

12 80000 200 1/8 exp Spectral 3.202-6 5.696-7 2.180-7 1412.5

13 10000 100 2/8 alg Spectral 2.385-5 4.601-6 2.482-6 19.9

14 20000 100 1/8 alg spl-Leg 8.087-5 3.103-5 -2.137-5 346.4

15 20000 100 1/8 alg* spl-unif* 5.833-5 2.139-5 -1.503-5 20.8

16 20000 100 1/8 alg spl-Cheb1 8.166-5 3.101-5 -2.098-5 21.0

17 20000 100 1/8 alg spl-Cheb2 8.337-5 3.111-5 -2.049-5 21.1

18* 20000 100 1/8 alg Spectral 1.296-5 2.467-6 8.901-7 39.7

19 20000 200 4/8 alg spl-unif 2.555-5 7.257-6 -3.497-6 116.9

20 20000 200 4/8 alg spl-Cheb1 2.723-5 9.349-6 -3.899-6 115.3

21 20000 200 4/8 alg spl-Cheb2 2.727-5 9.395-6 -3.905-6 116.8

22 20000 200 4/8 alg Spectral 1.110-5 2.215-6 1.539-6 322.1

23 40000 200 2/8 alg spl-unif 2.020-5 6.206-6 -4.285-6 229.8

24 40000 200 2/8 alg spl-Cheb1 2.177-5 8.309-6 -4.695-6 233.8

25 40000 200 2/8 alg spl-Cheb2 2.181-5 8.356-6 -4.703-6 232.9

26 40000 200 2/8 alg Spectral 5.632-6 1.119-6 7.412-7 645.3

27 80000 200 1/8 alg* spl-unif* 1.752-5 5.683-6 -4.678-6 459.6

28 80000 200 1/8 alg spl-Cheb1 2.048-5 7.790-6 -5.093-6 466.5

29 80000 200 1/8 alg spl-Cheb2 2.071-5 7.837-6 -5.101-6 465.9

30 80000 200 1/8 alg Spectral 2.901-6 5.725-7 3.421-7 1295.0



COMPUTATIONAL STUDY OF... 65

Table 12: Condition numbers of CMs in *-dyna-DM models at various nodes.

t
end

= 3.0, x
ref

= 1.0.

nt nx Tr DM−

Node
t−

march
CondW

init
CondW
final

CondI
init

CondI
final

1000 100 exp spl-unif 1.5 3.84e+0 3.98e+0 9.00e+0 8.39e+0
1000 100 exp spl-Cheb1 1.6 6.89e+0 9.95e+0 8.63e+2 7.39e+2
1000 100 exp spl-Cheb2 1.5 1.35e+1 2.13e+1 2.35e+3 2.01e+3
1000 100 exp spl-Leg 19.9 5.80e+0 8.09e+0 6.21e+2 5.32e+2
1000 100 exp Spectral 12.0 1.45e+1 2.30e+1 2.55e+3 2.19e+3

2000 100 exp spl-unif 3.1 2.40e+0 2.47e+0 4.86e+0 4.58e+0
2000 100 exp spl-Cheb1 3.1 3.80e+0 5.24e+0 3.99e+2 3.41e+2
2000 100 exp spl-Cheb2 3.1 6.92e+0 1.06e+1 1.09e+3 9.37e+2
2000 100 exp spl-Leg 39.8 3.29e+0 4.37e+0 2.86e+2 2.45e+2
2000 100 exp Spectral 23.9 7.41e+0 1.14e+1 1.19e+3 1.02e+3
1000 200 exp spl-unif 8.1 1.41e+1 1.47e+1 4.02e+1 3.72e+1
1000 200 exp spl-Cheb1 8.2 1.03e+2 1.64e+2 1.88e+4 1.61e+4
1000 200 exp spl-Cheb2 8.2 2.53e+2 4.15e+2 5.14e+4 4.39e+4
1000 200 exp spl-Leg 141.6 7.80e+1 1.23e+2 1.35e+4 1.16e+4
1000 200 exp Spectral 93.9 2.74e+2 4.50e+2 5.57e+4 4.76e+4

2000 200 exp spl-unif 16.3 7.28e+0 7.56e+0 1.92e+1 1.78e+1
2000 200 exp spl-Cheb1 16.2 4.82e+1 7.65e+1 8.65e+3 7.39e+3
2000 200 exp spl-Cheb2 16.4 1.19e+2 1.94e+2 2.37e+4 2.03e+4
2000 200 exp spl-Leg 280.3 3.67e+1 5.72e+1 6.19e+3 5.30e+3
2000 200 exp Spectral 188.0 1.29e+2 2.11e+2 2.57e+4 2.20e+4
1000 100 alg spl-unif 1.4 6.70e+0 6.66e+0 1.04e+1 8.98e+0
1000 100 alg spl-Cheb1 1.4 2.29e+1 3.08e+1 1.05e+3 8.25e+2
1000 100 alg spl-Cheb2 1.4 5.16e+1 7.22e+1 2.86e+3 2.24e+3
1000 100 alg spl-Leg 17.6 1.82e+1 2.39e+1 7.59e+2 5.94e+2
1000 100 alg Spectral 10.5 5.57e+1 7.82e+1 3.11e+3 2.43e+3

2000 100 alg spl-unif 2.8 3.77e+0 3.75e+0 5.52e+0 4.84e+0
2000 100 alg spl-Cheb1 2.8 1.13e+1 1.49e+1 4.86e+2 3.81e+2
2000 100 alg spl-Cheb2 2.8 2.48e+1 3.44e+1 1.33e+3 1.04e+3
2000 100 alg spl-Leg 35.2 9.06e+0 1.17e+1 3.49e+2 2.74e+2
2000 100 alg Spectral 21.0 2.68e+1 3.73e+1 1.44e+3 1.13e+3
1000 200 alg spl-unif 7.3 2.95e+1 2.92e+1 5.03e+1 4.25e+1
1000 200 alg spl-Cheb1 7.3 4.15e+2 5.79e+2 2.30e+4 1.80e+4
1000 200 alg spl-Cheb2 7.2 1.05e+3 1.49e+3 6.26e+4 4.90e+4
1000 200 alg spl-Leg 124.8 3.09e+2 4.28e+2 1.65e+4 1.29e+4
1000 200 alg Spectral 82.4 1.14e+3 1.62e+3 6.79e+4 5.31e+4

2000 200 alg spl-unif 14.4 1.43e+1 1.42e+1 2.37e+1 2.02e+1
2000 200 alg spl-Cheb1 14.4 1.92e+2 2.68e+2 1.06e+4 8.26e+3
2000 200 alg spl-Cheb2 14.5 4.90e+2 6.95e+2 2.89e+4 2.26e+4
2000 200 alg spl-Leg 247.1 1.43e+2 1.98e+2 7.58e+3 5.92e+3
2000 200 alg Spectral 164.7 5.31e+2 7.54e+2 3.14e+4 2.45e+4
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Table 13: cpu-time profile of various collocation (*-dyna-DM) models in unit

time span. t
end

= 3.0,nx = 100,nt = 10000.

x
ref

Tr DM−

type
update
−W

update
−I

update
−intrp

update t−
update

t−
W

t−
I

t−nl
−solve

t−
march

1.0 exp spl-unif 0.31 6.76 0.22 7.40 7.44 0.12 5.60 13.37 16.83

1.0 exp spl-Cheb2 0.31 6.73 0.22 7.45 7.49 0.12 5.57 13.40 16.79

1.0 exp Spectral 0.22 *24.37 0.23 25.02 *25.06 0.12 5.67 31.08 34.49

1.5 exp spl-unif 0.19 7.59 0.23 8.12 8.16 0.08 7.00 15.47 19.18

1.5 exp spl-Cheb2 0.19 7.51 0.23 8.11 8.15 0.08 6.55 15.00 18.59

1.5 exp Spectral 0.12 *28.25 0.23 28.82 *28.86 0.08 6.50 35.69 39.31

1.0 alg spl-unif 0.46 6.28 0.22 7.07 7.11 0.18 5.28 12.80 15.92

1.0 alg spl-Cheb2 0.45 6.16 0.22 7.02 7.06 0.18 4.92 12.37 15.37

1.0 alg Spectral 0.43 21.84 0.23 22.71 22.75 0.19 5.51 28.71 31.82

2.0 alg spl-unif 0.20 7.58 0.23 8.11 8.15 0.08 7.06 15.52 18.95

2.0 alg spl-Cheb2 0.20 7.60 0.23 8.22 8.26 0.08 7.14 15.71 19.08

2.0 alg Spectral 0.13 *28.07 0.23 28.63 *28.67 0.08 6.46 35.45 38.80
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Table 14: cpu-time profile of various collocation (*-dyna-DM)

models in long-term simulation. t
end

= 12.0, (nx, nt) =
(100, 16000), (200, 64000), x

ref
= 1.0.

nx Tr DM−

type
t−
W

t−
I

t−
update

t−nl
−solve

t−
march

n
W

initial

n
W

final

n
I

initial

n
I

final

100 exp spl-unif 1.67 28.96 43.45 75.02 97.84 13 29 87 71

100 exp spl-Cheb1 1.67 28.97 46.20 77.90 100.51

100 exp spl-Cheb2 1.67 28.67 46.11 77.49 100.24 same as above

100 exp Spectral 1.66 28.51 *98.15 129.34 151.84

100 alg spl-unif 2.47 24.93 41.10 69.54 81.28 17 33 83 67

100 alg spl-Cheb1 2.38 24.77 44.11 72.27 83.63

100 alg spl-Cheb2 2.44 25.22 44.50 73.23 85.15 same as above

100 alg Spectral 2.36 24.79 *87.19 115.35 126.92

200 exp spl-unif 33.65 856.04 696.16 1611.32 1905.66 26 58 174 142

200 exp spl-Cheb1 33.51 854.79 746.07 1661.06 1957.17

200 exp spl-Cheb2 34.63 866.04 750.56 1678.37 1978.13 same as above

200 exp Spectral 32.36 822.47 *2931.68 3810.63 4095.15

200 alg spl-unif 50.46 725.40 649.59 1447.89 1572.52 34 66 166 134

200 alg spl-Cheb1 50.78 734.56 699.52 1513.24 1637.00

200 alg spl-Cheb2 52.23 742.16 707.96 1556.92 1682.43 same as above

200 alg Spectral 47.51 701.64 *2544.85 3316.05 3432.00
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Table 15: Effect of scale in computational errors, subproblem sizes and con-

dition numbers of spline collocations with (nt, nx) = (4000, 200).

x
ref

Tr Nodes
spl−∗

emax eav e
S

t−
march

n
W

init

n
W

final

n
I

final

Cond
W

init

Cond
W

final

Cond
I

final

0.2 exp unif 1.44-2 4.01-4↓ 3.57-4 32.0 101 115 85 1.1+2 1.0+2 5.8+1
0.5 exp unif 5.89-5 2.01-5↓ 9.52-6 42.0 49 58 142 1.4+1 1.4+1 2.6+1
0.8 exp unif 6.44-5 1.49-5↓ 4.59-6 51.6 32 39 161 5.9+0 6.0+0 1.3+1
1.0 exp unif 6.79-5 1.30-5↓ 2.65-6 57.1 26 32 168 4.1+0 4.2+0 9.0+0
1.5 exp unif 7.68-5 9.91-6↓ -2.51-7 62.9 18 22 178 2.4+0 2.4+0 4.9+0
2.0 exp unif 9.00-5 8.24-6↓ -2.67-6 69.1 14 17 183 1.8+0 1.8+0 3.3+0
2.5 exp unif 1.18-4 7.91-6↓ -6.30-6 69.8 11 14 186 1.5+0 1.5+0 2.5+0
3.0 exp unif 1.49-4 6.49-6↓ -7.48-6 75.2 10 12 188 1.4+0 1.4+0 2.1+0
3.5 exp unif 1.51-4 7.29-6 -8.21-6 76.7 8 10 190 1.2+0 1.3+0 1.8+0
4.0 exp unif 1.97-4 8.13-6 -1.17-5 75.6 7 9 191 1.2+0 1.2+0 1.6+0

0.2 exp Cheb2 5.97-3 4.19-4↓ 2.89-4↓ 34.5 101 115 85 3.9+4 5.2+4 1.6+4
0.5 exp Cheb2 5.87-5 1.94-5↓ 1.02-5↓ 43.8 49 58 142 1.0+3 1.5+3 2.1+4
0.8 exp Cheb2 6.13-5 1.45-5↓ 6.23-6↓ 55.7 32 39 161 1.4+2 2.3+2 1.3+4
1.0 exp Cheb2 6.12-5 1.22-5↓ 5.25-6↓ 58.6 26 32 168 5.6+1 9.1+1 9.4+3
1.5 exp Cheb2 6.04-5 8.78-6↓ 3.85-6↓ 64.2 18 22 178 1.2+1 1.8+1 4.9+3
2.0 exp Cheb2 6.01-5 7.02-6↓ 3.00-6↓ 69.1 14 17 183 4.6+0 6.4+0 2.9+3
2.5 exp Cheb2 6.24-5 6.16-6↓ 2.09-6↓ 70.8 11 14 186 2.3+0 3.3+0 1.9+3
3.0 exp Cheb2 6.46-5 5.46-6↓ 1.42-6↓ 77.3 10 12 188 1.9+0 2.2+0 1.4+3
3.5 exp Cheb2 6.95-5 5.57-6 7.55-7↓ 78.0 8 10 190 1.4+0 1.6+0 1.0+3
4.0 exp Cheb2 8.34-5 6.00-6 -6.11-7↓ 76.0 7 9 191 1.2+0 1.4+0 7.7+2

0.2 alg unif 9.83-5 1.91-5 2.15-5 16.8 101 111 89 2.3+2 2.3+2 2.2+1
0.5 alg unif 6.01-5 2.05-5↓ 7.99-6 20.7 58 66 134 2.9+1 2.8+1 1.9+1
0.8 alg unif 6.50-5 1.74-5↓ 4.56-6 26.6 41 47 153 1.1+1 1.1+1 1.3+1
1.0 alg unif 6.84-5 1.59-5↓ 2.80-6 28.6 34 40 160 7.4+0 7.3+0 1.0+1
1.5 alg unif 7.63-5 1.30-5↓ -5.87-8 36.0 24 29 171 3.7+0 3.8+0 6.2+0
2.0 alg unif 7.69-5 1.06-5↓ -2.44-7 38.2 19 22 178 2.6+0 2.5+0 4.3+0
2.5 alg unif 8.58-5 9.52-6↓ -1.88-6 39.0 15 18 182 2.0+0 1.9+0 3.3+0
3.0 alg unif 1.07-4 9.03-6↓ -5.00-6 40.3 13 16 184 1.7+0 1.7+0 2.7+0
3.5 alg unif 1.26-4 8.85-6↓ -7.21-6 41.0 11 14 186 1.5+0 1.5+0 2.3+0
4.0 alg unif 1.16-4 7.75-6↓ -5.15-6 43.6 10 12 188 1.4+0 1.4+0 2.0+0

0.2 alg Cheb2 1.87-4 2.25-5↓ 2.60-5↓ 16.7 101 111 89 8.8+4 1.1+5 7.6+3
0.5 alg Cheb2 6.71-5 2.42-5↓ 5.28-6↓ 20.8 58 66 134 3.4+3 4.4+3 1.5+4
0.8 alg Cheb2 7.04-5 2.00-5↓ 3.04-6↓ 26.7 41 47 153 5.7+2 7.3+2 1.3+4
1.0 alg Cheb2 7.10-5 1.78-5↓ 2.48-6↓ 28.7 34 40 160 2.3+2 3.2+2 1.1+4
1.5 alg Cheb2 7.15-5 1.39-5↓ 1.74-6↓ 36.1 24 29 171 4.5+1 6.9+1 6.6+3
2.0 alg Cheb2 7.16-5 1.14-5↓ 1.37-6↓ 38.2 19 22 178 1.6+1 2.0+1 4.5+3
2.5 alg Cheb2 7.23-5 9.86-6↓ 1.01-6↓ 38.8 15 18 182 6.3+0 8.7+0 3.2+3
3.0 alg Cheb2 7.44-5 8.94-6↓ 5.48-7↓ 40.1 13 16 184 3.8+0 5.5+0 2.3+3
3.5 alg Cheb2 7.75-5 8.30-6↓ 5.56-8↓ 41.3 11 14 186 2.4+0 3.5+0 1.8+3
4.0 alg Cheb2 7.71-5 7.61-6↓ 9.24-8 43.5 10 12 188 1.9+0 2.3+0 1.4+3



COMPUTATIONAL STUDY OF... 69

Table 16: Effect of scale in Spectral collocations.

x
ref

Tr nt

1000
nx

100
emax eav e

S

t−
march

n
W

init

n
W

final

n
I

final

CondW
init

CondW
final

CondI
final

0.5 exp 2 1 1.10-4 2.78-5 2.41-5 7.4 25 29 71 1.3+2 1.6+2 2.2+3

1.0 exp 2 1 1.15-4 2.07-5 1.26-5 10.1 13 16 84 7.4+0 1.1+1 1.0+3

1.5 exp 2 1 1.26-4 1.79-5 6.21-6 11.2 9 11 89 2.3+0 3.0+0 5.4+2

2.0 exp 2 1 1.63-4 1.82-5 -1.82-6 12.1 7 9 91 1.5+0 1.9+0 3.2+2

2.2 exp 2 1 1.45-4 1.60-5 1.11-6 12.4 7 8 92 1.5+0 1.5+0 2.7+2

2.5 exp 2 1 failed 6

0.5 exp 8 1 2.77-5 7.03-6 5.88-6 27.7 25 29 71 2.9+1 3.7+1 4.9+2

1.0 exp 8 1 3.26-5 5.73-6 1.95-6 38.4 13 16 84 2.5+0 3.4+0 2.2+2

1.5 exp 8 1 4.42-5 5.86-6 -1.22-6 44.2 9 11 89 1.3+0 1.5+0 1.2+2

2.0 exp 8 1 failed 7

2.2 exp 8 1 failed 7

2.5 exp 8 1 failed 6

failed

0.5 exp 8 2 2.74-5 7.04-6 6.07-6 182.8 49 58 142 5.2+2 7.7+2 1.0+4

1.0 exp 8 2 2.80-5 5.16-6 3.42-6 273.5 26 32 168 2.9+1 4.7+1 4.7+3

1.5 exp 8 2 2.94-5 4.30-6 2.09-6 306.1 18 22 178 6.5+0 9.6+0 2.5+3

2.0 exp 8 2 3.25-5 3.92-6 1.08-6 327.5 14 17 183 2.9+0 3.8+0 1.5+3

2.5 exp 8 2 4.04-5 3.99-6 -2.21-7 348.8 11 14 186 1.7+0 2.2+0 9.7+2

3.0 exp 8 2 4.82-5 3.72-6 -1.19-6 393.0 10 12 188 1.5+0 1.6+0 6.8+2

1.0 alg 1 1 2.20-4 4.33-5 3.11-5 2.0 17 20 80 5.6+1 7.8+1 2.4+3

1.0 alg 1 2 2.19-4 4.39-5 3.19-5 16.3 34 40 160 1.1+3 1.6+3 5.3+4

1.0 alg 4 2 5.48-5 1.10-5 7.93-6 64.7 34 40 160 2.5+2 3.5+2 1.1+4

1.0 alg 4 4 5.47-5 1.10-5 7.99-6 702.5 67 79 321 4.9+3 7.1+3 2.5+5
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Table 17: Effect of scale in computational errors of *-dyna-FD models at

various nodes. tend = 3.0, nt = 4000, nx = 200,∆t/(∆x)2 = 20/8.

Case Grid
Type

Tr FD−

Nodes
x
ref

emax eav e
S

1 dyna exp unif 0.2 1.285e-02↓ 4.503e-04↓ -1.302e-04
2 dyna exp unif 0.5 4.748e-05↓ 1.358e-05↓ 1.548e-05
3 dyna exp unif 0.8 4.057e-05↓ 1.070e-05↓ 1.348e-05
4 dyna exp unif 1.0 3.534e-05↓ 9.173e-06↓ 1.285e-05
5 dyna exp unif 1.2 3.082e-05↓ 7.983e-06↓ 1.218e-05
6 dyna exp unif 1.5 2.316e-05↓ 6.662e-06↓ 1.169e-05
7 dyna exp unif 1.8 1.624e-05↓ 5.691e-06↓ 1.409e-05
8 dyna exp unif 2.0 1.437e-05↓ 5.299e-06↓ 1.163e-05
9 dyna exp Cheb2 0.2 5.912e-03 2.552e-04↓ 9.685e-05

10 dyna exp Cheb2 0.5 6.175e-05 1.792e-05↓ 8.577e-06
11 dyna exp Cheb2 0.8 6.664e-05 1.445e-05↓ 4.303e-06
12 dyna exp Cheb2 1.0 7.193e-05 1.330e-05↓ 1.981e-06
13 dyna exp Cheb2 1.2 7.805e-05 1.264e-05↓ 1.083e-07
14 dyna exp Cheb2 1.5 8.777e-05 1.209e-05↓ -1.855e-06
15 dyna exp Cheb2 1.8 9.356e-05 1.149e-05↓ -1.704e-06
16 dyna exp Cheb2 2.0 1.007e-04 1.143e-05↓ -3.058e-06
17 dyna exp hyper1 0.2 2.319e-02 1.094e-03 -7.367e-04
18 dyna exp hyper1 0.5 1.004e-04 2.062e-05 1.044e-05
19 dyna exp hyper1 0.8 6.818e-05 1.901e-05 3.721e-06
20 dyna exp hyper1 1.0 7.931e-05 1.980e-05 -2.720e-07
21 dyna exp hyper1 1.2 9.285e-05 2.101e-05 -3.695e-06
22 dyna exp hyper1 1.5 1.192e-04 2.329e-05 -8.072e-06
23 dyna exp hyper1 1.8 1.520e-04 2.605e-05 -1.172e-05
24 dyna exp hyper1 2.0 1.753e-04 2.767e-05 -1.413e-05
25 dyna alg unif 0.2 8.785e-05↓ 1.497e-05↓ 1.697e-05
26 dyna alg unif 0.5 4.020e-05↓ 1.191e-05↓ 1.746e-05
27 dyna alg unif 0.8 3.563e-05↓ 1.030e-05↓ 1.593e-05
28 dyna alg unif 1.0 3.027e-05↓ 9.102e-06↓ 1.586e-05
29 dyna alg unif 1.2 2.704e-05↓ 8.133e-06↓ 1.507e-05
30 dyna alg unif 1.5 1.584e-05↓ 6.772e-06↓ 1.615e-05
31 dyna alg unif 1.8 1.804e-05 6.199e-06↓ 1.679e-05
32 dyna alg unif 2.0 1.636e-05 5.480e-06↓ 1.418e-05
33 dyna alg Cheb2 0.2 1.589e-04 1.489e-05↓ 2.130e-05
34 dyna alg Cheb2 0.5 5.365e-05 1.428e-05↓ 1.390e-05
35 dyna alg Cheb2 0.8 5.500e-05 1.356e-05↓ 8.929e-06
36 dyna alg Cheb2 1.0 5.956e-05 1.308e-05↓ 6.333e-06
37 dyna alg Cheb2 1.2 6.480e-05 1.264e-05↓ 4.074e-06
38 dyna alg Cheb2 1.5 7.214e-05 1.230e-05↓ 1.619e-06
39 dyna alg Cheb2 1.8 8.140e-05 1.219e-05↓ -2.859e-07
40 dyna alg Cheb2 2.0 8.885e-05 1.200e-05↓ -2.002e-06
41 dyna alg hyper1 0.2 3.211e-04 2.278e-05 2.163e-05
42 dyna alg hyper1 0.5 7.194e-05 1.270e-05 1.991e-05
43 dyna alg hyper1 0.8 4.489e-05 1.325e-05 1.273e-05
44 dyna alg hyper1 1.0 5.252e-05 1.444e-05 8.657e-06
45 dyna alg hyper1 1.2 6.124e-05 1.551e-05 5.109e-06
46 dyna alg hyper1 1.5 7.580e-05 1.745e-05 6.643e-07
47 dyna alg hyper1 1.8 9.295e-05 1.942e-05 -3.097e-06
48 dyna alg hyper1 2.0 1.065e-04 2.042e-05 -5.450e-06
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Table 18: Effect of scale in computational errors, subproblem size and diago-

nal dominance (abbreviated as dd in last four columns) of *-stat-FD models.

tend = 3.0, (nt, nx) = (4000, 200),∆t/(∆x)2 = 20/8.

Grid
Type

Tr x
ref

emax eav e
S

n
W

init

n
W

final

n
I

init

n
I

final

dd
W

init

dd
W

final

dd
I

init

dd
I

final

stat exp 0.2 1.28-2 4.35-4 -1.27-4 100 114 99 85 0.08 0.07 0.08 0.10

stat exp 0.5 2.04-5 4.95-6 1.29-5 48 57 151 142 0.33 0.32 0.19 0.20

stat exp 0.8 1.49-5* 4.77-6 8.94-6 31 38 168 161 0.55 0.55 0.32 0.34

stat exp 1.0 1.58-5 4.66-6 7.21-6 25 31 174 168 0.66 0.66 0.41 0.42

stat exp 1.2 1.72-5 4.61-6* 5.88-6 21 26 178 173 0.74 0.73 0.49 0.50

stat exp 1.5 2.02-5 4.65-6 4.29-6 17 21 182 178 0.82 0.81 0.59 0.60

stat exp 1.8 2.34-5 4.81-6 2.93-6 14 18 185 181 0.86 0.86 0.66 0.67

stat exp 2.0 2.79-5 4.94-6 2.14-6 13 16 186 183 0.88 0.88 0.71 0.71

stat exp 2.2 3.06-5 5.06-6 1.39-6 12 14 187 185 0.90 0.90 0.74 0.75

stat exp 2.5 3.91-5 5.44-6 *2.49-7 10 13 189 186 0.92 0.92 0.78 0.79

stat exp 2.8 4.83-5 5.76-6 -7.52-7 9 11 190 188 0.94 0.94 0.82 0.82

stat exp 3.0 5.37-5 6.09-6 -1.58-6 9 11 190 188 0.95 0.95 0.84 0.84

stat exp 3.2 6.56-5 6.41-6 -2.17-6 8 10 191 189 0.95 0.95 0.85 0.86

stat exp 3.5 7.96-5 6.85-6 -3.10-6 7 9 192 190 0.96 0.96 0.87 0.88

stat exp 3.8 9.19-5 7.22-6 -4.15-6 7 8 192 191 0.97 0.97 0.89 0.89

stat exp 4.0 1.07-4 7.74-6 -4.93-6 6 8 193 191 0.97 0.97 0.90 0.90

stat alg 0.2 8.04-5 2.50-5 *-1.82-8 100 110 99 89 0.04 0.04 0.15 0.21

stat alg 0.5 2.35-5 1.11-5 7.82-6 57 65 142 134 0.19 0.19 0.20 0.24

stat alg 0.8 2.34-5* 8.46-6 6.49-6 40 46 159 153 0.37 0.37 0.29 0.32

stat alg 1.0 4.05-5 1.14-5 -4.48-7 33 39 166 160 0.48 0.48 0.35 0.38

stat alg 1.2 2.48-5 7.26-6 4.76-6 28 33 171 166 0.57 0.57 0.41 0.43

stat alg 1.5 9.13-5 1.15-5 -4.48-6 23 28 176 171 0.68 0.68 0.49 0.52

stat alg 1.8 1.18-4 8.14-6 -5.42-7 20 24 179 175 0.75 0.75 0.56 0.58

stat alg 2.0 3.24-5 6.97-6 1.97-6 18 21 181 178 0.79 0.79 0.60 0.62

stat alg 2.2 1.32-4 1.07-5 -5.79-6 16 20 183 179 0.82 0.82 0.64 0.66

stat alg 2.5 3.53-5 6.62-6* 1.31-6 14 17 185 182 0.85 0.85 0.68 0.70

stat alg 2.8 1.41-4 1.15-5 -7.91-6 13 16 186 183 0.88 0.88 0.73 0.74

stat alg 3.0 1.46-4 1.16-5 -8.39-6 12 15 187 184 0.89 0.89 0.75 0.76

stat alg 3.2 1.08-4 1.23-5 -8.46-6 11 14 188 185 0.91 0.91 0.77 0.78

stat alg 3.5 1.72-4 1.16-5 -9.27-6 10 13 189 186 0.92 0.92 0.80 0.81

stat alg 3.8 1.71-4 1.22-5 -1.02-5 10 12 189 187 0.93 0.93 0.82 0.83

stat alg 4.0 9.04-5 9.89-6 -5.01-6 9 11 190 188 0.94 0.94 0.83 0.84
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Table 19: Optimal scale for e
S

, effect of scale in computational errors of *-

*-FD models at uniform nodes. tend = 3.0, (nt, nx) = (4000, 100),ratio

∆t/(∆x)2 = 5/8.

Grid
Type

Tr FD−

Node
x

ref
rmax rav emax eav e

S

stat exp unif 2.00* 9e-5 2e-5 4.535-5 1.082-5* 3.326-07
stat exp unif 2.02 1e-4 2e-5 4.317-5 1.092-5 8.926-08
stat exp unif 2.028 1e-4 2e-5 4.207-5 1.098-5 9.572-09
stat exp unif 2.0290 1e-4 2e-5 4.191-5 1.099-5 1.011-09
stat exp unif 2.0291* 1e-4 2e-5 4.190-5 1.099-5 *7.829-11
stat exp unif 2.0292* 1e-4 2e-5 4.188-5 1.099-5 *-8.507-10
stat exp unif 2.0293 1e-4 2e-5 4.187-5 1.099-5 -1.776-09
stat exp unif 2.0298 1e-4 2e-5 4.179-5 1.099-5 -5.846-09
stat exp unif 2.03* 1e-4 2e-5 4.176-5* 1.100-5 -7.648-09
stat exp unif 2.05 1e-4 2e-5 4.251-5 1.093-5 -7.338-08
stat exp unif 2.10 7e-5 2e-5 5.754-5 1.156-5 -3.478-07
stat exp unif 2.20 9e-5 2e-5 7.128-5 1.230-5 -1.440-06
stat alg unif 1.0 2e-5 3e-7 9.521-5 3.424-5 -2.262-06
stat alg unif 1.1 8e-5 2e-6 2.319-4 5.007-5 -3.111-05
stat alg unif 1.17 7e-5 3e-6 1.846-4 4.816-5 -2.581-05
stat alg unif 1.19 9e-5 4e-6 3.537-4 4.631-5 -3.089-05
stat alg unif 1.198 3e-4 7e-6 3.647-4 3.090-5 -8.302-06
stat alg unif 1.1985 6e-4 9e-6 3.199-4 2.804-5 -1.911-06
stat alg unif 1.1986* 7e-4 1e-5 3.026-4 2.731-5 *-5.732-08
stat alg unif 1.1987* 8e-4 1e-5 2.792-4 2.653-5 *2.058-06
stat alg unif 1.1988 1e-3 1e-5 2.466-4 2.562-5 4.521-06
stat alg unif 1.199 3e-3 3e-5 1.253-4 2.336-5 9.991-06
stat alg unif 1.2** 3e-4 6e-6 6.969-5* 2.223-5* 1.151-05

dyna exp unif 0.2 1e-5 3e-6 2.237-2 1.429-3 -6.764-04
dyna exp unif 0.25* 2e-5 4e-6 9.227-4 4.677-5* -1.420-05
dyna exp unif 0.26* 2e-5 4e-6 4.379-4* 4.728-5 -1.989-06
dyna exp unif 0.263 2e-5 4e-6 6.397-4 5.500-5 -1.014-06
dyna exp unif 0.2636 2e-5 4e-6 6.939-4 5.589-5 -1.395-07
dyna exp unif 0.2637* 2e-5 4e-6 7.036-4 5.612-5 *-5.836-08
dyna exp unif 0.2638* 2e-5 4e-6 7.132-4 5.635-5 *2.265-08
dyna exp unif 0.2639 2e-5 4e-6 7.227-4 5.658-5 9.956-08
dyna exp unif 0.264 2e-5 4e-6 7.322-4 5.681-5 1.797-07
dyna exp unif 0.27 2e-5 4e-6 1.141-3 6.804-5 2.938-06
dyna exp unif 0.3 2e-5 5e-6 1.656-3 7.092-5 1.248-05
dyna alg unif 0.2 8e-6 2e-6 3.292-4 6.017-5 -3.174-05
dyna alg unif 0.25 1e-5 2e-6 2.291-4 4.197-5 -5.690-06
dyna alg unif 0.26 1e-5 2e-6 2.176-4 3.928-5 -2.087-06
dyna alg unif 0.263 1e-5 2e-6 2.144-4 3.847-5 -6.789-07
dyna alg unif 0.264 1e-5 2e-6 2.133-4 3.821-5 -1.454-07
dyna alg unif 0.2641 1e-5 2e-6 2.132-4 3.819-5 -8.917-08
dyna alg unif 0.2642* 1e-5 2e-6 2.130-4 3.816-5 *-3.191-08
dyna alg unif 0.2643* 1e-5 2e-6 2.129-4 3.814-5 *2.615-08
dyna alg unif 0.2644 1e-5 2e-6 2.128-4 3.811-5 8.492-08
dyna alg unif 0.265 1e-5 2e-6 2.121-4 3.797-5 4.591-07
dyna alg unif 0.27 1e-5 2e-6 2.058-4 3.684-5 1.097-06
dyna alg unif 0.3** 1e-5 2e-6 1.752-4* 3.114-5* 1.060-05
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Table 20: x
ref

= 0.5. Comparisons among orthogonal nodes : *-dyna-

FD vs *-dyna-DM models in unit time span. tend = 3.0, (nx, nt) =
(100, 4000), (200, 16000), (400, 64000),∆t/(∆x)2 = 5/8.

Tr Grid
Type

method FD−

Nodes
nx x

ref
emax eav e

S

t−
march

Rank

exp dyna FD unif 100 0.5 9.242-5 9.637-6 2.590-5 0.6
exp dyna FD unif 200 0.5 2.136-5 2.470-6 6.264-6 4.3
exp dyna FD *unif 400 0.5 5.298-6 6.517-7* 1.509-6 34.0 E1

exp dyna FD Cheb1 100 0.5 8.426-5 2.970-5 -3.013-6 0.6
exp dyna FD Cheb1 200 0.5 2.104-5 7.364-6 -7.357-7 4.6
exp dyna FD Cheb1 400 0.5 5.251-6 1.831-6 -1.785-7 36.7

exp dyna FD Cheb2 100 0.5 8.064-5 2.884-5 -1.213-6 0.6
exp dyna FD Cheb2 200 0.5 2.069-5 7.276-6 -5.571-7 4.6
exp dyna FD *Cheb2 400 0.5 5.215-6* 1.822-6 *-1.603-7 36.7 E2

exp dyna DM spl-unif 100 0.5 7.719-5 3.477-5 3.602-6 3.7
exp dyna DM spl-unif 200 0.5 1.949-5 8.914-6 5.156-7 75.0 E3

exp dyna DM spl-Cheb1 100 0.5 8.143-5 3.512-5 3.930-6 3.8
exp dyna DM spl-Cheb1 200 0.5 2.049-5 8.863-6 1.025-6 75.8

exp dyna DM spl-Cheb2 100 0.5 8.342-5 3.529-5 4.050-6 3.8
exp dyna DM spl-Cheb2 200 0.5 2.076-5 8.895-6 1.021-6 75.7

exp dyna DM Spectral 100 0.5 5.506-5 1.394-5 1.196-5 6.5
exp dyna DM Spectral 200 0.5 1.372-5 3.526-6 3.029-6 187.3
alg dyna FD unif 100 0.5 8.728-5 1.437-5 3.162-5 0.5
alg dyna FD unif 200 0.5 2.176-5 3.654-6 8.855-6 3.8
alg dyna FD *unif 400 0.5 5.433-6* 9.262-7* 2.296-6 30.6 A1

alg dyna FD Cheb1 100 0.5 2.022-4 2.251-5 2.202-5 0.5
alg dyna FD Cheb1 200 0.5 4.972-5 5.601-6 5.452-6 4.1
alg dyna FD Cheb1 400 0.5 1.232-5 1.392-6 1.359-6 32.4

alg dyna FD Cheb2 100 0.5 1.965-4 2.228-5 2.151-5 0.5
alg dyna FD Cheb2 200 0.5 4.899-5 5.572-6 5.353-6 4.1
alg dyna FD *Cheb2 400 0.5 1.223-5 1.389-6 1.345-6 32.5 A2

alg dyna DM spl-unif 100 0.5 9.632-5 3.892-5 -1.669-6 3.3
alg dyna DM spl-unif 200 0.5 2.393-5 9.789-6 *-4.330-7 65.1 A3

alg dyna DM spl-Cheb1 100 0.5 2.059-4 5.512-5 -1.282-5 3.4
alg dyna DM spl-Cheb1 200 0.5 5.180-5 1.390-5 -3.187-6 65.2

alg dyna DM spl-Cheb2 100 0.5 2.114-4 5.582-5 -1.324-5 3.4
alg dyna DM spl-Cheb2 200 0.5 5.249-5 1.400-5 -3.253-6 65.6

alg dyna DM Spectral 100 0.5 5.447-5 1.379-5 1.118-5 5.7
alg dyna DM Spectral 200 0.5 1.357-5 3.484-6 2.830-6 160.9
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Table 21: x
ref

= 1.5. Comparisons among orthogonal nodes : *-dyna-

FD vs *-dyna-DM models in unit time span. tend = 3.0, (nx, nt) =
(100, 4000), (200, 16000), (400, 64000),∆t/(∆x)2 = 5/8.

Tr Grid
Type

method FD−

Nodes
nx x

ref
emax eav e

S

t−
march

Rank

exp dyna FD unif 100 1.5 7.499-5 1.246-5 3.405-5 0.6
exp dyna FD unif 200 1.5 1.661-5 2.907-6 7.926-6 4.6
exp dyna FD **unif 400 1.5 2.452-6* 6.340-7* 1.588-6 36.9 E1

exp dyna FD Cheb1 100 1.5 2.006-4 2.331-5 -2.240-5 0.6
exp dyna FD Cheb1 200 1.5 6.126-5 7.240-6 -8.331-6 4.8
exp dyna FD Cheb1 400 1.5 1.589-5 1.845-6 -2.217-6 37.8

exp dyna FD Cheb2 100 1.5 8.439-5 1.225-5 4.003-6 0.6
exp dyna FD Cheb2 200 1.5 4.814-5 5.780-6 -5.401-6 4.8
exp dyna FD *Cheb2 400 1.5 1.469-5 1.716-6 -1.959-6 38.0 E2

exp dyna DM spl-unif 100 1.5 1.249-4 1.613-5 -1.173-5 5.2
exp dyna DM spl-unif 200 1.5 3.673-5 4.391-6 -3.946-6 132.3

exp dyna DM spl-Cheb1 1 00 1.5 1.204-4 1.821-5 -9.529-6 5.2
exp dyna DM spl-Cheb1 200 1.5 2.292-5 3.811-6 -7.345-7 134.5

exp dyna DM spl-Cheb2 100 1.5 8.246-5 1.420-5 -1.025-6 5.2
exp dyna DM spl-Cheb2 200 1.5 1.902-5 3.428-6 *1.195-7 132.4 E3

exp dyna DM Spectral 100 1.5 7.148-5 9.870-6 1.254-6 10.5
exp dyna DM Spectral 200 1.5 1.561-5 2.243-6 8.484-7 393.8
alg dyna FD unif 100 1.5 1.605-4 2.302-5 6.656-5 0.5
alg dyna FD unif 200 1.5 2.438-5 4.344-6 1.159-5 4.1
alg dyna FD **unif 400 1.5 3.689-6* 8.941-7* 2.220-6 32.2 A1

alg dyna FD Cheb1 100 1.5 1.278-4 2.342-5 -1.020-5 0.5
alg dyna FD Cheb1 200 1.5 3.738-5 6.317-6 -4.260-6 4.2
alg dyna FD Cheb1 400 1.5 9.499-6 1.576-6 -1.112-6 33.5

alg dyna FD Cheb2 100 1.5 7.915-5 1.655-5 7.971-6 0.5
alg dyna FD Cheb2 200 1.5 3.203-5 5.724-6 -2.818-6 4.2
alg dyna FD *Cheb2 400 1.5 9.016-6 1.522-6 *-9.869-7 33.4 A2

alg dyna DM spl-unif 100 1.5 1.375-4 2.530-5 -1.688-5 4.9
alg dyna DM spl-unif 200 1.5 3.619-5 6.624-6 -4.518-6 120.8

alg dyna DM spl-Cheb1 100 1.5 1.422-4 3.164-5 -1.688-5 4.9
alg dyna DM spl-Cheb1 200 1.5 3.140-5 7.611-6 -3.047-6 122.5

alg dyna DM spl-Cheb2 100 1.5 1.245-4 3.018-5 -1.199-5 4.9
alg dyna DM spl-Cheb2 200 1.5 3.040-5 7.544-6 -2.780-6 120.2 A3

alg dyna DM Spectral 100 1.5 6.483-5 1.009-5 3.296-6 9.5
alg dyna DM Spectral 200 1.5 1.443-5 2.377-6 1.320-6 347.5
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Table 22: x
ref

= 2.5. Comparisons among orthogonal nodes : *-dyna-

FD vs *-dyna-DM models in unit time span. tend = 3.0, (nx, nt) =
(100, 4000), (200, 16000), (400, 64000),∆t/(∆x)2 = 5/8.

Tr Grid
Type

method FD−

Nodes
nx x

ref
emax eav e

S

t−
march

Rank

exp dyna FD unif 100 2.5 1.187-4 1.462-5 2.814-5 0.6
exp dyna FD unif 200 2.5 6.203-5 4.395-6 1.195-5 4.6
exp dyna FD *unif 400 2.5 1.185-5* 9.967-7* 2.327-6 36.9 E1

exp dyna FD Cheb1 100 2.5 2.573-4 2.089-5 -1.300-5 0.6
exp dyna FD Cheb1 200 2.5 1.183-4 9.791-6 -1.163-5 4.8
exp dyna FD Cheb1 400 2.5 3.674-5 2.959-6 -4.031-6 37.8

exp dyna FD Cheb2 100 2.5 1.632-4 2.489-5 3.362-5 0.6
exp dyna FD Cheb2 200 2.5 4.969-5 4.063-6 -8.913-7 4.8
exp dyna FD *Cheb2 400 2.5 3.013-5 2.446-6 -3.098-6 37.6 E2

exp dyna DM spl-unif 100 2.5 1.877-4 1.457-5 -1.742-5 5.6
exp dyna DM spl-unif 200 2.5 7.837-5 4.957-6 -8.599-6 138.0

exp dyna DM spl-Cheb1 100 2.5 2.544-4 2.458-5 -2.544-5 5.6
exp dyna DM spl-Cheb1 200 2.5 5.072-5 4.966-6 -4.334-6 138.9

exp dyna DM spl-Cheb2 100 2.5 1.080-4 1.431-5 -4.377-6 5.7
exp dyna DM spl-Cheb2 200 2.5 2.112-5 3.179-6 *-2.253-7 140.1 E3

exp dyna DM Spectral 100 2.5 failed
exp dyna DM Spectral 200 2.5 2.665-5 2.438-6 -9.935-7 392.2
alg dyna FD unif 100 2.5 2.332-4 2.434-5 5.857-5 0.5
alg dyna FD unif 200 2.5 4.764-5 5.376-6 1.197-5 4.1
alg dyna FD *unif 400 2.5 9.218-6* 1.162-6* 2.470-6 32.3 A1

alg dyna FD Cheb1 100 2.5 2.973-4 2.937-5 -3.211-5 0.5
alg dyna FD Cheb1 200 2.5 8.636-5 8.338-6 -1.054-5 4.2
alg dyna FD Cheb1 400 2.5 2.252-5 2.172-6 -2.844-6 33.5

alg dyna FD Cheb2 100 2.5 1.200-4 1.753-5 -4.983-8 0.5
alg dyna FD Cheb2 200 2.5 6.202-5 6.324-6 -6.202-6 4.2
alg dyna FD *Cheb2 400 2.5 2.015-5 1.965-6 -2.426-6 33.6 A2

alg dyna DM spl-unif 100 2.5 1.136-4 1.645-5 -7.334-6 5.4
alg dyna DM spl-unif 200 2.5 4.635-5 5.447-6 -4.877-6 128.5

alg dyna DM spl-Cheb1 100 2.5 1.616-4 2.457-5 -1.481-5 5.4
alg dyna DM spl-Cheb1 200 2.5 3.736-5 5.969-6 -3.090-6 131.1

alg dyna DM spl-Cheb2 100 2.5 1.276-4 2.159-5 -8.550-6 5.4
alg dyna DM spl-Cheb2 200 2.5 3.120-5 5.438-6 *-2.005-6 131.2 A3

alg dyna DM Spectral 100 2.5 7.148-5 8.501-6 8.903-7 10.9
alg dyna DM Spectral 200 2.5 1.694-5 2.067-6 4.440-7 360.5
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Table 23: Performance of FD method in the finite interval in long-

term simulation. t
end

= 12.0. Focused on two ratios ∆t/(∆x)2 =

(10/320000)/(2/400)2 = 10/8, and (10/160000)/(2/800)2 = 10.

Case nt nx Ratio Tr x
ref

Grid
Type

Node emax eav e
S

t−
march

1 40000 400 alg 1.0 stat unif 6.395-6 2.902-6 2.058-6 16.7
2 80000 400 alg 1.0 stat unif 6.616-6 2.833-6 8.679-7 33.5
3 160000 400 alg 1.0 stat unif 7.073-6 2.820-6 2.722-7 67.4
4 320000 400 10/8 alg 1.0 stat unif 7.301-6 2.816-6 -2.530-8 134.5
5 640000 400 alg 1.0 stat unif 7.416-6 2.816-6 -1.739-7 267.6
6 10000 200 exp 1.0 stat unif 1.917-5 9.280-6 1.023-5 2.5
7 20000 200 exp 1.0 stat unif 1.905-5 5.149-6 5.301-6 4.9
8 40000 200 exp 1.0 stat unif 1.976-5 3.084-6 2.836-6 9.6
9 80000 200 exp 1.0 stat unif 2.012-5 2.051-6 1.603-6 19.8
10 160000 200 exp 1.0 stat unif 2.030-5 1.587-6 9.871-7 39.5

11 40000 400 exp 1.0 stat unif 5.010-6 2.370-6↓ 2.463-6 19.7
12 80000 400 exp 1.0 stat unif 4.793-6 1.338-6↓ 1.230-6 39.2
13 160000 400 exp 1.0 stat unif 4.959-6 8.216-7↓ 6.135-7 78.4
14 320000 400 10/8 exp 1.0 stat unif 5.042-6 5.634-7↓ 3.053-7 *157.0
15 640000 400 exp 1.0 stat unif 5.083-6 4.347-7↓ 1.512-7 305.1
16 320000 400 10/8 exp 0.5 stat unif 6.383-4 1.502-5 2.256-6 148.0
17 320000 400 10/8 exp 0.8 stat unif 4.521-5 6.095-7 4.406-7 149.1
18 320000 400 10/8 exp 1.0 stat unif 5.042-6 5.634-7* 3.036-7 *152.8
19 320000 400 10/8 exp 1.5 stat unif 1.357-6 7.630-7 -4.657-8 158.4
20 320000 400 10/8 exp 2.0 stat unif 2.421-6 9.815-7 -3.035-7 163.0
21 320000 400 10/8 exp 2.5 stat unif 3.781-6 1.212-6 -6.670-7 163.6

22 160000 800 10 exp 0.5 stat unif 4.589-4 4.113-6 1.256-6 141.7
23 160000 800 10 exp 0.8 stat unif 1.171-5 5.993-7 7.406-7 148.3
24 160000 800 10 exp 1.0 stat unif 1.275-6 5.977-7* 6.036-7 *156.3
25 160000 800 10 exp 1.5 stat unif 1.499-6 5.983-7 3.657-7 162.4
26 160000 800 10 exp 2.0 stat unif 1.786-6 6.166-7 2.035-7 165.2
27 160000 800 10 exp 2.5 stat unif 2.140-6 6.375-7 7.670-8 163.3
28 320000 400 10/8 exp 0.5 dyna unif 6.381-4 1.488-5 3.431-6 164.4
29 320000 400 10/8 exp 0.8 dyna unif 4.529-5 5.867-7 1.470-6 170.7
30 320000 400 10/8 exp 1.0 dyna unif 5.064-6 5.348-7* 1.583-6 *173.5
31 320000 400 10/8 exp 1.5 dyna unif 2.362-6 7.178-7 1.859-6 178.9
32 320000 400 10/8 exp 2.0 dyna unif 4.316-6 8.743-7 2.077-6 186.7
33 320000 400 10/8 exp 2.5 dyna unif 6.336-6 1.004-6 2.237-6 187.7
30 320000 400 10/8 exp 1.0 dyna unif 5.064-6 5.348-7* 1.583-6 *173.5
34 320000 400 10/8 exp 1.0 dyna Cheb2 6.920-6 2.876-6 -2.000-6 187.7

35 320000 400 10/8 alg 1.0 dyna unif 7.109-6 1.746-6 2.649-6 154.4
36 320000 400 10/8 alg 1.0 dyna Cheb2 1.707-5 2.066-6 -2.879-8 165.2
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Table 24: Performance of FD vs DM methods in long-

term simulations. t
end

= 12.0, x
ref

= 1.0. (nx, nt) =
(100, 40000), (200, 160000), (500, 1000000), all with small time steps,

∆t/(∆x)2 = 5/8.

Case nx Tr Grid
Type

Meth Node emax eav e
S

t−
solve

t−
march

Rank

100 exp stat FD unif 8.39-5 7.08-6 6.98-6 0.2 5.1
1 200 exp stat FD unif 2.03-5 1.59-6* 9.87-7 1.8 39.5 1

100 exp dyna FD unif 8.50-5 1.49-5 2.94-5 0.9 5.5
100 exp dyna FD hyper1 4.34-4 2.47-5 -1.19-5 1.3 5.8
100 exp dyna FD hyper2 1.50-4 6.35-5 -5.38-5 1.3 6.1
100 exp dyna FD Cheb1 1.15-4 4.30-5 -3.48-5 1.2 5.9
100 exp dyna FD Cheb2 1.12-4 3.97-5 -2.89-5 1.2 6.0

2 200 exp dyna FD unif 2.04-5 3.13-6* 6.30-6 6.7 43.3 2
3 200 exp dyna FD hyper1 8.93-5 6.16-6 -3.18-6 9.5 45.4
4 200 exp dyna FD hyper2 3.74-5 1.59-5 -1.38-5 9.7 47.4
5 200 exp dyna FD Cheb1 2.82-5 1.07-5 -8.87-6 8.7 46.5
6 200 exp dyna FD Cheb2 2.77-5 1.04-5 -8.30-6 8.6 46.5

100 alg stat FD unif 1.03-4 3.62-5 1.52-5 0.3 4.3
7 200 alg stat FD unif 2.71-5 1.01-5* 1.53-6 1.7 34.7 4

100 alg dyna FD unif 1.12-4 3.15-5 3.92-5 0.9 4.9
100 alg dyna FD hyper1 3.30-4 6.12-5 5.16-5 1.3 5.2
100 alg dyna FD hyper2 4.66-4 4.66-5 -4.21-6 1.3 5.3
100 alg dyna FD Cheb1 2.79-4 3.08-5 -2.20-6 1.2 5.2
100 alg dyna FD Cheb2 2.70-4 3.00-5 -1.39-6 1.2 5.2

8 200 alg dyna FD unif 2.81-5 7.87-6 1.02-5 6.6 38.4
9 200 alg dyna FD hyper1 8.21-5 1.53-5 1.30-5 9.6 41.1

10 200 alg dyna FD hyper2 1.17-4 1.16-5 -9.22-7 9.6 41.2
11 200 alg dyna FD Cheb1 6.89-5 7.63-6 -6.74-7 8.6 40.7
12 200 alg dyna FD Cheb2 6.79-5 7.56-6* -6.74-7 8.5 40.7 3

100 exp dyna DM spl-unif 7.23-5 3.52-5 -2.25-5 31.9 40.2
100 exp dyna DM spl-Cheb1 1.00-4 4.35-5 -3.04-5 32.5 40.8
100 exp dyna DM spl-Cheb2 1.03-4 4.35-5 -2.99-5 32.5 40.8
100 exp dyna DM Spectral 1.63-5 4.48-6 1.69-6 65.1 73.2

100 alg dyna DM spl-unif 1.01-4 4.66-5 -4.00-5 29.4 35.6
100 alg dyna DM spl-Cheb1 2.34-4 8.07-5 -8.20-5 30.0 36.0
100 alg dyna DM spl-Cheb2 2.40-4 8.22-5 -8.37-5 29.9 36.0
100 alg dyna DM Spectral 1.52-5 4.05-6 2.06-6 57.5 63.5

13 200 exp dyna DM spl-unif 1.82-5 9.15-6* -6.15-6 752.7 850.8 DM1
14 200 exp dyna DM spl-Cheb1 2.52-5 1.09-5 -7.38-6 762.3 859.7
15 200 exp dyna DM spl-Cheb2 2.55-5 1.09-5 -7.39-6 765.0 867.6
16 200 exp dyna DM Spectral 3.82-6 1.07-6 5.56-7 2114.2 *2211.7

17 200 alg dyna DM spl-unif 2.63-5 1.19-5* -1.03-5 663.8 733.0 DM2
18 200 alg dyna DM spl-Cheb1 5.89-5 2.05-5 -2.05-5 671.0 737.8
19 200 alg dyna DM spl-Cheb2 5.97-5 2.06-5 -2.08-5 678.4 747.9
20 200 alg dyna DM Spectral 3.68-6 9.91-7 5.71-7 1829.6 *1896.2
21 500 exp dyna FD unif 3.27-6* 4.45-7* 8.92-7 221.4 1497.8 dyna-1
22 500 exp dyna FD Cheb2 4.42-6 1.68-6 -1.39-6 312.1 1667.4
23 500 alg dyna FD unif 4.49-6 1.23-6 1.59-6 216.2 1366.7
24 500 alg dyna FD Cheb2 1.08-5 1.21-6 -1.14-7 299.9 1472.3 dyna-2
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Table 25: FD vs DM in finite interval models on fine grid in long-term sim-

ulations and relatively coarse time meshes, with t
end

= 12.0,∆t/(∆x)2 =
125/8. Performance of cases are judged in the balance of least average error

and less cpu-time. The optimal case (4b) here is slightly better than the tough

references in Table 8.

Case x
ref

Tr Grid
Type

Meth FD−

Nodes
nt

100
nx

100
emax eav e

S

t−
march

Rank

1.5 exp stat FD unif 16 1 1.20-4 5.17-5 4.80-5 0.3
1.5 exp stat FD unif 64 2 3.30-5 1.34-5 1.08-5 2.3
1.5 exp stat FD unif 256 4 8.68-6 3.42-6 2.55-6 18.0
1.5 exp stat FD unif 1024 8 2.22-6 8.61-7 6.20-7 103.5 2

1.5 alg stat FD unif 16 1 1.15-4 4.10-5 5.18-5 0.3
1.5 alg stat FD unif 64 2 4.53-5 1.31-5 6.21-6 2.1
1.5 alg stat FD unif 256 4 9.76-6 2.83-6 2.20-6 15.4
1.5 alg stat FD unif 1024 8 2.92-6 7.96-7* *3.58-7 88.9 1

1.5 exp dyna FD unif 400 5 1.31-5 4.28-6 3.32-6 26.8
1.5 exp dyna FD Cheb2 400 5 1.77-5 5.64-6 9.76-7 28.7

1.5 alg dyna FD unif 400 5 1.11-5 3.86-6 3.93-6 23.8
1.5 alg dyna FD Cheb2 400 5 1.50-5 4.97-6 2.17-6 25.2

1a 0.5 exp stat FD unif 1600 10 3.93-4 2.75-6↓ 1.10-6↓ 181.6 A5
1b 1.5 exp stat FD unif 1600 10 1.43-6 5.52-7↓ 3.95-7↓ 197.3 B2
1c 2.5 exp stat FD unif 1600 10 1.85-6 5.46-7↓ 1.52-7↓ 206.9 C2

2a 0.5 exp dyna FD unif 1600 10 3.93-4 3.28-6↓ 1.21-6↓ 203.1 A6
2b 1.5 exp dyna FD unif 1600 10 3.08-6 8.99-7↓ 6.96-7↓ 221.1 B4
2c 2.5 exp dyna FD unif 1600 10 2.41-6 6.49-7↓ 6.25-7↓ 226.3 C3

3a 0.5 exp dyna FD Cheb2 1600 10 1.87-5 2.50-6↓ 1.80-6 218.7 A4
3b 1.5 exp dyna FD Cheb2 1600 10 4.78-6 1.18-6↓ 4.92-8 234.7 B6
3c 2.5 exp dyna FD Cheb2 1600 10 6.50-6 1.15-6↓ -4.03-7 234.3 C6
4a 0.5 alg stat FD unif 1600 10 2.80-6 6.90-7 8.48-7↓ 166.6 A1

*4b 1.5* alg stat FD unif 1600 10 1.67-6 4.65-7* 3.10-7↓ *173.7 B1
4c 2.5 alg stat FD unif 1600 10 2.63-6 4.74-7 8.68-9↓ 174.2 C1

5a 0.5 alg dyna FD unif 1600 10 3.38-6 8.37-7 1.41-6↓ 187.8 A2
5b 1.5 alg dyna FD unif 1600 10 2.82-6 8.92-7 8.18-7↓ 195.2 B3
5c 2.5 alg dyna FD unif 1600 10 2.45-6 7.13-7 7.10-7↓ 200.6 C4

6a 0.5 alg dyna FD Cheb2 1600 10 6.88-6 1.25-6↓ 8.10-7↓ 198.0 A3
6b 1.5 alg dyna FD Cheb2 1600 10 4.06-6 1.15-6↓ 3.32-7↓ 204.5 B5
6c 2.5 alg dyna FD Cheb2 1600 10 5.12-6 1.08-6↓ -6.21-8↓ 206.3 C5
7b 1.5 exp dyna DM slp-unif 400 1 7.67-5 2.08-5 -2.30-5 45.5
8b 1.5 exp dyna DM slp-unif 1600 1 6.59-5 1.80-5 -2.43-5 182.1
9b 1.5 exp dyna DM slp-unif 400 2 3.17-5 8.34-6 -4.87-6 267.9

10b 1.5 exp dyna DM slp-Cheb2 400 1 5.24-5 1.82-5 -1.27-5 46.1
11b 1.5 exp dyna DM slp-Cheb2 1600 1 4.12-5 1.56-5 -1.40-5 184.2
12b 1.5 exp dyna DM slp-Cheb2 400 2 2.39-5 7.09-6 -1.65-6 270.3

13b 1.5 exp dyna DM Spectral 400 1 2.07-5 4.66-6 -4.51-7 88.3
14b 1.5 exp dyna DM Spectral 800 1 1.32-5 2.91-6 -1.33-6 176.1
15b 1.5 exp dyna DM Spectral 400 2 1.54-5 3.63-6 1.61-6 740.9
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Table 26: Performance of FD on [0,+∞) (truncated to [0,10]) vs *-stat-FD

models on [−1, 1] at various scales in unit time span, tend = 3.0. All cases

assume (sub)uniform nodes, and relatively small time steps with ∆t/(∆x)2 =
5/8 on the finite interval.

Case x
ref

Tr Grid
Type

nt nx emax eav e
S

t−
march

Rank

1a 0.5 exp stat 4000 100 9.066-05 6.652-06 1.617-05 0.6 A1
1b 0.5 exp stat 16000 200 2.114-05 1.697-06 3.701-06 4.3 B1
1c 0.5 exp stat 64000 400 5.267-06 4.392-07 8.812-07 31.7 C1
1d* 0.5 exp stat 256000 800 1.316-06 1.116-07* 2.149-07 269.8 D1

2a 1.5 exp stat 4000 100 2.113-05 8.198-06 5.670-06 0.6 A2
2b 1.5 exp stat 16000 200 8.420-06 2.322-06 5.199-07 4.7 B2
2c 1.5 exp stat 64000 400 2.292-06 6.065-07 3.968-08 34.8 C2
2d* 1.5 exp stat 256000 800 6.217-07* 1.549-07 *-1.092-10 292.5 D2

3a 2.5 exp stat 4000 100 1.052-04 1.437-05 -4.510-06 0.6 A3
3b 2.5 exp stat 16000 200 2.723-05 3.789-06 -2.109-06 4.7 B3
3c 2.5 exp stat 64000 400 6.837-06 9.409-07 -5.376-07 35.0 C3
3c 2.5 exp stat 256000 800 1.640-06 2.317-07 -1.308-07 276.6 D3
4a 0.5 alg stat 4000 100 8.517-05 3.698-05 4.426-06 0.5 A5
4b 0.5 alg stat 16000 200 2.406-05 1.055-05 -7.306-07 3.8 B5
4c 0.5 alg stat 64000 400 6.679-06 2.921-06 -6.793-07 30.4 C7
4d 0.5 alg stat 256000 800 2.000-06 8.057-07 -3.117-07 242.6 D8

5a 1.5 alg stat 4000 100 4.287-04 4.216-05 -2.701-05 0.5 A6
5b 1.5 alg stat 16000 200 9.396-05 1.149-05 -9.029-06 3.8 B6
5c 1.5 alg stat 64000 400 1.583-05 2.826-06 -2.251-06 30.3 C6
5d 1.5 alg stat 256000 800 2.466-06 6.285-07 -4.451-07 252.1 D6

6a 2.5 alg stat 4000 100 7.943-05 1.771-05 1.409-05 0.5 A4
6b 2.5 alg stat 16000 200 2.915-05 6.670-06 -1.732-06 4.1 B4
6c 2.5 alg stat 64000 400 1.056-05 2.077-06 -1.302-06 30.0 C4
6d 2.5 alg stat 256000 800 3.653-06 6.134-07 -5.193-07 255.9 D5
7a stat 4000 100 initial n

W
= 2 failed

7b stat 16000 200 4.338-04 1.451-05 -1.238-04 3.6 B7
7c stat 64000 400 8.909-05 3.178-06 -2.245-05 28.7 C8
7d stat 256000 800 1.767-05 6.973-07 -4.255-06 229.1 D7

8a dyna 4000 100 initial n
W

= 2 failed
8b dyna 16000 200 6.517-04 2.048-05 -1.674-04 4.1 B8
8c dyna 64000 400 5.163-05 2.404-06 -1.283-05 33.1 C5
8d dyna 256000 800 5.857-06 3.704-07 1.887-06 259.0 D4
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Table 27: Performance of FD in [0,+∞) (truncated to [0,20]) vs *-stat-FD

models in long-term simulation, t
end

= 12.0. All parameters on finite inter-

rval models are the same as in Table 26, ∆t/(∆x)2 = 5/8.

Case x
ref

Tr Grid
Type

nt nx emax eav e
S

t−
march

Rank

1a 0.5 exp stat 40000 100 4.396-04 1.064-04 7.869-05 4.8 A6
1b 0.5 exp stat 160000 200 5.744-04 4.607-05 1.703-05 36.2 B6
1c 0.5 exp stat 640000 400 6.383-04 1.516-05 2.745-06 296.0 C7
1d 0.5 exp stat 2560000 800 4.588-04 4.190-06 3.878-07 2356.2 D7

2a 1.5 exp stat 40000 100 2.058-05 7.949-06 4.616-06 5.2 A1
2b 1.5 exp stat 160000 200 5.235-06 2.328-06 -5.350-08 40.0 B1
2c 1.5 exp stat 640000 400 1.319-06 6.499-07 -1.598-07 326.1 C1
2d 1.5 exp stat 2560000 800 3.310-07 1.706-07 -5.794-08 2558.5 D1

3a 2.5 exp stat 40000 100 2.762-05 1.409-05 -3.183-06 5.2 A2
3b 2.5 exp stat 160000 200 1.213-05 4.236-06 -2.311-06 42.2 B2
3c 2.5 exp stat 640000 400 3.462-06 1.120-06 -7.254-07 333.1 C2
3c 2.5 exp stat 2560000 800 9.353-07 2.869-07 -1.975-07 2641.3 D2
4a 0.5 alg stat 40000 100 2.876-04 7.077-05 -1.992-05 4.1 A5
4b 0.5 alg stat 160000 200 8.946-05 1.865-05 -3.752-06 33.5 B5
4c 0.5 alg stat 640000 400 1.792-05 4.752-06 -1.500-07 259.0 C5
4d 0.5 alg stat 2560000 800 4.478-06 1.150-06 1.766-07 2084.4 D5

5a 1.5 alg stat 40000 100 1.148-04 3.911-05 5.220-06 4.5 A3
5b 1.5 alg stat 160000 200 4.435-05 1.250-05 -5.471-06 34.5 B4
5c 1.5 alg stat 640000 400 7.642-06 2.663-06 -7.155-07 279.8 C4
5d 1.5 alg stat 2560000 800 2.752-06 7.513-07 -3.723-07 2219.4 D4

6a 2.5 alg stat 40000 100 1.843-04 4.672-05 -6.795-06 4.6 A4
6b 2.5 alg stat 160000 200 2.936-05 8.343-06 1.355-07 35.7 B3
6c 2.5 alg stat 640000 400 8.582-06 2.480-06 -9.991-07 278.7 C3
6d 2.5 alg stat 2560000 800 3.098-06 7.111-07 -4.708-07 2232.7 D3
7a stat 40000 100 initial n

W
= 1 failed

7b stat 160000 200 initial n
W

= 2 failed
7c stat 640000 400 2.256-04 1.021-05 -1.217-04 269.5 C6
7d stat 2560000 800 4.519-05 2.135-06 -2.345-05 2135.6 D6

8a dyna 40000 100 initial n
W

= 1 failed
8b dyna 160000 200 initial n

W
= 2 failed

8c dyna 640000 400 initial n
W

= 4 failed
8d dyna 2560000 800 initial n

W
= 8 failed


