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Abstract: In this paper we apply the Monte Carlo method based on inexact
Newton to solving a class of stochastic variational inequality problems (SVIPs).
Locally convergence results of the proposed methods are proved under appro-
priate conditions. It show that the conditions we impose are satisfied and
that the solutions, efficiently generated by proposed the Monte Carlo inexact
Newton-procedure, have desirable properties.
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1. Introduction

Variational inequality problem (VIP for short) has a number of important appli-
cations in operations research, engineering problems and economic equilibrium
problems. While many practical problems not only involve deterministic data,
there are some important instances where problem data contains some un-
certainties and consequently stochastic variational inequality problem (SVIP)
models are proposed to reflect the uncertainties.
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Finding x ∈ X satisfying

(y − x)TE[f(x, ξ(θ))] ≥ 0, y ∈ X, (1)

where ξ(θ) is a random variate defined on a probability space (Ω, F, P ), f(·, ξ) :
Rn −→ Rn is locally Lipschitz and the feasible set X ⊆ Rn is described by
some equality and inequality constraints: X = {x | h(x) = 0, l(x) ≥ 0} , where
the functions h and l are assumed to be affine.

In the past few years, a lot of work [1], [3], [4], [5] have been done for the
stochastic variational inequality problem. In [1] they investigate exact Newton
method for solving SVIP. However, in practical implementations it may be
computationally very expensive to solve the Newton equation (3.2) of [1] exactly.
This is true also if the model A(x, ·) is linear (as in the smooth case) but very
large. It is then useful to consider solving the Newton equation inexactly.

In this paper, we consider Monte Carlo method which based on inexact
Newton-method for the stochastic variational inequality problem. It turns out
that all the properties they have established for the exact Newton method
remain valid if we solve the Newton equation in a suitable accurate way as
stipulated by and. These two conditions provide a unified framework for inexact
nonsmooth Newton schemes and we give the proof of locally convergence.

The rest of the paper is organized as follows. In the next Section, we
introduce some basic definitions and transform SVIP to stochastic nonsmooth
equation. In Section 3, we use SA methods that are based on inexact Newton-
method for solving SVIP and give the proof of the convergence.

2. Monte Carlo Method Based on Inexact Newton-Method

We often try to solve the corresponding nonlinear system of equations instead
of (1).

G(s) :=





E[f(x, ξ)] +∇h(x)y +∇l(x)z
h(x)

φ(l(x), z)



 = 0.

Now we consider the following Robbins-Monro type stochastic approxima-
tion (iterative) scheme for solving the SVIP:

sk+1 = sk + dk + wk, (2)

where dk is the true value of Newton direction at sk, wk is a stochastic error.
To explain how iterative scheme (2) works, let us consider G(s) = E[g(s, ξk)]

where ξk is a stochastic sample of random variate. Then we can find wk such
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that g(s, ξk) = G(s) + wk. Then we do not need to know the probability
distribution of ξ for approximating G(s).

Next we introduce main algorithm of this paper.

Algorithm 3.1.

Step 1: Set k=0, s0 ∈ Rn and ε > 0.

Step 2: IfG(sk) = 0 , stop.

Step 3: Select an element A(sk, ·) in A(sk) and find a direction dk in B(0, ε)
such that

G(sk) +A(sk, dk) = rk, (3)

where rk is a vector satisfying

‖rk‖ ≤ ηk‖G(xk)‖ (4)

and A is a Newton approximation scheme [2] for G at s̄.

Step 4: Set sk+1 ≡ sk + dk + wk , where wk is a stochastic error. Set
k = k + 1 , go to Step 2.

3. Convergence Analysis

The main theoretical results are list below:

Lemma 1. Let G : Ω ⊂ Rn → Rnwith Ω open, be a locally Lipschitz
function in a neighborhood of s∗ ∈ Ω Rn satisfying G(s∗) = 0. Assume that
G admit a nonsingular Newton approximation A at s∗, For every ε ∈ (0, εA]
and every η̄ > 0, a neighborhood B(s∗, δ) of s∗ exists such that for every scalar
ηk ∈ (0, η̄], every vector sk ∈ B(s∗, δ) and every vector rk satisfying (4) the
equation (3) has a unique solution dk in B(0, ε).

Theorem 2. Let G : Ω ⊆ Rn → Rn with Ω open, be a locally Lipshitz
function in a neighborhood of s∗ ∈ Ω satisfying G(s∗) = 0. Assume that G
admits a nonsingular Newton approximation A at s∗. There exist a positive
number η̄ > 0, such that if ηk ≤ η̄ for every k then for every ε ∈ (0, εA],
a neighborhood B(s∗, δ) of s∗ exists such that if s0 belongs to B(s∗, δ), the
inexact Newton method is well defined and E[wk | F k] = 0; E[‖wk‖2|F k < ∞]
then the Newton Algorithm generates a sequence {sk} that converges to s∗.

Proof. Let ǫ be any fixed constant in the interval (0, ǫA]. we first note that
by Definition 7.2.2 of [2] can find a positive δ such that for every s ∈ B(s∗, δ)
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and for every A(x, ·) ∈ A(x) we can write

‖G(x) +A(s, s∗ − s)‖ = ‖G(s) +A(s, s∗ − s)−G(s∗)‖ ≤ (2LA)
−1‖s− s∗‖, (5)

where LA is the Lipschitz constant in condition(c)of the Definition 7.2.2 of [2].
Because of G is Lipschitz continue, we can choose δ > 0 to be less than

min(2ǫ, ǫ/L) and also such that for all x ∈ B(s∗, δ),

‖G(s)‖ = ‖G(s)−G(s∗)‖ ≤ L‖s− s∗‖ ≤ Lδ < ǫ, (6)

where L is a Lipschitz constant of G around s∗. Due to Lemma 1, we know (3)
has a unique solution.

E[‖sk+1 − s∗‖2 | Fk] = E[‖sk+1 + dk + wk − s∗‖2 | Fk]
= E[‖sk +A−1(sk,−G(sk) + rk) + wk − s∗‖2 | Fk]
= E[‖ −A−1(sk, A(sk, s∗ − sk)) +A−1(sk,−G(sk) + rk)

+wk‖2 | Fk]

≤ L2
A‖G(sk)− rk +A(sk, s∗ − sk)‖2 + E[wk2 | Fk]

≤ L2
A[‖s

k − s∗‖△(‖sk − s∗‖) + ‖rk‖] + E[wk2 | Fk]
≤ L2

A[‖s
k − s∗‖△(‖sk − s∗‖) + ηk‖G(sk)‖]

+E[wk2 | Fk]
≤ L2

A[‖s
k − s∗‖△(‖sk − s∗‖) + η̄L‖sk − s∗‖]

+E[wk2 | Fk].

Make η̄ and δ Sufficiently small, then there exists a count κ between 0 and
1 such that

E[‖sk+1 − s∗‖2 | Fk] ≤ ‖s∗ − sk‖2 − κ‖s∗ − sk‖2 + E[wk2 | Fk]

For ‖sk+1−s∗‖ convergent almost sure and
∑

κ‖s∗−sk‖2 < ∞ is satisfy almost
sure. For the Lemma 3.1 in [1] we have that ‖s∗ − sk‖ convergence to 0.
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