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Abstract: In this paper we deal with a characterization of weak Volterra
and Volterra spaces which is based on a general concept derived from a given
nonempty system E of nonempty subsets of a topological space. It is shown
that a system of all preopen Gδ-sets is suitable for characterization of weak
Volterra and Volterra spaces.
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1. Introduction

In the sequel, X is a nonempty topological space. By A, A◦ we denote the
closure, the interior of A (in space X), respectively and U(z) is a base of the
open neighborhoods of a point z.

By [1], [5] a topological space X is weakly Volterra (Volterra), if for any
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Gδ-sets A1 and A2 which are dense in X, A1∩A2 is nonempty (dense in X) and
a nonempty open subset G is weakly Volterra (Volterra), if G as a subspace of
X is weakly Volterra (Volterra) what is equivalent with condition A1 ∩A2 6= ∅
(A1 ∩ A2 is dense in G) for any Gδ-sets (in space X) Ai such that G ⊂ Ai,
i = 1, 2.

Considering so called cluster system the next notions and definitions were
introduced in [6].

Definition 1. A nonempty system E ⊂ 2X \ {∅} is called a cluster system.
For a set A, by E(A) we denote the set of all points x ∈ X such that for any
U ∈ U(x), the intersection U ∩ A contains a set form E . A set A is called
weakly E-Volterra if for any two sets A1 and A2, such that E(A) ⊂ E(Ai),
i = 1, 2, A1∩A2 is nonempty and A is E-Volterra if A 6= ∅ and A1∩A2 is dense
in A for any Ai for which E(A) ⊂ E(Ai), i = 1, 2 . Finally, if any nonempty
open subset of a nonempty open set G contains a set from E , then E is called
a π-network in G.

In [1] a few results can be found which have a nice analogy with Banach cat-
egory theorem. Namely, the union of any family of nonempty open non weakly
Volterra subspaces is not weakly Volterra ([1, Lemma 3.5], [5]). Moreover, X
is Volterra if and only if any nonempty open subspace is weakly Volterra [1,
Lemma 3.3]. Similar results hold in E-Volterra and weakly E-Volterra setting.

Theorem 1. (see [6]) Let E be a π-network in a nonempty open setX0 ⊂ X.

(1) X0 is E-Volterra if and only if any nonempty open subset of X0 is weakly
E-Volterra.

(2) The union of any family of nonempty open non weakly E-Volterra subsets
of X0 is not weakly E-Volterra.

For further results concerning weakly E-Volterra and E-Volterra spaces see
[6].

In [3] the notion of J -resolvability was introduced, where J is an ideal inX.
A set A is J -dense if for any nonempty open set U the intersection A∩U is not
from J . A space X is J -resolvable if there are two disjoint subsets of X which
are J -dense andX is resolvable if it is J -resolvable, where J = {∅} (i.e., if there
are two disjoint dense sets in X). Put EJ := {A ⊂ X : A is not from J }. If
X is J -resolvable, then X is not weakly EJ -Volterra. The opposite implication
holds, provided J is proper and EJ (X) = X. If J = 2X , then X is not J -
resolvable and EJ = ∅ what is by Definition 1 excluded. If EJ (X) 6= X, then
X is not J -resolvable (there is no J -dense set). Consider X = {0, 12 ,
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with the usual topology and J = {A : A is finite}. It is clear there are two
infinite disjoint sets A1, A2 for which EJ (A1) = EJ (A2) = EJ (X) = {0}, so X

is not weakly EJ -Volterra.

A set A is called a boundary Fσ-set (σ-nowhere dense set, see [2]) if A
◦ = ∅

and A is Fσ. The smallest ideal that contains all boundary Fσ-sets will be
denoted by Jσ. As is showed in [2], if X is Jσ-resolvable (strong irresolvable,
i.e., any nonempty open subspace of X is irresolvable), then X is Volterra. The
converse is not true, see [2, Example 3.8]. That means, ”Volterraness” is not
characterized by the ideal Jσ (by EJσ

). It seems the notion of J -dense set stated
above by condition A ∩ U 6∈ J (equivalently A ∩ U ∈ EJ ) for any nonempty
open set U is not adequate. A cluster system setting is more flexible and a
suitable specification of E allows to characterize ”Volterraness”. Replacing the
system EJσ

by a system of all sets which are preopen and Gδ, we can obtain
a characterization of weakly Volterra and Volterra spaces as we will see in the
next section.

2. Weakly Volterra and Volterra Spaces

In this paragraph we will deal with a special case of a cluster system which
characterizes weakly Volterra and Volterra spaces. Consider a cluster system Ep

δ

of all sets which are nonempty preopen and Gδ (a set A is preopen if A ⊂ (A)◦,
see [4]). More precisely, A ∈ Ep

δ (we will refer A as a preopen Gδ-set) if and
only if it is Gδ and there is a nonempty open set G ⊃ A such that A is dense
in G or equivalently, A is Gδ and there is a nonempty open set G ⊃ A such
that G \A is a subset of some boundary Fσ-set (namely G \A ⊂ G∩ (X \A)).
Evidently, Ep

δ is not an ideal, but it is closed with respect to finite union.

Lemma 1. Let {At}t∈T be a family of Gδ-sets and {Gt}t∈T be a family
of nonempty open pairwise disjoint sets such that At ⊂ Gt. Them ∪t∈TAt is a
Gδ-set.

Proof. Let At = ∩∞
n=1H

n
t , H

n
t ⊂ Gt and Hn

t be open. Since Gt ∩Gs = ∅ for
any t 6= s, ∪t∈TAt = ∩∞

n=1(∪t∈TH
n
t ) that is a Gδ-set.

Theorem 2. A topological space X is Volterra if and only if any nonempty
open subset of X is weakly Ep

δ -Volterra.

Proof. ”⇒” Note that Ep
δ is a π-network in any nonempty open set G, so

Ep
δ (G) = G.
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Let X be Volterra and G be nonempty open. Suppose G is not weakly
Ep
δ -Volterra. Then there are two sets A,B such that Ep

δ (A) ⊃ Ep
δ (G), Ep

δ (B) ⊃
Ep
δ (G) and A ∩ B = ∅. Since Ep

δ (A) ⊃ Ep
δ (G) = G ⊃ G, there is A0 from Ep

δ

and A0 ⊂ G ∩ A. Further, there is a nonempty open set G0 (we can suppose
G0 ⊂ G) such that A0 ⊂ G0 and A0 is dense in G0.

Since Ep
δ (B) ⊃ Ep

δ (G) = G ⊃ G0, there is B0 from Ep
δ and B0 ⊂ G0 ∩ B.

Further there is a nonempty open set B1 (we can suppose B1 ⊂ G0) such that
B0 ⊂ B1 and B0 is dense in B1. Note A0 ∩B0 = ∅ (A0 ∩B0 ⊂ A ∩B = ∅).

Since A0 and B0 are Gδ and dense in B1, A1 := (X \ B1) ∪ (A0 ∩ B1)
and A2 := (X \ B1) ∪ B0 are dense in X and Gδ. Since X is Volterra, then
A1 ∩A2 = X \B1 is dense in X, contradiction.

” ⇐ ”. Suppose any nonempty open subset of X is weakly Ep
δ -Volterra

and A,B are Gδ and dense in X, that means Ep
δ (A) = Ep

δ (B) = X. Let G be a
nonempty open set. Then A∩G,B∩G are Gδ dense in G, so Ep

δ (A∩G) ⊃ Ep
δ (G)

and Ep
δ (B ∩ G) ⊃ Ep

δ (G). Since G is weakly Ep
δ -Volterra, (A ∩ G) ∩ (B ∩ G) =

A ∩B ∩G 6= ∅. So A ∩B is dense in X, that means X is Voltera.

The next corollary follows from Theorem 2 and Theorem 1 item (1).

Corollary 1. A topological space X is Volterra if and only if X is Ep
δ -

Volterra.

Theorem 3. A nonempty open subset G of X is weakly Volterra if and
only if G is weakly Ep

δ -Volterra.

Proof. ”⇒” Let G be nonempty open weakly Volterra and A1, A2 be such
that Ep

δ (A
i) ⊃ G, i = 1, 2. Suppose contrary A1 ∩A2 = ∅.

From inclusion Ep
δ (A

i) ⊃ G and from Zorn lemma there is a family {Gt}t∈T
of pairwise disjoint nonempty open subsets of G and two families {Ai

t}t∈T (i =
1, 2) of sets from Ep

δ such that for i = 1, 2

(1) ∪t∈TGt is dense in G,

(2) Ai
t ⊂ Gt ∩Ai and Ai

t is dense in Gt.

Put Ci = ∪t∈TA
i
t, i = 1, 2. Since A1 ∩ A2 = ∅ and Gt ∩ Gs = ∅ (t 6= s),

C1 ∩ C2 = ∅. Moreover, Ci is dense in ∪t∈TGt and by item (1), Ci is dense
in G, i = 1, 2. By Lemma 1, Ci is a Gδ-set and since G is weakly Voltera,
∅ 6= C1 ∩ C2, a contradiction.

The opposite implication is clear.
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The next corollary follows from Theorem 2 and Theorem 3.

Corollary 2. (see [1, Lemma 3.3]) A topological space X is Volterra if and
only if any its nonempty open set is weakly Volterra.

Theorem 4. A nonempty open set G is not weakly Volterra if and only if
G ⊂ P ∪R where P,R are boundary Fσ-sets.

Proof. ” ⇒ ” Since G is not weakly Volterra, their are two disjoint Gδ-
subsets G1, G2 of G which are dense in G. Then G ⊂ [G ∩ (X \ G1) ] ∪ [G ∩
(X \ G2) ]. We will show that Ai := G ∩ (X \Gi) has empty interior, i = 1, 2.
If not, there is a nonempty open set H ⊂ G∩ (X \Gi). Since H0 := H ∩G 6= ∅
and H0∩Gi = ∅, we have a contradiction with the assumption that Gi is dense
in G. So P := [G ∩ (X \ G1) ] and R := [G ∩ (X \G2) ] are boundary Fσ-sets
and G ⊂ P ∪R.

” ⇐ ” If G ⊂ P ∪R and P,R are boundary Fσ-sets, then [G∩ (X \P ) ] and
[G ∩ (X \ R) ] are disjoint Gδ-subsets of G which are dense in G, so G is not
weakly Volterra.

Corollary 3. A topological space X is weakly Volterra (Volterra) if and
only if X (any nonempty open set G ⊂ X) is not (a subset of) the union of two
boundary Fσ-sets.

By [2, Theorem 2.5], any subset of X that is union of finite many σ-nowhere
dense sets (i.e., boundary Fσ-sets) can be expressed as the union of exactly two
σ-nowhere dense sets (two boundary Fσ-sets). So we have the following ([2,
Proposition 3.3 and Lemma 3.4], [5]).

Corollary 4. A topological space X is weakly Volterra (Volterra) if and
only if X 6∈ Jσ (G 6∈ Jσ for any nonempty open set G ⊂ X).
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