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Abstract: The solution of the eigenvalue problem of the Laplacian with
the normal metric induced by the Killing form on homogeneous special unitary
spaces SU(n+1)/SU(n) = S2n+1 is given. The corresponding inverse branching
rule from SU(n) to SU(n+ 1) is obtained.
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1. Introduction

In [1], the solution of the eigenvalue problem of the Laplacian with the normal
metric induced by the Killing form (see, for example [2],[3]) on even dimensional
spheres S2n = SO(2n+ 1)/SO(2n) was obtained.

In this short paper, we give the solution of the eigenvalue problem of the
Laplacian with the normal metric induced by the Killing form on odd dimen-
sional spheres S2n+1 = SU(n+1)/SU(n). The inverse version of the branching
rule from SU(n) to SU(n + 1) is also obtained. This time, the homogeneous
space SU(n + 1)/SU(n) is different from the case studied in [1], [4] and [5],
where the rank of the Lie group (algebra) is equal to the rank of its subgroup
(subalgebra).
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The layout of the paper is as follows. We first give the eigenvalues and the
multiplicities of the Laplacian on SU(n + 1)/SU(n). Then the corresponding
inverse branching rule from SU(n) to SU(n+1) is obtained. Finally, the lowest
eigenvalue and its multiplicity of the Laplacian on SU(n+1)/SU(n) are given.

2. The Solution of Eigenvalue Problem of
the Laplacian on SU(n+ 1)/SU(n)

We first review the Laplacian on a homogeneous space G/H. Let g and η be
the Lie algebras of G and H, respectively. Let Uµ be a given irreducible rep-
resentation of η with highest weight µ. Let G×HUµ be the associated vector
bundle of the principal bundle P (G/H,H). The Hilbert space of square inte-
grable sections of G×HUµ decomposes into the direct sum of the eigenspaces
of the Laplacian on G/H, which are irreducible representations Vλ of g with
highest weights λ’s. and this induces the following expression for the Laplacian
on G/H which was discussed in [6], [7], [8], [9], [10], and appeared explicitly in
[11].

Definition 1. The Laplacian with the normal metric induced by the
Killing form for semisimple Lie groups on G/H is

∆ = C2(g, ·) − C2(η, U). (1)

Here C2(g, ·) is the quadratic Casimir element of g calculated in an irreducible
representation of g. C2(η, U) is the quadratic Casimir element of η calculated
in a given irreducible representation U .

We take su(n) and su(n + 1) to be Lie algebras of SU(n) and SU(n + 1),
respectively. Let hsu(n) and hsu(n+1) be the Cartan subalgebras of su(n) and
su(n+ 1), respectively.

The simple roots of su(n+1) ≡ su(n+1,C) are αi = ǫi−ǫi+1, i = 1, 2, · · · , n.
Here ǫi : hsu(n+1) → C is the projection to the ith entry. The corresponding
basis elements in hsu(n+1) are ei − ei+1, where ei is the diagonal matrix with

1 in the ith position and 0 elsewhere. Thus the weight λ =
∑n+1

i=1 λiǫi =
(λ1, λ2, · · · , λn, 0) is dominant if and only if λ1 ≥ λ2 ≥ · · · ≥ λn−1 ≥ λn ≥

λn+1 = 0. The Weyl groupW = Sn+1 permutes the element ǫi, i = 1, 2, · · · , n+
1.

For su(n), the description is the same as su(n+1). We omit the repetitions.
The Weyl vectors of su(n+ 1) and su(n) are

ρsu(n+1) = (n, n− 1, · · · , 1, 0),
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and
ρsu(n) = (n− 1, n − 2, · · · , 1, 0).

Definition 2. The Laplacian with the normal metric on SU(n+1)/SU(n)
is

∆ = C2(su(n + 1), ·) − C2(su(n), U). (2)

Here C2(su(n + 1), ·) is the quadratic Casimir element of su(n + 1) calculated
in an irreducible representation of su(n + 1). C2(su(n), U) is the quadratic
Casimir element of su(n) calculated in a given irreducible representation U .

The spectrum of C2(SU(n + 1), Vλ) in an irreducible representation Vλ of
su(n + 1) with dominant highest weight λ = (λ1, · · · , λn, 0), (λ1 ≥ λ2 ≥ · · · ≥

λn ≥ 0), is

C2(λ) = (λ+ ρsu(n+1), λ+ ρsu(n+1))− (ρsu(n+1), ρsu(n+1))

=
∑n

i=1
[λ2

i + 2(n + 1− i)λi]. (3)

The spectrum of C2(SU(n), Uµ) in a given irreducible representation Uµ of
su(n) with dominant highest weight µ = (µ1, · · · , µn−1, 0), (µ1 ≥ µ2 ≥ · · · ≥

µn−1 ≥ 0), is

C2(µ) = (µ+ ρsu(n), µ+ ρsu(n))− (ρsu(n), ρsu(n))

=
∑n−1

i=1
[µ2

i + 2(n − i)µi]. (4)

Thus we have the following result:

Theorem 3. Given an irreducible representation Uµ of su(n) with dom-
inant highest weight µ = (µ1, · · · , µn−1, 0), the eigenvalue of ∆ labelled by
highest weight λ reads

Eλ = (λ+ ρsu(n+1), λ+ ρsu(n+1))− (µ + ρsu(n), µ+ ρsu(n))

−(ρsu(n+1), ρsu(n+1)) + (ρsu(n), ρsu(n))

=
∑n

i=1
[λ2

i + 2(n + 1− i)λi]−
∑n−1

i=1
[µ2

i + 2(n− i)µi]. (5)

The multiplicity of the eigenvalue Eλ is given by the Weyl dimension formula:

dimVλ =

∏
α∈Φ+

su(n+1)
(λ+ ρsu(n+1), α)

∏
α∈Φ+

su(n+1)
(ρsu(n+1), α)

=
∏

1≤i<j≤n+1

λi − λj + j − i

j − i
. (6)
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The above highest weights λ’s is determined by the following theorem (the
inverse branching rule from SU(n) to SU(n+ 1)).

Theorem 4. By the branching rule from SU(n + 1) to SU(n) [12], given
an irreducible representation Uµ of su(n) with dominant highest weight µ =
(µ1, · · · , µn−1, 0), the highest weights appeared in Theorem 3, λ = (λ1, · · · , λn, 0)
with (λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0) satisfy the following inequalities:

λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · ≥ λn−1 ≥ µn−1 ≥ λn ≥ µn = λn+1 = 0. (7)

The Hilbert space of square integrable sections of the associated vector bundle
SU(n + 1)×SU(n)Uµ of the principal bundle P (SU(n + 1)/SU(n), SU(n)) de-
composes into the direct sum of the eigenspaces of the Laplacian on SU(n +
1)/SU(n), which are irreducible representations Vλ of su(n+1) with the above
highest weights λ’s.

One can obtain the lowest eigenvalue of ∆ and its multiplicity.

Corollary 5. Given an irreducible representation Uµ of su(n) with highest
weight µ = (µ1, · · · , µn−1, 0), (µ1 ≥ µ2 ≥ · · · ≥ µn−1 ≥ µn = 0), the eigenspace
of the lowest eigenvalue of ∆ on SU(n+ 1)/SU(n) is Vλ with highest weight

λ = (µ1, · · · , µn−1, 0, 0). (8)

The lowest eigenvalue of ∆ is

E(µ1,··· ,µn−1,0,0) = 2
∑n−1

i=1
µi. (9)

The multiplicity of the lowest eigenvalue of ∆ is

dimV(µ1,··· ,µn−1,0,0) =
∏

1≤i<j≤n

µi − µj + j − i

j − i

∏n−1

i=1

µi + n+ 1− i

n+ 1− i

= dimUµ

∏n−1

i=1

µi + n+ 1− i

n+ 1− i
. (10)

Here dimUµ is the dimension of the irreducible module Uµ of highest weight µ,

dimUµ =
∏

1≤i<j≤n

µi − µj + j − i

j − i
.

Remark. In quantum mechanics, the Hamiltonian of a particle on a ho-
mogeneous space is, up to a constant, equal to the Laplacian with the normal
metric on the same homogeneous space. Therefore, our result is also meaningful
in physics.
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