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Abstract: In this paper, we characterize the notion of weakly biased maps
as a generalization of occasionally weakly compatible(owc) maps and establish
common fixed point theorems for two pairs of weakly biased (resp. of type
(A)) by using property (E.A.), without appealing continuity and completeness
of space. The results improve and extend Theorem 2.11 in [12] and Theorem
3.5 in [10].
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1. Introduction
The concept of weak commutativity, compatibility, non-compatibility and weak
compatibility were used as a sharper tool for the existence of common fixed
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points for pair of contractive maps satisfying certain conditions on metric space
(see e.g. [3], [4]). Generalizing the concept of commuting maps [3], Sessa
[11] introduced the notion of weakly commuting maps. Jungck generalized
this idea by weakening the concept introduced by Sessa[11] and introduced
the concept of compatible maps [4] and then to weakly compatible maps [5].
Jungck, Murthy and Cho [6] introduced the concept of compatible maps of
type(A) independent from compatible introduced by Jungck[4]. Al-Thagafi
and Shahzad [2] introduced the concept of occasionally weakly compatible, a
very general notion of weakly compatible. On the other hand, in 1995, Jungck
and Pathak [7] coined a less restrictive notion of biased maps and weakly biased
maps as a generalization of compatible maps. It is noted that compatible maps
are biased maps, but the converse is not true [7]. In 1998, Pathak, Cho and Kang
[10] weakened the condition of compatible maps of type (A) to that of biased
maps of type (A) and weakly biased maps of type (A); and showed the existence
of solutions of nonlinear integral equations. It is seen that compatible maps of
type (A) are biased maps of type (A), but the converse is not necessarily true
(see [10]). Recently, Singh and Mahendra [12] characterized biased concepts
(viz, weakly biased, weakly biased of type (A)) with that of weakly compatible.
The main objective of this paper is to characterize the concept of weakly
biased maps as a generalization of occasionally weakly compatible maps and
to obtain common fixed point theorems for two pairs of weakly biased maps
by using the property (E.A.); wherein the assumptions viz, continuity and
completeness of space are waived. Our results complement, extend and unify
many results of [6], [9], [10], [12], etc.
We begin with recalling some definitions needed in the paper:
Let A and S be two self-maps of a metric space (X, d) and C(A, S) the set
of coincidence points of A and S, i.e. C(A, S) = {x : Ax = Sx}.
Definition 1. [1] A and S satisfy property (E.A.) if there exists a sequence
{xn } in X such that lim Axn = lim Sxn = t for some t ∈ X.
n→∞

n→∞

Definition 2. [5] A and S are said to be weakly compatible if they
commute at coincidence points, i.e. SAt = ASt for all t ∈ C(A, S).
Definition 3. [2] A and S are said to be occasionally weakly compatible
(shortly owc) iff there is a point t in X such that At = St at which A and S
commute, i.e. SAt = ASt for all t ∈ C(A, S).
Clearly, weakly compatible maps are occasionally weakly compatible, but
the converse is not true.
Definition 4.

[7] A and S are said to be weakly S-biased iff At = St
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implies d(SAt, St) ≤ d(ASt, At).
The pair {A, S} is weakly A-biased if the roles of A and S are interchanged
in this definition. It is noted that biased maps are weakly biased (see Prop. 1.1
of [7]). From [12], it is seen that weakly compatible maps are weakly biased,
but implication is not reversible.
Definition 5. A and S are said to be weakly S-biased of type (A) if
At = St implies d(SSt, At) ≤ d(ASt, St).
To be weakly A-biased of type (A), A and S have to satisfy, in lieu of
inequality d(AAt, St) ≤ d(SAt, At). in this definition. In [12], it is clear that
the notions of weakly biased and weakly biased of type (A) are invariant. It is
noted that biased of type (A) is weakly biased of type (A) [10]. Also they are
distinct in nature (see Ex. 2.11, 2.12 of [10]).
Throughout this paper, N denotes the set of positive integers, R+ the set
of non-negative real numbers, R the set of real numbers and S(p, r) the open
sphere with center p and radius r, i.e.S(p, r) = {x : d(x, p) < r}.
2. Main Theorems
We deal with characterization for weakly biased in Section 1 and existence of
common fixed point theorems in Section 2. In our results, the maps satisfying
the property (E.A.) are not taken to be continuous at the fixed point. We
employ weakly biased (resp. of type (A)) in lieu of commuting maps, various
types of compatible maps. The completeness of the space is replaced by the
closeness of one of the ranges of the maps.
Before going into the Proofs of the propositions, we illustrate the following
example as a manifestation of the fact that weakly A-biased does not imply
weakly S-biased of type (A).
Example 6. Let X = [0, 1] with the usual metric d i.e. d(x, y) =| x − y | .
Define the

 maps A, S : X → X1 by
2x ; if x ∈ [0, 21 )
1 − 2x ; if x ∈ [0, 2 )
and S(x) =
A(x) =
1
1
; if x ∈ [ 2 , 1]
0 ; if x ∈ [ 21 , 1]
3
respectively. We have Ax = Sx iff x = 41 So, we obtain A( 41 ) = 12 = S( 14 ).
Since, SS( 41 ) = 0, SA( 14 ) = 0 and AS( 41 ) = 13 , we have
1
1
d(AS( ), A( )) =
4
4
1
1
d(SA( ), S( )) =
4
4

1
;
6
1
;
2
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1
1
1
d(SS( ), A( )) = .
4
4
6
Therefore, we conclude that the pair {A, S} is weakly A-biased, but not weakly
S-biased of type (A).
We need the following lemma to our Proposition.
Lemma 7. Let {A, S} be a pair of self-maps of a metric space (X, d). If
x ∈ C(A, S) then the pair {A, S} is either weakly A-biased or weakly S-biased.
Proof. Since x ∈ C(A, S) we have Ax = Sx. Two cases arise : (i) x ∈
C(A, S) such that ASx = SAx and (ii) x ∈ C(A, S) such that ASx 6= SAx.
Case I: If x ∈ C(A, S) such that ASx = SAx then
d(SAx, Sx) ≤ d(SAx, ASx) + d(ASx, Ax) + d(Ax, Sx).
Therefore, d(SAx, Sx) ≤ d(ASx, Ax).
Similarly, by interchanging A and S in the above, we obtain d(ASx, Ax) ≤
d(SAx, Sx).
Case II: If x ∈ C(A, S) such that ASx 6= SAx then either ASx < SAx or
SAx < ASx.
Suppose that r1 and r2 are two positive real numbers such that ASx < r1 <
SAx < r2 . Then we obtain two open spheres S(Ax, r1 ) and S(Sx, r2 ) such that
S(Ax, r1 ) ⊆ S(Sx, r2 ). Therefore, d(ASx, Ax) ≤ d(SAx, Sx).
On the other hand, suppose that δ1 and δ2 are two positive real numbers
such that SAx < δ1 < ASx < δ2 . Then there exists two open spheres S(Sx, δ1 )
and S(Ax, δ2 ) such that S(Sx, δ1 ) ⊆ S(Ax, δ2 ) So, d(SAx, Sx) ≤ d(ASx, Ax).
From both cases, we see that if x ∈ C(A, S) then either d(ASx, Ax) ≤
d(SAx, Sx) or d(SAx, Sx) ≤ d(ASx, Ax). Hence, if x ∈ C(A, S) then the pair
{A, S}, is either weakly A-biased or weakly S-biased.
The following proposition conveys that occasionally weakly compatible relates directly to one of the weakly A- biased and weakly S-biased.
Proposition 8. Let {A, S}, be a pair of self-maps of a metric space (X, d.)
If the pair {A, S}, is occasionally weakly compatible, then it is either weakly
A-biased or weakly S-biased.
Proof. Since the pair {A, S}, is occasionally weakly compatible, there exists
a point x ∈ X such that Ax = Sx at which ASx = SAx. Moreover, there may
exist a point y ∈ X such that Ay = Sy at which ASy 6= SAy. By Lemma[7, the
pair {A, S}, is either weakly A-biased or weakly S-biased. Hence, occasionally
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weakly compatibility of {A, S}, implies either weakly A-biased or weakly Sbiased.

We furnish an example to establish the utility of our proposition[8.
Example 9. Let X = [1, ∞) endowed with the usual metric d(x, y) =|
x − y | . Define maps A, S : X → X by Ax = 3x − 2. and Sx = x2 .
Now, we have Ax = Sx iff x = 1 or x = 2 and so, A(1) = 1 = S(1) and
A(2) = 4 = S(2). Also, we obtain AS(1) = 1 = SA(1) but AS(2) 6= SA(2) as
AS(2) = 10 and SA(2) = 16. Therefore, the pair {S, A}, is occasionally weakly
compatible.
Since d(AS(2), A(2)) = 6 and d(SA(2), S(2)) = 10, we have d(AS(2), A(2)) ≤
d(SA(2), S(2)). One can substantiate that d(AS(1), A(1)) ≤ d(SA(1), S(1)).
Therefore, the pair {A, S} is weakly A-biased. Hence, the pair {A, S} is occasionally weakly compatible as well as weakly A-biased.
However, the converse of the above proposition is not necessarily true. The
following example reveals the fact that the pair {A, S} is weakly A-biased but
not occasionally weakly compatible.
Example 10. Let X = [1, ∞) endowed with the usual metric. Define
maps A, S : X → X by Ax = 5x and Sx = x2 + 6. Now, we have Ax = Sx iff
x = 2 or x = 3 and so, A(2) = 10 = S(2) and A(3) = 15 = S(3).
Since AS(2) = A(10) = 50, SA(2) = S(10) = 106, AS(3) = A(15) = 75 and
SA(3) = S(15) = 231.
We have d(AS(2), A(2)) = 40; d(SA(2), S(2)) = 96; d(AS(3), A(3)) = 60
and d(AS(3), A(3)) = 216.
So, we have d(AS(2), A(2)) ≤ d(SA(2), S(2)) and d(AS(3), A(3)) ≤ SA(3),
S(3)).
But, AS(2) 6= SA(2) and AS(3) 6= SA(3). Therefore, the pair {A, S} is
weakly A-biased but not occasionally weakly compatible. One can verify from
example(2.2) that the pair A, S is weakly S-biased but not occasionally weakly
compatible.
We conclude this sub-section by noting that the concept of weakly biased
maps appears to be an effective generalization of occasionally weakly compatible
maps of metric space.
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3. Common Fixed Point Theorems

Let F be a family of all function φ : (R+ )5 → R+ such that φ is upper semicontinuous, non-decreasing in each coordinate variable and, for any t > 0,
φ(t, t, 0, αt, 0) ≤ βt, φ(t, t, 0, 0, αt) ≤ βt, where β = 1 for α = 2 and β < 1 for
α < 2, γ(t) = φ(t, t, a1 t, a2 t, a3 t) < t, where γ : R+ → R+ is a mapping and
a1 + a2 + a3 = 4.
We prove the following lemma before going to main theorem.
Lemma 11. Let A, B, S and T be self-maps of a metric space (X, d)
satisfying the following conditions:
(i) AX ⊂ T X and BX ⊂ SX;
(ii)
d2p (Ax, By) ≤ φ(d2p (Sx, T y), dp (Sx, Ax).dp (T y, By),
dp (Sx, By).dp (T y, Ax), dp (Sx, Ax).dp (T y, Ax), dp (Sx, By).dp (T y, By),
for all x, y ∈ X where p ≥ 1 and φ ∈ F ;
(iii) one range of the maps A, B, S and T is a closed subspace of X;
(iv) one of the pairs {A, S} and {B, T } satisfies the property (E.A.)
Then each of the pairs {A, S} and {B, T } has a coincidence point.
Proof. Suppose that the pair {B, T } satisfies the property (E.A.). Then
there exists a sequence {xn } in X such that lim Bxn = lim T xn = t for some
n→∞

n→∞

t ∈ X. Since BX ⊂ SX, there exists a sequence {yn } ⊂ X such that Bxn = Syn
So, lim Syn = t. We now show that lim Ayn = t.
n→∞

n→∞

Since d(Ayn , t) ≤ d(Ayn , Bxn ) + d(Bxn , t), it is enough to show that
lim d(Ayn , Bxn ) = 0.

n→∞

If not, then there exists a real number ǫ > 0 such that lim d(Ayn , Bxn ) = ǫ.
n→∞

This assures that there exists a subsequence {ynk } of {yn } in X such that for
each positive integer k ≥ n, lim d(Aynk , Bxnk ) = ǫ.
k→∞

From (ii), we have
d(Aynk , Bxnk ) ≤ [φ(d2p (Synk , T xnk ), dp (Synk , Aynk ).dp (T xnk , Bxnk ),

WEAKLY BIASED MAPS AS A GENERALIZATION...

149

dp (Synk , Bxnk ).dp (T xnk , Aynk ),
dp (Synk , Aynk ).dp (T xnk , Aynk ),
dp (Synk , Bxnk ).dp (T xnk , Bxnk ))1/2p .
Taking k → ∞ in the above inequality, we obtain ǫ ≤ [φ(0, 0, 0, ǫ2p , 0)]1/2p ≤
[γ(ǫ2p )]1/2p < ǫ which is a contradiction.
Therefore, lim d(Aynk , Bxnk ) = 0 and so, lim d(Ayn , Bxn ) = 0 which imn→∞

k→∞

plies lim Ayn = t.
n→∞

Suppose that SX is a closed subspace of X. Then t = Su for some u ∈ X.
Subsequently, we have lim Ayn = lim Bxn = lim Syn = lim T xn = t = Su.
n→∞

n→∞

n→∞

n→∞

To prove that, Au = t using (ii), we obtain
d(Au, Bxn ) ≤ [φ(d2p (Su, T xn ), dp (Su, Au).dp (T xn , Bxn ),
dp (Su, Bxn ).dp (T xn , Au), dp (Su, Au).dp (T xn , Au),
dp (Su, Bxn ).dp (T xn , Bxn ))]1/2p .
As n → ∞ it follows that
d(Au, t) ≤ [φ(0, 0, 0, d2p (Au, t), 0)]1/2p ≤ [γ(d2p (Au, t))]1/2p < d(Au, t).
This is contradiction and therefore, Au = t. Consequently, u is a coincidence
point of the pair {A, S}. From AX ⊂ T X which gives t ∈ T X we declare that
there exists v ∈ X such that T v = t.
To prove that Bv = t, suppose that Bv 6= t By (ii), we have
d(t, Bv) = d(Au, Bv) = [φ(d2p (Su, T v), dp (Su, Au).dp (T v, Bv),
dp (Su, Bv).dp (T v, Au), dp (Su, Au).dp (T v, Au),
dp (Su, Bv).dp (T v, Bv))]1/2p = [φ(0, 0, 0, 0, d2p (t, Bv))]1/2p
≤ [γ(d2p (t, Bv))]1/2p < d(t, Bv)
which means that Bv = t. Therefore, the pair {B, T } has a coincidence point
v.
The same result holds if we suppose that one of AX, BX and T X is closed
subspace of X.
Theorem 12. Let A, B, S and T be self-maps as in Lemma(11) satisfying
(i) − (iv). If the pairs {A, S} and {B, T } are weakly S-biased and weakly Tbiased respectively, then A, B, S and T have a unique common fixed point.
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Proof. Assume that SX is a closed subspace of X and let t, u and v be as
in Lemma(11). By that Lemma, u and v are coincidence points of the pairs
{A, S} and {B, T } respectively.
Since the pair {A, S} is weakly S-biased, Au = Su implies d(SAu, Su) ≤
d(ASu, Au) which gives d(St, t) ≤ d(At, t). On the other hand Au = Su implies
AAu = ASu and SAu = SSu.
Subsequently, d(SAu, AAu) ≤ d(SAu, Su) + d(Su, AAu) ≤ d(ASu, Au) +
d(AAu, Au) which implies d(St, At) ≤ 2d(At, t).
To show that d(At, t) = 0, suppose that At 6= t.
From (ii), we have
d(At, t) =d(At, Bv) ≤ [φ(d2p (St, T v), dp (St, At).dp (T v, Bv), dp (St, Bv).dp (T v, At),
dp (St, At).dp (T v, At), dp (St, Bv).dp (T v, Bv))]1/2p
=[φ(d2p (St, t), 0, dp (St, t).dp (t, At), dp (St, At).dp (At, t), 0)]1/2p
≤[φ(d2p (At, t), 0, d2p (At, t), 2d2p (At, t), 0)]1/2p
=[γ(d2p (At, t)]1/2p < d(At, t).
which is a contradiction. Therefore, At = t.
Further, since d(SAu, Su) ≤ d(ASu, Au) = d(AAu, Au), we have d(St, t) ≤
d(At, t), which implies d(St, t) = 0. It follows that St = t. Consequently, t is
a common fixed point of the pair {A, S}. Similarly, one can prove that t is a
common fixed point of the pair {B, T }. Thus, we conclude that t is a common
fixed point of A, B, S and T.
If z ∈ X is also a common fixed point of A, B, S and T with t 6= z, then
using (ii), we have
d(t, z) =d(At, Bz) ≤ [φ(d2p (St, T z), dp St, At).dp (T z, Bz), dp St, Bz).dp (T z, At),
dp St, At).dp (T z, At), dp St, Bz).dp (T z, Bz))]1/2p
=[φ(d2p (t, z), 0, d2p (t, z), 0, 0)]1/2p
≤[γ(d2p (t, z)]1/2p < d(t, z).
This is a contradiction and therefore, d(t, z) = 0, which implies t = z. This
completes the proof.
From Theorem(12) we deduce the following corollary.
Corollary 13. ([12], Theorem 2.11) Let A, B, S and T be self-maps as in
Lemma(11) satisfying (i), (iii), (iv) and the following
d2p (Ax, By) ≤αd2p (Sx, T y) +

β
max{dp (Sx, Ax).dp (T y, By),
2p
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dp (Sx, By).dp (T y, Ax), dp (Sx, Ax).dp (T y, Ax),
dp (Sx, By).dp (T y, By)}

(3.1)

for all x, y ∈ X where p ≥ 1; α, β > 0 and α + β < 1.
If the pairs {A, S} and {B, T } are weakly S-biased and weakly T-biased
respectively, then A, B, S and T have a unique common fixed point.
It is to be noted that equation (3.1) is a special case of condition (ii)
with φ(t1 , t2 , t3 , t4 , t5 ) = αt1 + 2βp max{t2 , t3 , t4 , t5 ) for all t1 , t2 , t3 , t4 , t5 ∈ R+ ,
where p ≥ 1; α, β > 0 and then the above corollary follows immediately from
Theorem(12). In lieu of a weakly biased in Theorem(12), we employ weakly
biased of type (A) in the following theorem.
Theorem 14. Let A, B, S and T be self-maps as a Lemma(11) satisfying
(i) − (iv). If the pairs {A, S} and {B, T } are weakly S-biased of type (A) and
weakly T-biased of type (A) respectively, then A, B, S and T have a unique
common fixed point.
Proof. From [12], weakly biased and weakly biased of type (A) are invariant.
Therefore, the result follows immediately from Theorem(14).
We obtain the following corollary.
Corollary 15. Let A, B, S and T be self-maps as in Lemma(11) satisfying
(i), (iii), (iv) and (3.1). If the pairs {A, S} and {B, T } are weakly S-biased of
type (A) and weakly T-biased of type (A) respectively, then A, B, S and T have
a unique common fixed point.
Its proof follows from Theorem(14)
Example 16. Let X = [0, 1] endowed with the usual metric d(x, y) =|
x − y | and define
A, B, S, T : X → X by
 maps
x
;
if
0≤x<1
2
A(x) = B(x) =
0 ; if x = 1]

x ; if 0 ≤ x < 1
S(x) = T (x)
1 ; if x = 1]
respectively. Clearly AX = BX = [0, 21 ) ⊂ [0, 1] = SX = T X is closed.
Consider φ(t1 , t2 , t3 , t4 , t5 ) = αt1 + 2βp max{t2 , t3 , t4 , t5 ) for all t1 , t2 , t3 , t4 , t5
in R+ , where p ≥ 1; α, β > 0 and α + β < 1. Then φ satisfies all the required
conditions.
In particular, we take α = 31 and β = 12 .
1 2P
d (Sx, T y), and if x ∈ [0, 1)
Now, if x, y ∈ [0, 1) then d2p (Ax, By) = 22P
and y = 1 then d2p (Ax, By) = d2P (Sx, Ax).
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Further if x = 1 and y = 1 then d2p (Ax, By) = 0.
In all cases, we obtain
d2p (Ax, By) ≤

1
1 2P
d (Sx, T y) + max{dp (Sx, Ax).dp (T y, By),
3
4
dp (Sx, By).dp (T y, Ax), dp (Sx, Ax).dp (T y, Ax),
dp (Sx, By).dp (T y, By)}

Let {xn } ⊂ X be a sequence such that Axn , Sxn → t for some t ∈ X. For
this, let xn → 0 and xn > 0 for all n ∈ N. Then, Axn = 21 xn → 0 and
Sxn = xn → 0 = t.
Now, we have Ax = Sx iff x = 0. So, we obtain A(0) = 0 = S(0).
Since SA(0) = S(0) = 0 and AS(0) = A(0) = 0, we have d(SA(0), S(0)) ≤
d(AS(0), A(0)). Therefore, the pair {A, S} is weakly S-biased. One can ascertain that the pair {B, T } is weakly T-biased. Thus, all the conditions of
Theorem(12) are satisfied and 0 is the unique common fixed point A, B, S and
T. One can verify that this example shows the validity of Theorem(14).
Remark 17.
(1) Contractive condition (ii) is more general than that of
Theorem 2.11[12].
(2) For p = 1, contractive condition (ii) reduces to condition (3.2)(Theorem
3.5 of [10]).
(3) For p = 1 and A = B contractive condition (ii) reduces to condition (ii)
(Theorem 2.3 of [9]).
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