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Abstract: Discretization of Maxwell’s eigenvalue problem with edge finite
elements involves a simultaneous use of two discrete subspaces of H1(Ω) and
H(curl ,Ω). In this paper, we introduce new scalar finite element spaces and
edge finite element spaces, respectively. We also prove the unisolvence of degrees
of freedom and analyze our spaces using the discrete de Rham diagram.
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1. Introduction

We consider the following Maxwell’s eigenvalue problem: find λ ∈ R and u 6= 0
such that 




curl (µ−1curl u) = λεu, in Ω,
div (εu) = 0, in Ω,

u× n = 0, on ∂Ω,
(1)

where Ω is a polygonal domain. The coefficients ε and µ are the electric
permittivity and the magnetic permeability, respectively. The Sobolev space
H(curl ,Ω) plays a central role in the variational theory of Maxwell’s equa-
tions(see [1], [2], [3]). Thus we need to derive edge finite elements suitable for
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discretizing the Maxwell system in this space. To analyze edge elements, we
also need to use scalar finite elements in the spaceH1(Ω). The relevant function
spaces are related by the following exact sequence[4], [5]:

H1(Ω)
∇

// H(curl ,Ω)
∇×

// H(div ,Ω)
∇·

// L2(Ω). (2)

In two space dimensions, the sequence reduces to

H1(Ω)
∇

// H(curl ,Ω)
∇×

// L2(Ω). (3)

In this paper, we shall deal with the two dimensional case. We construct fi-
nite element spaces Uh ⊂ H1(Ω) and Vh ⊂ H(curl ,Ω) which have the same
relationship as the continuous spaces, in section 2 and section 3. In section

4, we also describe interpolation operators πh and rh that map from suitable
subspaces U ⊂ H1(Ω) and V ⊂ H(curl ,Ω) into appropriate finite element
spaces. Of central importance to the analysis is that the spaces and interpo-
lation operators are linked by the commuting diagram called the discrete de
Rham diagram.

2. New H1(Ω) Conforming Finite Elements

In this section, we will introduce new scalar finite element spaces needed for
discretizing the potential in Maxwell’s equations. First, we assume a regular
finite element mesh τh, h > 0 of parallelograms with the maximum diameter
h. Then each element K ∈ τh can be obtained from the reference element K̂,
typically unit square (0, 1)2, via a diagonal affine map FK(x̂) = BK x̂ + bK ,
where BK is an invertible diagonal matrix. Because of the simplicity of the
mapping, although we define the elements on the reference domain K̂, the
same definition can be used on a target element K in the mesh[6]. In order to
define finite elements on parallelogram, we need the following tensor product
polynomial space:

Ql,m(K̂) = {polynomials of maximum degree l in x̂ and m in ŷ}.

Definition 1. Let k ≥ 1. The gradient conforming element is defined as
follows:

Û(K̂) = Qk+1,k+1(K̂),

except constant multiple of the term x̂k+1ŷk+1.
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Definition 2. On reference element, we define the following degrees of
freedom:

p̂(â), for the four vertices â of K̂, (4)∫

ê

p̂ q̂ dŝ, for each edge ê of K̂, q ∈ Pk−1(ê), (5)

∫

K̂

p̂ q̂ dx̂, q̂ ∈ Φk(K̂), (6)

where Φk(K̂) isQk−1,k−1(K̂) space except constant multiple of the term x̂k−1ŷk−1.

Our first theorem proves the unisolvence of the new element. Since the
number of degrees of freedom and the dimension of Û(K̂) are both k2 +4k +3
and thus it suffices to show the following result.

Theorem 3. If p̂ ∈ Û(K̂) and all the degrees of freedom (4) − (6) of p̂

vanish, then p̂ = 0.

Proof. We use the fact that the vertex degrees of freedom vanish on each
edge ê of K̂. For example, on the edge ŷ = 0 we have

p̂ = x̂(1− x̂)r

for some r ∈ Pk−1(ê). Choosing q̂ = r in the degrees of freedom (5) for this
edge shows that r = 0. Now using the fact that p̂ = 0 on each edge ê of K̂, we
have

p̂ = x̂(1− x̂)ŷ(1− ŷ)r

for some r ∈ Φk(K̂). Choosing q̂ = r in the degrees of freedom (6) shows that
r = 0 and hence p̂ = 0 on K̂, as required.

The finite element on a general element K can be obtained by using the
diagonal affine map FK via

p ◦ FK = p̂ (7)

in the usual way. Then we have the following space:

Uh = {ph ∈ H1(Ω) | ph|K ∈ U(K) for all K ∈ τh}. (8)
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3. New Curl Conforming Finite Elements

In this section, we introduce new edge finite element spaces needed for discretiz-
ing the electric field in Maxwell’s equations.

Definition 4. For k ≥ 1, the curl conforming element is defined as follows:

V̂(K̂) = Qk,k+1(K̂)×Qk+1,k(K̂),

where (x̂kŷk+1, 0) and (0, x̂k+1ŷk) are replaced by the single element (x̂kŷk+1,
−x̂k+1ŷk).

Then we see that the dimensions of V̂(K̂) is 2k2+6k+3. From the definition
4, we give an following example for k = 1. The space V̂(K̂) consists of all vector
polynomials (û1, û2) where

û1 = a1 + a2x̂+ a3ŷ + a4x̂ŷ + a5ŷ
2 + cx̂ŷ2,

û2 = b1 + b2x̂+ b3ŷ + b4x̂ŷ + b5x̂
2 − cx̂2ŷ.

Now we need to define the degrees of freedom. For this purpose, we define

Ψk(K̂) = Qk,k−1(K̂)×Qk−1,k(K̂),

where (x̂kŷk−1, 0) and (0, x̂k−1ŷk) are replaced by the element (x̂kŷk−1, −x̂k−1

ŷk).

Definition 5. For any û = (û1, û2) ∈ V̂(K̂), we define the following
degrees of freedom:

∫

ê

û× n̂ q̂ dŝ, q ∈ Pk(ê), for each edge ê of K̂, (9)

∫

K̂

û · q̂ dx̂, q̂ ∈ Ψk(K̂). (10)

In order to see that these choices of V̂(K̂) and degrees of freedom determine
a finite element subspace of H(curl , K̂), we need to show that the degrees of
freedom are unisolvent.

Theorem 6. For û = (û1, û2) ∈ V̂(K̂), the condition (9)− (10) uniquely
determines û.

Proof. Since the number of conditions, 4(k+1)+[2k(k+1)−1] = 2k2+6k+3
equals the dimension of V̂(K̂), it suffices to show that if (9)− (10) are all zero
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then û = 0. Since û× n̂ ∈ Pk(ê) for each edge ê, û× n̂ = 0 from condition (9).
This implies that

û1 = ŷ(1− ŷ)v̂1, û2 = x̂(1− x̂)v̂2,

where v̂ = (v̂1, v̂2) ∈ Ψk(K̂). From condition (10), we obtain the desired
result.

Since we are working in H(curl , K̂), vector functions must be transformed
in a more careful way to conserve their properties. Suppose û ∈ H(curl , K̂).
Then û is transformed to a function u defined on K in H(curl ,K) via the
following formula:

u ◦ FK = (dFK)−T û, (11)

where dFK is the Jacobian matrix of the mapping FK . Then we define the
following spaces, using the equation (11):

Vh = {uh ∈ H(curl ,Ω) | uh|K ∈ V(K) for all K ∈ τh}. (12)

4. Analysis for the New Finite Element Spaces

To analyze our spaces, we first define interpolation operators πh and rh, re-
spectively. Let p ∈ H

3

2
+δ(K), δ > 0. Then the restriction on the regu-

larity of p allows us to use the Sobolev Embedding Theorem and hence to
ensure vertex values are well defined. We define an interpolation operator
πK : H

3

2
+δ(K) → U(K) satisfying

(p− πKp)(a), for the four vertices a of K, (13)∫

e

(p − πKp)q ds, for each edge e of K, q ∈ Pk−1(e), (14)

∫

K

(p− πKp)q dx, q ∈ Φk(K). (15)

Via the local interpolation operator, we then define the global interpolation
operator πh : H

3

2
+δ(Ω) → Uh by

(πhp)|K = πKp

for all K ∈ τh. Then we have the following theorem for the accuracy properties
of the interpolant[7].
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Theorem 7. Let τh be a regular family of meshes of Ω. Then there exists

a constant C independent of h and p such that

‖ p− πhp ‖H1(Ω)≤ Chs−1 ‖ p ‖Hs(Ω),
3

2
+ δ ≤ s ≤ k + 1.

Now we define an interpolation rK : Hk+1(K) → V(K) by

∫

e

(u− rKu)× n q ds = 0, q ∈ Pk(e), for each edge e of K, (16)

∫

K

(u− rKu) · q dx = 0, q ∈ Ψk(K). (17)

Then a global projection operator rh : Hk+1(Ω) → Vh is defined piecewise

(rhu)|K = rKu

for all K ∈ τh.
Using interpolation operators πh and rh, we show that the scalar space

Uh and curl conforming space Vh are connected in an intimate way from the
following de Rham diagram commutes[8], [9], [10]:

U

πh

��

∇
// V

rh

��

Uh
∇

// Vh

Theorem 8. If Uh is defined by (8) and Vh by (12), then ∇Uh ⊂ Vh. In

addition, if p is sufficiently smooth such that rh∇p and πhp are defined, then

we have ∇πhp = rh∇p.

Proof. Clearly, if ph ∈ Uh then we see directly that ∇ph ∈ Vh. To prove
the commuting property, we map to the reference element and show that all
degrees of freedom (9)− (10) vanish for ∇̂π

K̂
p̂− r

K̂
∇̂p̂. Then we conclude that

∇̂π
K̂
p̂− r

K̂
∇̂p̂ = 0. For the edge degrees of freedom (9), if n̂ = (n̂1, n̂2) is unit

outward normal to ê = [â, b̂] and q̂ ∈ Pk(ê) then using the corresponding unit
tangent vector τ̂ = (−n̂2, n̂1) and integration by parts we have

∫

ê

(∇̂π
K̂
p̂− r

K̂
∇̂p̂)× n̂q̂ dŝ

=

∫

ê

(∇̂π
K̂
p̂− ∇̂p̂)× n̂q̂ dŝ



NEW H1(Ω) CONFORMING FINITE ELEMENT SPACES 251

= −

∫

ê

(∇̂π
K̂
p̂− ∇̂p̂) · τ̂ q̂ dŝ

= −

∫

ê

∂

∂ŝ
(π

K̂
p̂− p̂)q̂ dŝ

= −(π
K̂
p̂− p̂)(b̂) + (π

K̂
p̂− p̂)(â) +

∫

ê

∂q̂

∂ŝ
(π

K̂
p̂− p̂) dŝ.

Since ∂q̂
∂ŝ

∈ Pk−1(ê) and using the vertex interpolation property and the degrees
of freedom (5) for π

K̂
, we conclude that the right-hand side above vanishes. For

the edge degrees of freedom (10), if q̂ ∈ Ψk(K̂) then we have

∫

K̂

(∇̂π
K̂
p̂− r

K̂
∇̂p̂) · q̂ dx̂

=

∫

K̂

∇̂(π
K̂
p̂− p̂) · q̂ dx̂

=

∫

∂K̂

(π
K̂
p̂− p̂)q̂ · n̂ dŝ −

∫

K̂

(π
K̂
p̂− p̂)∇̂ · q̂ dx̂.

Since q̂ · n̂ ∈ Pk−1(ê) for each edge ê of K̂ and ∇̂ · q̂ ∈ Φk(K̂), so the right-hand
side vanishes, using the degrees of freedom (5) and (6) for π

K̂
. This completes

the proof.
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