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Abstract: The goal of this paper is to investigate the structure of the earth
by dividing it into two layers with a positively skewed curve in overburden
and a constant in host medium. The subsection method of the ground is used
mathematically to find the electric fields in overburden. Numerical solutions are
computed to show graphically the behaviors of the electric field. The responses
of electric field are relevant by a positively skewed curve medium ground profile.
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1. Introduction

The electromagnetic prospecting technique is the most generally used in min-
eral exploration because it responses best to a good electrical conductors at a
shallow depth to deep as many kilometers from the ground surface, and it is far
less costly than other investigation methods. Lee and Ignetik [3] considered the
forward problem of the transient electromagnetic response of a half-space with
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an exponentially varying conductivity profiles. They pointed out that the con-
ductivity variation of the ground may sometimes be reasonably approximated
by an exponential variation since soil salinity profiles frequently show monoton-
ically increasing or decreasing salt conductivity of the ground. Yooyuanyong
[5] gave the mathematical model of electromagnetic sounding for a conductive
thin disc embedded in an inhomogeneous ground.

In this paper, we present a mathematical model and techniques for studying
the structure of the earth’s surface layers. We consider the ground containing
two layers, the overburden and host medium. The conductivity of overburden
given by σov(z) = (σ0 + z)e−bz/2, 0 ≤ z ≤ d, where σ0 is a positive constant, b
is constant, d is the thickness of overburden. The conductivity of host medium,
z ≥ d, is a constant given by σho(z) = σ0. The conductivity ground pro-
file in this paper is different from the model used by Lee and Ignetik [3] and
Yooyuanyong [5].

2. Formulation and Solution of the Problem

A cylindrical polar coordinates (r, θ, z) is introduced with z > 0 which is taken
vertically positive downwards, and the origin under the center of the horizontal
circular loop is used. The azimuthally symmetry gives merely electric field Eθ,
and magnetic fields Hr ,and Hz components. Following Morrison et al., [4],
these field quantities are found to satisfy Maxwell’s equations (Hohmann and
Raiche, [2]) in the form of equations

iωµHr = −∂E

∂z
, (1)

iωµHz =
1

r

∂(rE)

∂r
, (2)

and
∂Hr

∂z
− ∂Hz

∂r
= (σ(z) − iωε)E + Js, (3)

where i =
√
−1 is an imaginary number, Js = aI(ω)δ(r − a)δ(z + h)/r is the

source current density, ω is the angular frequency, δ is the delta function, σ(z) is
the electrical conductivity of medium depending on depth only, ε is the electric
permittivity of medium, µ is the magnetic permeability of medium, and I(ω)
is the current in a coil of a small radius a. Eliminating Hr and Hz from above
equations lead to get the differential equation for electric fields as.

iωµJs = −∂2E

∂z2
− ∂2E

∂r2
− 1

r

∂E

∂r
+

E

r2
− (iωµσ(z) + ω2µε)E. (4)
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Taking Hankel transform which is defined as

Ẽ(λ, z, ω) =

∞∫

0

rJ1(λr)E(r, z, ω)dr,

where J1 is Bessel function of the first kind of order 1, and equation (4) becomes

iωµaI(ω)δ(z + h)J1(λa) = −∂2Ẽ

∂z2
+ (λ2 − (iωµσ(z) + ω2µε))Ẽ. (5)

Figure 1: Illustration of a two layered ground model with a positively
skewed curve medium in overburden

The electric field in air can be denoted by Ẽai(λ, z, ω) and expressed as the sum
of two components,

Ẽai(λ, z, ω) = Ẽp(λ, z, ω) + Ẽs(λ, z, ω),

where Ẽp(λ, z, ω) is the primary field and Ẽs(λ, z, ω) is the secondary field.
Both electric fields can be obtained from equation (5). In air, σai(z) ∼= 0 and
the electric field is given by

Ẽai(λ, z, ω) =
iωµ0aI(ω)J1(λa)e

−λ|z+h|

2λ
+ κeλz , z ≤ 0 (6)

which remains bounded as z → −∞, and κ is arbitrary constant to be deter-
mined.
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From equation (4), we can obtain the partial differential equation for the
electric filed in overburden as

∂2Eov(r, z, ω)

∂z2
+

∂2Eov(r, z, ω)

∂r2

+
1

r

∂Eov(r, z, ω)

∂r
− Eov(r, z, ω)

r2
+ k2ovEov(r, z, ω) = 0. (7)

where Eov(r, z, ω) is the electric field in ground, k2ov = iωµoσ(z) + ω2µoεo,
µo is the magnetic permeability of ground, εo is the electric permittivity of
ground and σ(z) = (σ0+ z)e−bz/2 is the conductivity of ground. Taking Hankel
transform to equation (7), we obtain

d2Ẽov(λ, z, ω)

dz2
−m2

ovẼov(λ, z, ω) = 0, (8)

Using the exponential substitution ξ = e−bz/2 to equation (8). We obtain

ξ2
d2Ẽov

dξ2
+ ξ

dẼov

dξ
− 4

b2
λ2Ẽov = − 4

b2
k2
ovẼov, (9)

Equation (9) is a non-homogeneous differential equation, it can be solved for a
homogeneous equation by Cauchy-Euler equation method and a particular so-
lution by the method of variation of parameter. Hence, the solution of equation
(9) is

Ẽov(λ, ξ, ω)

= κ1ξ
α + κ2ξ

−α +
i2ωµg

αb2

1∫

0

G(ξ; τ)R(τ)dτ, 0 ≤ z ≤ d, (10)

where R(τ) =
∞∫
0

s[σ0 − (1/b)2 ln τ ]Eov(s, τ, ω)J1(λs)ds, and G(ξ; τ)

= ταξ−α is the Green’s function and α = 2λ/b. We calculate the integration
term of equation (10) by using method of subsection for which dividing the
ground into n layers and having the thickness equal to d1, and assume the layer
is very thin, so the current distribution on layer and Green’s function for each
layer may be approximated to be constant at each position of z. Therefore,
equation (10) becomes

Ẽov(λ, ξ, ω)
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= κ1ξ
α + κ2ξ

−α +
iωµove

αb

n∑

j=1

Gj(ξ; ξj)P (λ, ξj , ω)(ξj), 0 ≤ z ≤ d (11)

where κ1, κ2 are arbitrary constants to be determined from the boundary con-

dition, and P (λ, ξj , ω) =
∞∫
0

sp(s, ξj, ω)J1(λs)ds such that p(s, ξj, ω) = d[σ0 −

(2/b) ln ξj]Ejove(s, ξj , ω).
We can obtain partial differential equation for the electric filed in host medium
from equation (4) as

∂2Eho(r, z, ω)

∂z2
+

∂2Eho(r, z, ω)

∂r2

+
1

r

∂Eho(r, z, ω)

∂r
− Eho(r, z, ω)

r2
+ k2hoEho(r, z, ω) = 0. (12)

where Eho(r, z, ω) is the electric field in host medium, k2h = iωµhσ0 + ω2µhεh,
µh is the magnetic permeability of host medium, εh is the electric permittiv-
ity of overburden and σ0 is the conductivity of host medium. Taking Hankel
transform to equation (12), we have

d2Ẽho(λ, z, ω)

dz2
−m2

hẼho(λ, z, ω) = 0, (13)

where m2
h = λ2 − k2h. The solution of equation (13) is

Ẽho(λ, z, ω) = κ3e
−mhz + κ4e

mhz, (14)

where κ3, κ4 are arbitrary constants to be determined from the boundary condi-
tions. Under the condition that z → ∞, then Ẽho → 0, we require that κ4 = 0.
Consequently, equation (14) becomes

Ẽho(λ, z, ω) = κ3e
−mhz, z ≥ d (15)

The constants κ from equation (6), κ1, κ2 from equation (11), and κ3 from

equation (15) can be solved by imposing the continuity of Ẽ and
∂Ẽ

∂z
at the

interface. Therefore, we obtain the electric fields in air as

Eai(r, z, ω)

= iωµ0aI(ω)

∞∫

0

(
e−λ|z+h|

√
8

+
e−λ|h|−2λd+λz

√
8[mh + λ]

)
J1(λa)J1(λr)dλ
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+
iωµove√

8

∞∫

0

[
eλd − eλz

] n∑

j=1

P (λ, ξj , ω)(ξj)
2λ

b J1(λr)dλ. (16)

The electric fields in overburden as

Eov(r, z, ω)

=
iωµ0aI(ω)√

8

∞∫

0

(
e−λz +

e−2λd

[mh + λ]
eλz
)
e−λ|h|J1(λa)J1(λr)dλ

+
iωµove√

8

∞∫

0

[
eλd − eλz

] n∑

j=1

P (λ, ξj , ω)(ξj)
2λ

b J1(λr)dλ. (17)

and the electric fields in host medium as

Eho(r, z, ω)

=

∞∫

0

(
mh + λ+ 1√
8[mh + λ]

)
emhd−mhz−λd−λ|h|J1(λa)J1(λr)dλ

+
iωµove√

8

∞∫

0

[
eλd − 1

] n∑

j=1

P (λ, ξj , ω)(ξj)
2λ

b J1(λr)dλ. (18)

The electric field on the ground surface can be determined from equations (16)
or equation (17) by taking z = 0. Chave’s algorithm [1] is used for numerical
calculating the inverse Hankel transform of the electric field solutions.

3. Conclusions

In this paper, we present the method to study the structure of the earth’s surface
layers. The integral expressions are used to produce the forward modeling. We
begin by formulating the problem to get the electric fields which could be used
to find the electric fields on the ground surface. We consider two layered earth
model having a positively skewed curve conductivity profile on the first layer
which is denoted by σov(z) = (σ0 + z)e−bz/2, 0 ≤ z ≤ d, where σ0 is a positive
constant, b is constant, d is the thickness of overburden. The conductivity of
host medium, z ≥ d, is a constant given by σho(z) = σ0 on the second layer.
The graphs are shown the behavior of the electric field against source-receiver



ON SUBSECTION METHOD OF A PSC MEDIUM OF EM... 395

Figure 2: Chave’s algorithm [1] is used for numerical calculating the
inverse hankel transform by setting σ0 = 0.1S m−1, b = 0.5m−1, d =
1m, frequency = 200 Hz.

0 10 20 30 40 50
−0.03

−0.02

−0.01

0

0.01

0.02

r

E
le

ct
ric

 F
ie

ld
 E

Real Part

0 10 20 30 40 50
0

0.01

0.02

0.03

0.04

0.05

0.06

r

E
le

ct
ric

 F
ie

ld
 E

Imaginary Part

Figure 3: Graph of real and imaginary part of electric field E versus r
for a two layered ground model with a positively skewed curve medium
by inputting σ0 = 0.1S m−1, b = 0.5m−1, d = 1m, frequency = 200
Hz.
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Figure 4: Graph of real and imaginary part of electric field E versus r
for a two layered ground model with a positively skewed curve medium
by inputting σ0 = 0.1S m−1, b = 0.5m−1, d = 5.5m, frequency = 100
Hz.

spacing r at different depths. The values of d and frequency are varied while
the values of σ0 and b are fixed. The curves of the electric fields are similar to
the figure of a positively skewed curve conductivity ground profile as shown in
figures. The graphs that we obtained are oscillated first and tend to zero which
is resulted by the conductivity profile. The inversion process will be studied in
the near future work to find out the optimal values for all the parameters.
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