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1. Introduction

In this paper, we study the initial boundary value problem for the following
damped linear hyperbolic equations with Dirichlet boundary conditions.

% +?7% — Au= f(x,t), z € Q, t €]0,T],
u(t,z) =0, on X, (1)
u(0,x) = up(z), % =ui(z), z € Q.

where 7 is the constant damping coefficient, n € R and T finite, ) is a bounded
open domain in R", n > 1, with a smooth boundary 9€). We denote by @ the
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cylinder of R} x Ry, Q@ = 2x]0,7T[ and by ¥ the lateral boundary of @, ¥ =
o0Nx]0,T], Au = E?Zl% is the Laplacian, and linear function f : Qx]0,T[—
R for ¢ = 0,1, the functions u; :  — R, are given. we find a function
u = u(z,t), is a real-valued satisfies (1).

This Problem has its origin in a physical problem, we study a model that
describes the transverse vibrations of a membrane € fixed at its ends and in
the presence of damping 7. Let u(z,t) be the vertical position of z € 2 at time
t € [0,T], is retarded by a damping force proportional to the velocity of the
membrane, then u satisfies (1).

This problem has been already investigated by many authors.

For example in ([2]), ([7]), ([17]).

We define some function spaces required to establish the existence and
uniqueness of solution to (1). We use the function spaces for any 1 < p < oo,
LP(Q2) is the space of real measurable functions u : & — R for the Lebesgue
measure dz, it is a Banach space for the following norm

1
ooy = (| futa)Pde)? < +oc
for p =2, L*(Q2) is a Hilbert space for the scalar product

(u,v) —/Qu(x)v(x)dx,

the corresponding norm being denoted ||ul|,

Jull = ( /Q u(x)da) .

if X is a Banach space, 1 < p < oo, LP(0,7; X) is the space of measurable
functions w of ]0, 7' into X for the Lebesgue measure dt, which is Banach space
for the following norm

T 1
lull oo = ( / lu(®) [Bedt)? < +oc

if X = LP(Q), then LP(]0,T[; LP(Q2)) = LP(Q).
L>(0,T; X) is the space of measurable functions from ]0, 7 into X which
are essentially bounded, the space is Banach for the following norm

|ul| Lo 0,7, x) = sup ess|u(t)||x
t€]0,T'|
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we denote by €([0,T]; X) the space of continuous functions from [0, 7] into X,
the space is Banach for the following norm

ullzqo,mx) = sup [lu®)|x,

t€[0,T]
and by €*([0,T]; X), k € N the space of k times continuously differentiable
functions from [0, 7] into X, it is a Banach spaces for the following norm

we denote by () the space of infinitely times continuously differentiable
functions on Q. The space €*°(Q2) of real functions on 2, with a compact
support in €, is denoted by Z(£2), as in the theory of distributions of L.Schwartz
n ([8]), /() is the space of distributions on 2.

We introduce the Sobolev spaces, for m € N;,1 < p < oo, W™P(Q) is the
space of functions u in LP(§2) whose distribution derivatives of order < m are
in LP(€2). This is a Banach space for the norm

k u
) = Y=ol g7 leqomix)

lullwm.p @) = Zjaj<m DUl Lr )

where
aa1+"'+anu
Dau:W’ a:{alv"' 7an}€Nnv
1 n
ou )
la] = a1 + -+ + ap and Dju = D i=1,2,-- ,n.
i

When p = 2 we write W™2(Q) = H™(Q) and this is a Hilbert space for the
scalar product
(u, U)Hm Q) = EMSW(DO‘U,, Da’U).

we use the space H}(€2)
H}(Q) = the closure of 2(Q) in H'(Q) (2)
for study the problem (1) we introduce the space
V= Hy(Q), 3)
V' is a Hilbert space for the scalar product

ou Ov

92, 9z

(u7 U)V = ?:1(
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and that the corresponding norm

lully = {(u, u)y}2

with dual V' = H=1(€), the corresponding norm on V" is

l
”l”* — sup ‘( 7u>‘
ueV Hu”v

for any [ € V' and u # 0, where (.,.) is the scalar product between V and V.
To given linear continuous operator A € Z(V, V'), we can associate a bilinear
continuous form a on V by setting

a(u,v) = (Au,v), Yu,v € V, (4)

such that .Z(V, V') is the space of linear continuous operators from V into V.
conversely, to given a bilinear continuous form a on V', we can associate with
a a linear continuous operator A from V into V', and from the properties of a
that A is linear continuous, and by the continuity of a if

la(u,v)| < C|lullv|lv|ly, C >0, Vu,v eV, (5)

then
[All. <C (6)

If a(u,v) = (u,v)y is the scalar product of V, that a is coercive,
a(u,u) > allull}, 0<a <1, VueV. (7)

The Riesz representation theorem to show that each a linear continuous form
on H can be represented with the aid of scalar product. Let H' the dual space
of H, to given ¢ € H' there exists a unique f € H such that the application
¢ — f is an isomorphism and isometric that allows us to identify H to the
dual space H'.

In general, but not always, it is also convenient to identify H to its dual H’'.
We write position typical where is not place of performance this identification.
Let H = L*(Q), and V = H}(Q) is a dense in L?(f2) since that V it is a
Banach space reflexive, we assume that the canonical injection of V' in H being
continuous, then identify, H' = H and H C V' from the following assertion:

For given f € H, the application v € V. — (f,v) of V into R is linear
continuous on H and by priority on V, denote by T'f € V’/ such that

(Tf,v)=(fv), VfeH YveV

where T': H — V' satisfies the following proprieties
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() [Tf]l« < Cl|f]l, for any f € H,
(ii) T is injective
(iii) T'(H) is a dense in V'
from 7', we have H C V' then we obtain
VcH=H CV, (8)

where each space is dense in the following, the injections being continuous.
We recall some basic results for using in the proof of our main results.

2. Preliminaries

Lemma 1. If u(z,t) € L'(2 x [0,T]) satisfies

t
/ u(z, t)de < C+B/ (/ u(z,s)dr)ds, C € R, B >0
Q 0 Q

then
/ u(z,t)dz < CePt, e Q, t€0,T].
Q

Proof. we have the inequality
/Qu(x,t)d:r <C+ B/o (/Q u(z, s)dr)ds <
C+B/0 [C+B/0 (/Q w(w, 0)dz)dolds —
2
C(1+ Bt)+ B /0 (t - s)(/Q w(w, 5)dz)ds
then, we have
/Qu(:c,t)dx <C(1+ Bt) + 32/0 (t— 5)(/Q u(z, s)dx)ds <
2 ’ _
C(1+Bt)+ B /0 (t—s9)C+ B(/O (/Q u(z,o)dx)dolds =

t? Lt —s)?
C’(l—l—Bt—l—BQE)—I-BS/O 5 (/Qu(:c,s)dx)ds
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by backward we obtain :

t2 tn
u(z,t)de < C(1+ Bt+ B>~ + -+ B"—) +
2 !
Q n!
t t_ n
Bn+1/ #(/ u(z, s)dx)ds
0 n: Q

pass to the limit as n — +o00, we obtain

/ u(z, t)de < CePl
Q
U

Lemma 2. Ifue LP(0,T;X) and % € LP(0,T;X),1 <p < oo then u is
a continuous from [0,T] into X, almost everywhere on [0, T.

Proof. We find u solution of the problem (1) in the space L>°(0,7"; X') then
we need the derivative % in the space L*(0,T; X') we prove % € LP(0,T;X)
if u e LP(0,7; X) where 1 <p < co.

In ([9]), 2'(0,T; X) is the space of distributions from ]0, 7' into X, defined
by

7'(0,T; X) = £(2(10,T(); X).

if ue 2'(0,T; X), the distributional derivative is defined by

ou dy

S = —u(SD), v e 2(0,T) (9)

if u € LP(0,T; X), the corresponding distribution is also defined by u from ]0, 7]
into X, such that

T
u(p) = / u(t)p(t)dt, o € 2(0.T]),

the integral u(y) € X; we can also defined % € 2'(0,T; X) by (9). O

Let V is a Banach space separable and reflexive and K is a closed convex
set in V.

Theorem 3. We assume that K is a closed convex set unbounded in
V. Let A is a pseudo-monotone operator from K into V', and coercive in the
following sense:
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There exists vy € K such that

(A(v),v — vp)

TR — 400 as ||v||ly — o0, veE K (10)
v|lv

then, for f € V', there exists u € K such that
<A(’U,),U - u> > <f,’U - u>7 Vo e K.

Proof. We note that A is pseudo - monotone from V into V' if satisfies the
following conditions:

First: A is bounded,

Second: as j — +00, u; tending to u weakly in V' and

lim sup(A(u;),u; —u) <0, then,

liminf(A(u;), u; —v) > (A(u),u —v), as j — +oo.

We give the following Theorem

Theorem 4. We assume that K is a convex closed bounded noempty.

Let A is a operator pseudo-monotone from K into V'. Then for f € V', there
exists u in K such that

(A(u),v —u) > (f,v —u), Yv e K.

The proof of the Theorem is in ([3], P. 245).
Let
Br={v|veV, |lvly <R}, Kn=K( Bz,

since Kg is a closed convex and bounded, then from Theorem 4, there exists
upr € Kgr such that

(A(ug),v —ugr) > (f,v —ugr) Vv € Kg, (11)

choosing R > Ry such that |vo||y < Rp. Then by taking v = vg in (11) we
deduce from (10), that
lurly < C

and up is solution of (11), we have ||ug|| < C and if choosing R > C, then up

is solution of
<A(’U,),U _u> > <f,’l) _u>7 Vo € K.

indeed, we have ||ug||y < C, then A(ug) remain in a bounded set of V' and
there exists a subsequence R — oo such that

ur — u weakly in V, A(ugr) — x weakly in V',



260 H. Bennour, M.S. Said

since K is weakly closed, u € K. We have
(A(ur), ur —u) < (f,ur —u)
on R > ||ully = C, then
limsup(A(ug),ur —u) <0
and from the pseudo-monotone,
liminf(A(ug),ur —v) > (A(u),u — v) (12)
and since
(A(ur),ur —v) < (f,ur —v) — (f,u—v) Vv € K,
we deduce from (12) that
(A(u),u —v) < (f,u—v) Vv € K,

then we have
(A(u),v —u) > (f,v —u)

3. Main Results
3.1. Existence and Uniqueness of Solutions

Theorem 5. Assume that €) be a bounded open. We give f,ug,u; with

fe Q) (13)
ug € Hy(Q), (14)
uy € L*(Q). (15)

There exists a unique solution u satisfies
u e L=(0,T; Hy (), (16)

ou o .
o € L>®(0,T; L*(Q)), (17)
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2u 9

8—;—1-?78—1:—Au:fin 0, (18)
u(0) = up, (19)
%(0) _—— (20)

Proof. Proof of the existence. The proof of this Theorem will be made in
three steps.
Step 1: The existence is proved by the Faedo - Galerkin method, in ([3]),

we take u' = %, u” = %, since the space V = H}() is a separable space.
We introduce a sequence of functions w1y, -+ , Wy, - -+, such that, w; € H&(Q),
foranyi=1,2,--- ,m,--- and for any m, wy,--- ,w,, are linearly independent

elements of HJ(Q), the finite linear combinations of w; are dense in the space
Hj ().
We find an approximate solution w,, = um,(t) of (18) —(19) —(20) as follows

U () = 572 gim () wi, (21)

where g¢;,,,, are obtained by the conditions

{ (ulr/n (t)v wj) + U(u/m (t)v wj) + a(um (t)vggi‘)j_:(lf"(t)v ’lj),i,z: (22)
where P
a(u,v) = X U (23)

=1 ) 8—901 8561
the system (22) of linear ordinary differential equations is given with the initial
conditions, as m — —+00

U (0) = Uom, Uom = L0y mw; — ug in HE (Q) (24)
ul, (0) = Ui, Ut = B Bimw; — ug in L*(Q) (25)
From the linearly independent of wq,--- ,w,,, we have
det(w;,w;) # 0, i =1,--- ,mand j = 1,--- ,m then from the general results

on the systems of differential equations, these results guarantees the existence
of a solution of (22) — (24) — (25) in the intervalle [0,¢]. The following a priori
estimates show that ¢t =T

Step 2: We multiply (22) by gj,,, add these relations for

j=1,---,m, which gives

(ttg (£) 2 (£)) + 171 (), 10, () + @t (£), 01, (1)) =
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(f (&), um(?)) (26)
then
1d ’ 2 / 2
577 [ [ () + alum (t), um () ]de + 1 | (up, (1)) de =
2 dt Q Q
(f(t), um(t)) (27)
then after an integration on ¢ and using Cauchy-Schwarz inequality, we obtain
Loy 2 2 L 2
S @O + lum (B[] +77/0 [t (0)||"dor <
1 2 2 ! !
3 lumll” + lluom V] +/0 I1f (@) [ luz, (o) do (28)

then

[l I + lum 7] + 77/0 [t ()| do < C +

N =

1 [ 1 [
3 [ 18@Pdo 5 [ (o) Pdo (29)
0 0
where C' > 0 is independent of m from (13) we have
T
| Is@par <c
we conclude that
Loy 2 2 - 2
S @17 + lum (B[] +77/0 [t (0)||Pdo <
1 ! / 2
C+3 [ (@l (30)
we use the Lemma 1, we obtain
Loy 2 2 iy 2
Sl @O + lum(B)[v] +77/0 [t (0)[[“do < C (31)

then if n > 0 we obtain

lum ()] < € and fJum |y < C (32)
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if n < 0 we conclude from (30) that

1 1 t
5[Iluiﬂ(t)\|2 + lumllp] < C + (5 - n)/o [ul,, (0)]|*do

we use the Lemma 1, we obtain
1
U@ + lum @3] < €
then we obtain
lum ()] < € and fJum |y < C (33)
then we conclude that ¢ = 7', from (32) — (33) we obtain the result, letting
m — +00,
Uy, Temain in a bounded set of L>(0,T; H} ()
and u, remain in a bounded set of L>(0,T; L*()) (34)
Step 3: Pass to the limit
From Dunford-pettis theorem in ([16]) to show that the space L>(0,T; Hg ()
be a given with dual L!(0,7; H~1(Q2)) and the space L>(0,T; L?(£2)) be a given
with dual L*(0,7; L?(Q2)) by a consequence there exists a subsequence u,, of t,
such that
u,, — u weakly star in L°°(0,T; H} () (35)
and ), — u/ weakly star in L>(0,T; L*(€2)) (36)
from (34) to show that u,, is a bounded in L?(0,T; H () and u/, is a bounded

in L2(0,T; L?(f2)). Then to show that u,, remain in a bounded set of H!(Q).
Then from Rellich-Kondrachoff theorem in ([4]) to show that

the injection of HY(Q) in L*(Q) is compact
we assume that subsequence u,, of u,, satisfies (35) — (36)
u, — u strongly in L*(Q) and almost everywhere

pass to the limit in (22) and using for m = p, let j is a fixed and p > j, then
from (22)

(uxawj) +"7(U:u’wj) +a(uu7wj) - (fij) (37)
from (35) — (36) we have

a(uy, w;) — au,w;) weakly star in L*°(0,T; Hy (1)),
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(145

w)) — (o) weakly star in L(0,T: L2(52),

and

(ul/

0 sw;) — (v, wj) in 2(0,T)

d
wj) - %(u/u

we conclude from (37) that

d2

) 5 (s wy) + s y) = (f, ) (39)

this for j is a fixed arbitrary. We multiply (38) by g;m, add these relation for
j=1,---,m we conclude that

d? d

S, 0) s (w,0) +alu,0) = (f0), Yo € V (39)
then wu satisfies (18) and (17) — (16). For show that (19) is satisfying, from
(35) — (36) and the Lemma 2 we have, u,(0) — u(0) weakly in L?(f2), and
from (24), u,,(0) = ug, — ug in Hi(€2), then we have (19). For show that (20)
is satisfying we prove the Lemma

Lemma 6. Let () be a bounded open set in R xRy, u,, and u are functions
in L9(Q), 1 < g < oo, such that

llupllza(qy < C; uy — u almost everywhere in Q
then u, — u weakly in L(Q).

Proof. Suppose that on a measurable set E, we note that
1 <p< 400, 1 <q< 400 are conjugated, 1% + % =1, let v, be a sequence of
LP(E), tending to v, weakly in LP(E), as j — 400, if lim [, v,&dx = [, v&dx,
for any £ € LP(E).
Let IV is an increasing sequence tending to 400, we introduce

En ={(z,t) | (z,t) € Q, |uu(x,t) —u(x,t)] <1, for p > N}

Ex are measurable set increases with N and measure(Ey) — measure(Q), as
N — +o00. Let @y the set of functions ¢ in L7 (Q), such that L? (Q) denote
the conjugate space of L4(Q),

% + ql = 1, with a support in Ey and let ® = (Jy_, Py,  is dense in
LY(Q). If we take ¢ € ®, then from Lebesgue dominated convergence theorem
we obtain

T
/0 /ng(:c,t)(uu(x,t) —u(x,t))dxdt — 0, as p — +00 (40)
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indeed, we have u, and u are functions in L4(Q), 1 < ¢ < oo, such that
lupllLa@y < € uy — u almost everywhere in @, since

lo(z, t)(uy(z,t) — u(z,t)] < |p(z,t)],and ¢ € Pn,, we take u > Ny, then
o(x,t)(uu(z,t) — u(x,t)) — 0 almost everywhere, as ® is dense in L9 (Q),
then fOT Jo (@, tyuy(z, t)dedt —

fOT Jo (@, t)u(x, t)dedt, as p — 400, then u, — u weakly in LI(Q). O

From (40),
(u);, w;) — (u",w;), weakly star in L°°(0, T} L*(Q))
then from Lemma 2 with X =R
(,(0), w;) — (', w;) le=o= (u'(0),w;)

and from (25),

(u;L(O),wj) — (u1,wy),

then
(u/(O), wj) = (ulv wj)a

for any j, then we have (20). O

Remark 7. From (2) and (3), u = 0 on X, then the condition u = 0 on ¥

is satisfies in (16).
In ([4]) from (16) — (17) and Lemma 2, we obtain that u is continuous from
[0, 7] into L?(€2) then (19) has a sense. To verify that (20) has a sense, using
the equation (18) can be written as

0u ou

i Ay — ne—

g~ AuT g
since A € Z(H(Q),H1(Q)), we have Au € L>=(0,T; H1(Q2)) from (13) —
(17) we have f € L?(0,T; L3(Q2)), % € L>(0,T; L*(Q2)
from (41) we obtain that

(41)

82
S € LT L) + L¥(0, T3 H™H () + L*(%)
then
du 2 -1 2
a7 € L(O.THT () + LX)

since % € L>(0,T; L*(2)), and from Lemma 2, that % is continuous from

[0,T] into H~1(Q) + L*(Q), such that (20) has a sense.
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Theorem 8. The equations defined by (18) — (19) — (20) in Theorem 5,

has a unique solution wu.

Proof. Assume that u,v are two solutions of (18) — (19) — (20),

then w = u — v satisfies
9w
ot?
w(0

I
ot
) =0, w(0)=0

— Aw =0,

w e L¥(0,T; H} (Q)),
).

w' € L>®(0,T; L*(Q)

. ;9 "n__ 02
by taking w’ = G7, w" = 57

we multiply (42) by w’, we obtain that

(w//’w/) +

n(w',w') — (Aw,w') =0,

by using integration by parts and (43), we obtain

d
dt

— [l @O + w®] + 2nllw’ @)]* = 0

integration from 0 to ¢ and from (43) we obtain

[’ ()1 + [l (t)
if n > 0, we obtain that
Jlw'(

and w(t) =0, Vt € [0,T]
if n < 0, we write

I’ O + lw (O]} < —277/0 (1w (@)1* + w (@)l ) do

using the Lemma 1, we obtain (49), then w(t) =0, Vt € [0,T].

t
12+ 2 / ! (0)]2dor = 0

BII* + w @) <0

(48)

(49)

To justify the previous conclusion we use Method in linear hyperbolic equations.

Let s €]0, T, we introduce

v = {

— [Fw(o)do, t < s;
0, t>s.
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and ¥(t) = wi(t) —wi(s) if ¢ < s such that wy(t) = fg w(o)do. We multiply
(42) by 1 (t) we obtain

[ wdesn [t~ [@uvie=o
by using integration by parts and (43), we obtain

- [ e [+ [ atev=o
then, since ¢ = w and (0) = —w;(s)

v =0

1 s 1
gl = [ 1Pt = Sl ()

then )
SR+ [ 1012+ o)1 = 0
if n > 0, we obtain
() + s (s)] < 0. (50)

and w(t) =0 for t € [0, T
if n < 0, we write

lw(s)II* + lwi ()]} < —2n /OS(II@Z/(t)II2 + wr ()]} )dt

using the Lemma 1, we obtain (50), then w(t) = 0 for ¢ € [0,T].

Remark 9. In the case of the uniqueness the sequence u,, of approximate
solutions converges to .

O
3.2. A Regularity Result
Theorem 10. The hypotheses are those of theorem 5 with another
of .o
— €L , 51
e 12(Q) (51)
ug € Hy(Q) (| H*(9), (52)

uy € Hi(Q), (53)
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then there exists a unique solution u of (18) — (19) — (20) satisfies

u € L™(0,T; Hy(Q) () H*(Q) (54)
u' € L0, T; Hi(Q)), (55)
u" € L0, T; L*(Q)). (56)

Proof. Proof of the Existence
The Proof of this Theorem will be made in two steps, the existence is proved
by the Faedo-Galerkin method, in ([3]).
From the approximate solution wu,, of (22) — (24) — (25), we take w;, j =
1,2,--- ,m is a basis in the space H} () H?(1),
from (24) — (25) we assume that

Uom — ug in Hy(Q) (| H*(), (57)

Uty — up in HE(Q). (58)

We prove in step 1 an additional a priori estimate to show that the existence of
a solution with (55) — (56), and we prove (54) in step 2 by using the equation
(18).

Step 1: We deduce from (22) that

from (51) and Lemma 2, f(0) € L?(f2), and from (57)
|Atom ]| = ([ (Buon o)’ < C.
Q
we multiply (59) by g7,,(0) and add these relations for j = 1,--- ,m which gives
[ 002 = (70)+ Bt (0)) = n(u (0., (0)
Q
by using the Cauchy-Schwarz inequality, we obtain
[ @)ds <[ [ (FO)Pd0)t + ([ (Buon o)t +
Q Q Q
[ (i 0)d) ] [ (a1, 0))%d)
Q Q

=
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then we conclude by using (57) — (58) and f(0) € L?(2) that

([ oot < (00
Q
by differentiating (22) with respect to ¢, we obtain
(s (£), w5) + gy, (£), w5) + alug, (), wy) = (f'(t), wy) (61)
forj=1,---,m,

we multiply (61) by gj,,(t), add these relations for j =1,--- ,m,
we obtain

(t (£), 117 (£)) + 1 (1 (8), iy (£) + a1t (£), i (8)) = (f'(2), i (1))

m

then

3t 12 4 I (O o [ (a0 = (£0) w5, 0)

integrating from 0 to ¢ and using Cauchy-Schwarz inequality we obtain

3 @) + @I+ [ ([ @ (o)Panys <

3 10RO + [ O o + [ 17/l o) o <

1 " 2 / 2 1 ! / 2
3 |10 + IR+ 5 [ ([ (70 dnar +

2
5 [ ([ ntorayio

by using (51) — (58) — (60), we obtain
1 " / ¢ "
S 1 + [ R+ [ ([ () Py <

C+ % /0 t( /Q (" (0))2dz)do (62)

we use the Lemma 1, we obtain

3 1@ @F + i@+ [ ([ @h)Padr<c @)
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then if n > 0 we obtain
[ugllv < C and [Jup,[| < C (64)

if n < 0 from (62) we obtain

s F + I (17 < O+ (=) [ ([ (iio)Pdnas (69)

N =

we use the Lemma 1 we obtain
1
Q[HU%(UII2 + il < C

then we obtain
v < Cand [l (1)) < © (66)

then from (64) — (66) we obtain the result

[

ul, remain in a bounded set of L>(0,T; H} (%)),
u!’, remain in a bounded set of L>(0,T; L*(£2)).

Then there exists a subsequence u, of u, as in the proof of the existence
Theorem 5 such that, u satisfies (55) — (56), then we have u € L>(0,T; H} (2))
from the theorem 5, for proved (54), to verify that

u € L>(0,T; H*(Q)) (67)

Step 2: We prove (67).
We conclude from (18) that

Au=u"4+nu'—f (68)

from (13) and (51), f € L>(0,T; L*(Q2)) and with (56) we conclude from (68)
that
Au € L®(0,T; L*(Q))

put
Au = h,

since A : H}(Q) — H~1(Q) is an isomorphism with continuous inverse G =
A~ and since u € L>(0,T; H} () we have

u(t) = Gh(t) almost everywhere (69)
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in ([4], [6]) we have the theorems for regularity of solutions of linear elliptic
equations are given

G e Z(L*(Q),H*(Q)) (70)
then from (69) — (70), we obtain

u € L0, T; H*()).

Proof of the Uniqueness

Theorem 11. The solution u in the theorem 10 is a unique.

Proof. Assume that u,v are two solutions given in the theorem 10, then
w = u — v satisfies

0 2 aw=o0 (71)
w(0) =0, w'(0) =0, (72)
w e L(0,T; Hy () [ H* (%) (73)
w' € L>®(0,T; HY(Q)) (74)
w” € L0, T; L*(Q)) (75)

we multiply (71) by w’, we obtain
(w”,w") +n(w',w") — (Aw,w") =0
by integration by parts and (72), we obtain

1d

2 dt Q[(w’(t))Q + ||1U(t)‘|%/]d:c 4 n/fz(w/(t))gdx _ 0

integration from 0 to ¢ and from (72) we obtain

1

3 [ 1@ OF + @l lds 0 [ ([ (@0f(0)drdr =0

if n > 0, we obtain that

/Q[(w/(t))2 + w(®)][}]1dz <0, (76)
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then w(t) =0, for t € [0,7]
if n < 0, we write

/Q (' (1))? + [lw(®)[2]dz < —2n /0 ( /Q (' (0))? + (o) |2 ]dz)do

using the Lemma 1, we obtain (76), then w(t) = 0 for ¢ € [0,T].

For justify the previous conclusion the uniqueness applying the same argument
in uniqueness Theorem 8, then the sequence u,, of approximate solutions con-
verges to u. ]

3.3. Semi Discretization and Variational inequalities

In ([3], P. 432), we apply semi-discretization in time, to establish the existence
and uniqueness of solution, then

we give the following Theorem.

Such that from (8) we have

VcCH=H cV (77)
and from (7), we have
—Aec LWV, V), (=Av,v) > a|v|}, 0<a <1, veV. (78)

Theorem 12. We assume that (77) — (78) are satisfied.
Let K is a closed convex set in V. We give

feL*0,T;H), (79)
ug € K, (80)
uy € H. (81)

There exists a unique solution u, such that

uwe€(0,T)V) (€ ([0,T); H). (82)

u(t) € K, almost everywhere, u'(t) € H. (83)

And in the cases 1.,2. We obtain the inequality

T
/O () + ! (£) — Au(t) — F(£), 0(t) — u(®))dt +
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e e Y L e VAR ] it (84)

Yo € €([0,T); V), v € €([0,T); H), v" € L*(0,T,V"),
v(t) € K, almost everywhere, v'(t) € H.
And in the cases 2., 3. We obtain the inequality

T
/0 (W"(t) + mud (£) — Du(t) — £(2), 0(t) — u(t))dt +
SN o (o )|
SN0t (@ — )2 2 0 (85)
Vo e €([0,T): V), o/ € €(0.T]; H), v € L2(0, T; V"),

v(t) € K, almost everywhere, v'(t) € H.
And in the cases 2.,4.,5. We obtain the inequality

T
/O (W (t) +nu'(t) — Au(t) — f(t),v(t) — u(t))dt +

1+ nk
AT ot — )+
L+nk . oN-1 nt1 ntl n ny (|2
T (L
S " —u T = (0" —u™)[]P >0 (86)

vv e €([0,T; V), v' € €([0,T]; H), v" € L*(0,T; V"),
v(t) € K, almost everywhere, v'(t) € H.

Proof. Semi-discretization in time We introduce

T
k=NAt=— 87
X (87)
N is an integer fixed in N and u" an approximation to w at time nk. We

introduce
1 (n+1)k
ol / F(0)do, n > 1; (88)
k nk
we take
uo = Up (89)

and we define u,, by

i |t s
(—Au"™ — f" v —u") >0 (90)

YVwwe K, VW eH uv"eK, n=1,--- ,N—1.
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The system (90) is an elliptic variational inequality, has a unique solution.
Indeed, (90) is equivalent to, for any v € K, v' € H

(=8u" = (5 + e v —u") = (f —(EJFE)UH——U Lo —uh),

then by applying the Theorem 3, to the operator

2 n
—(=+)1I.

Where I is the identity operator, then we prove that operator

—A — (& + )1 is coercive, we have

(—=Av,vg) = a(v,v0) = B, [, g—ég—xdx, vg € K, and from (4) — (7) we obtain
that

(~(A+ (o + D))o, — ) =
(—Av,v) — (—Av,vp) — ((k—Q2 n g)v,v — ) >
2

then for any v € K

(—(A+ (& +B)v,v —vp)

[llv

— +00

as ||vl]ly — +o0

and we prove that operator —A — (k% + #)I is pseudo monotone, first we prove

that operator is bounded then for any u,v € K, from (5) we have

2 9 2 7
“Au— (=41 = (—A (=42 <
(~Bu = (o + Du,v) = (~Au,0) = (o + D(u,0) <
2
Cllullvllvllv = (55 + £)(w,v) < Cllullv[vlly
then
2 7
(~Au= (o + D) < Cluly ol
then

|- A - (2

n
Z L, <
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second if u; — u weakly in K, as j — 400, then
lm(=A = (& + }))(uy) = (A = (F + {)(w),

for any —A — (k—% + 1) € V' since

2k
lim inf((—A — (% + D)),y =) =

Vv € K, then
lim inf((—A — (% + Z))(u]),u] o) >
(=2 = (5 + Dyu),u—v)

275

then by applying the Theorem 3, we deduce the system (90) has a unique
solution. We say that the system (90) is a semi-discrete approximation of the

inequalitys (84), (85), (86).
Proof of the Existence
We introduce

u(t) = u" in [nk,(n + k[, n=0,--- ,N — 1

then we prove the Lemma

Lemma 13. We take k — 0, we have

uy, remain in a bounded set of L*°(0,T; V),
uj, remain in a bounded set of L*°(0,T; H).

Proof. We refer to ([13]), ([3], P. 222), ([5]) for the proof
of Lemma 13.
we want to solve the initial-value problem such that n € R

9%u ou

Wﬁ-na —Au:f, OH]O,T[,
)
u(0) = o, 8—7:(0) = .

Where f € L?(0,T; H), up € K, uy € H.

(91)

Since the space V is a separable space and consider a sequence of linearly
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independent elements of V', wy, -+ ,wg, -+, which is total in V. Using the
Faedo- Galerkin method we define for each k an approximate solution uy of
(93) — (94)

uk(t) = S gin (t)wi, (95)
then
0? 0
gz (ks w5) + 1 (uk, w5) + alug, wy) = (f,w;),
jzla"'vkv (96)
uy(0) = uog, (97)
up(0) = uqg. (98)
Where gy, is the projection in V' of ug on the space spanned by wi, - - - , wg,
and wuyy is the projection in V' of u; on the space spanned by wy, - -+ , wg.

Equations (95)—(96) —(97) — (98) are equivalent to a linear initial-value problem
for an ordinary k-dimensional differential equation. They possess a unique
solution defined for all time and in particular on [0,77], the function uy is in
% ([0,7];V) and u), € €([0,T); V),

ufl is in L*(0,T; V).

A priori estimates are obtained by multiplying (96) by g}k and summing these
relations for j =1,--- k. We obtain

(ug, uy) + (g, u) + alug, uy) = (f,up). (99)

d
ol + alu, we)] + 2nllui | = 20f, i) < A1 + [l ] (100)
We use the Lemma 1, we obtain

uy remain in a bounded set of L*(0,7;V),
uj, remain in a bounded set of L>(0,T; H).

Then we have (92). O

Thus there exists a subsequence, remain denoted uy, and u, such that
ue L>®(0,T;V), v € L*(0,T; H), (101)

as k — 400,
up — win L(0,T; V') weak-star,
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uj, — u' in L*°(0,T; H) weak-star .

Then passing to the limit in (95) — (96) — (97) — (98) we see that u is a solution
of (93) — (94) which satisfies (101).

To conclude the proof of existence it remains to show the continuity properties
ue (0, T;V), v € €(0,T]; H).

We give the following Lemma

Lemma 14. Let X and Y be two Banach spaces such that
XcCcY (102)

with a continuous injection.
If a function ¢ belongings to L*°(0,T; X') and is weakly continuous with values
in'Y, then ¢ is weakly continuous with values in X.

The proof of the Lemma 14 is in ([12]), and in
([14], Lemma 1.4, Chapter III).
It follows from the Lemma 14 and (101) that u is weakly continuous from [0, 7]
in V. Similarly, we infer from (93) that
W= f—nu+ Au

and v € L%(0,T; V'), since f € L?(0,T; H), v’ € L>=(0,T; H),
u € L>®(0,7;V) which implies —Au € L*>®(0,T;V’).
We give the following Lemma

Lemma 15. Let X be a given Banach space with dual X' and let u and g
be two functions belonging to L'(0,T; X). Then the following three conditions
are equivalent

(1) w is almost everywhere equal to a primitive function g, there exists { € X
such that

t
u(t) =€+ / g(s)ds, for almost everywhere t € [0, T]. (103)
0
(ii) For every test function ¢ € 2(]0,T),
T T
| utre i = - [ goeta (104
0 0

(iii) For each £ € X',
w6 = (9,6 (105)
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in the scalar distribution sense on ]0,T.

If (i)-(i1)-(iii) are satisfied we say that g is the X -valued distribution derivative
of u, and u is almost everywhere equal to a continuous function from [0, T] into
X.

The proof of the Lemma 15 is in ([14], Lemma 1.1, Chapter III).
From Lemma 15, then shows that w is continuous from [0,7] in V', Lemma 14
and (101) imply that «’ is weakly continuous from [0,7] in H.
We give the following Lemma

Lemma 16. We assume that w is such that
w e L2(0,T;V), w' € L*0,T; H), (106)

and
w” — Aw € L*(0,T; H). (107)
Then, after modification on a set of measure zero, u is continuous from [0, T
into V, ' is continuous from [0,T] into H and, in the sense of distributions on
0,77,
" / ld 1112
(W = Aw,w) = 5= {[lw]|” + a(w, w)}. (108)
The proof of the Lemma 16 is in ([13], P.79).
We deduce from Lemma 16 that u satisfies an equation similar to (100), namely

d
E[IIU’H2 + a(u,u)] + 29|l || = 2(f, )
This shows that the function
t— [Ju'()[I” + a(u(t), u(t))

is continuous on [0,7]. In conjunction with the above properties of weak con-
tinuity, we conclude that u € €([0,7]; V) and
u' € €([0,T]; H), then we have (82)

ue (0,7 V) (¢ ([0,T]; H)

For show that (83) we have if the set K is a closed and convex of functions
v € €([0,T]; V) such that v(t) € K almost everywhere, then we have

up € K for any k and since K is weakly closed in € ([0,7]; V'), we have u € K.
And from (82) we have u/(t) € H.

For show that (84), (85), (86), we consider the function v satisfies

ve €X0,T];V), v(t) € K, v'(t) € H, for any t € [0,T] (109)
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we put
v" =v(nk), n=0,--- N —1,

v =< step function defined by vi(t) = v™ in [nk, (n + 1)k[>
U, =< piecewise linear function, continuous in [0, 7]

such that
tp(nk) =0""1, n=1,2,---and 7,(0) = " > .

We note that

T 32~ ~
d d
/ ( kot ﬁ—vkavk —uy)dt =
. dt

dt?
(n+1)k d2% A
nh-1 = v — ug)dt =
n=0 /nk ( dt2 +1n dt y Uk uk)
271:[:—11((,071—}—1 — 0"+ Un_l) + n(vn-i-l _ ,Un)’vn _ un)’ (110)
and that -
/ (= Aup, vy, — ug)dt = E*SN - Au™ 0™ — u™). (111)
0
We define
fe=f"in[nk,(n+1)k[, n=0,---,N—1, (112)
we have .
/0 (fr, v — ug)dt = k:22£y;01(f”,v” —u"). (113)

We take v = v™ in the system (90), and we multiply by k? we obtain that

((un—I—l L un—l) + nk(un-i-l . un)’vn . un) +

E*(—Au™ — f7 o™ — ™) >0, (114)
then

((Un-i-l — 0"+ ,Un—l) + nk(vn—I—l o ,Un)’vn o un) +
k2<—Au” _ fn’,Un _ un> —_
((un—I—l —ou™ + un—l) + nk(un-i-l o un)’vn o un) +
kQ(—Au” o fn,Un o un> +

1 k
imvn—kl _ un+1H2 _ H,Un _ unH2 _

2
ot — = (o — 2]+
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[ T e

e At T [ (115)

1
2

From the properties of the norm in L?(£2), we have the inequality
anJrl o unJrl o (Un o un)HQ > anJrl o un+1H2 o an o unHQ (116)

if we have the case 1.: |[v"T! — w112 — ||o™ — u"||? < 0,
and # <0
by using the case 1., on the member

1 k
SR ot — R o -t — o -t o — ) )

of the equality (115) and using the inequality (116), we obtain the inequality

LR bt n2
2

" — un||2 o

an-{-l o un—f—l o (vn o un)H2] >

anJrl o unJrlHQ o an o unH2 (117)

if we have the case 2.:
o=t — =2 o — w2 < 0 or [0 — w2 = on w2 > 0
by using the case 2., on the member
1
U™ = o =P = o = = 7 = )]
of the equality (115) and using the inequality (116), we obtain the inequality

1
e
ot =t — " = )] 2

ol G GO s (118)
by using the inequalitys (114) — (117) — (118), on the equality (115) we obtain

((UnJrl — "+ ,Unfl) + nk(anrl o ,Un)’vn o un) +
k2(—Aun _ fn’,Un _ un> >

an—f—l . un+1H2 . H n o unH2 _

v

A G (119)
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summing to n, we deduce
SNEH((™ = 20™ 4 o™ k(v — 0™), 0" — u™) +
E*(—Au™ — f* 0" —u™)] >
o — w2~ ! — !
Spot "™ =T = (0" = )P >
—[lv" —ut|* ~
3 G (120)

with (110) — (111) — (113), we conclude of (120) the inequality
T 2~ ~
d Vi dvk
— — — ug)dt
/0 (dt2 +n dt , Uk uk) +
T
/ <—Auk — fk, Ve — uk>dt — k‘2<—AuO, ’UO — u0> +
0

K2 (0,07 =) + o' —ul|? +
3 e G0 | = (121)

as k — 0, d;tg’“ — v strongly in L?(0,T; V'), and dditk BN
strongly in € ([0,T]; H), vy — v strongly in €([0,7]; V),

fr — fin L?(0,T; H) and since —A pseudo-monotone, we have as k — 0

T T
lim inf/ (—Aug, ug)dt > / (—Au,u)dt,
0 0

and since k?fY — 0 in H as k — 0, we conclude of (121) that

T
[ oo =)+ (B ool + ot - P+
0
SNl - - P20 (122)

for any v satisfies (109).

if v is given as in the inequality (84), there exists v; satisfies the conditions
(109) and such that v; — v weakly in €([0,7];V), v, — v weak-star in
¢([0,T]; H), vj — " in L*(0,T; V).

We take v = v; in (122) and pass to the limit, we conclude that (84).

If we have the case 3.:

[ — w2 — (o — w2 > 0 and 1E < 0

by using the case 3., on the member

n unHQ . anJrl _ o, ntl (Un _ un)HQ]

u

1 k
%[anJrl o un+1||2 . ||U
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of the equality (115) and using the inequality (116), we obtain the inequality

1+77k n+1 n+1(2 n ni2
B e e

lv

ot — = (o — )] 2

—H’Un+1 . un-i—l . (Un _ un)H2

(123)

by using the inequalitys (114) — (123) — (118) on the equality (115) we obtain

((,Un—I—l — " 4+ Un—l) + nk(vn-i-l _ Un)’vn _ un) +
k2<—Au” _ fn’vn _ un> >

_an—I—l o un-i—l o (vn o un)H2 o an—l o un—l o (vn o un)H2
summing to n, we deduce

SN = 20" 40 4 k(0" = o), 0" — ) +
(- Au® — o — )] >

N G [
A AR

with (110) — (111) — (113), we conclude of (125) the inequality

T 12~ .
d“vy, duy,
/O(W"i'nﬁavk_uk)dt"i'

T
/ (—Auy — fi, v — up)dt —
0
k2 (—Au® v — %) + K2 (0% —u®) +
Zé\/:luvrwrl _ un+1 _ (U" _ un)H2 +

=1
Zé\/j—fuvnfl . unfl . (U" _ un)H2 Z 0

as k — 0, djf;k — v strongly in L?(0,T; V'), and ddif Y

strongly in € ([0, T]; H), vy — v strongly in €([0,7]; V),

(124)

(125)

(126)

fr — fin L?(0,T, H) and since —A pseudo-monotone, we have as k — 0

T T
liminf/ (—Auk,uk>dt2/ (—Au,u)dt,
0 0

and since k?fY — 0 in H as k — 0, we conclude of (126) that

T
/ (V" +nv',v—u)+ (—Au — f,v — u)]dt +
0
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St " = = (0" = )P+

3 e G0 | = (127)

for any v satisfies (109).

If v is given as in the inequality (85) there exists v; satisfies the conditions
(109) and such that v; — v weakly in €([0,7];V), v; — v' weak-star in
€((0,T); H), vf — v" in L*(0,T;V").

We take v = v; in (127) and pass to the limit, we conclude that (85).

If we have the case 4.:

[0 — w2 — (0" — w2 < 0 and 1E > 0

and the case 5.:

o™ — w2 — (o — w2 > 0 and 1E > 0

in the cases 4., 5., we use the inequalitys (114) — (118) on the equality (115)
we obtain the inequality

((anrl — " 4+ Unfl) + nk(anrl o Un)’vn o un) +
k‘2<—Aun _ fn’,Un _ un> >

1+77k n+1 n+1/2 n n|2
5 v (A el u”

lv
e A0 [ I L I AR PL)] LT
summing to n, we deduce

SIS (" = 20" 0" k(" = 0"), 0 ")
R (—Au" — 0" — )] 2

1+ nk
o — w2 — ot — )2

EnNz—llnanrl o unJrl _ (Un _ un)HQ] .

27]1\/:—11“,Un71 . unfl . (U" o un)H2 Z

1+ nk
Lot — ) -
e G0 | B
3 T G0 (129)

with (110) — (111) — (113), we conclude of (129) the inequality

T 72~ ~
d=vy, dvy,
+n—=, v — u)dt +
/O(dt2 a0 vk k)

T
/ (=Auy, — fr,vp — up)dt — B (—Au®, 0% — %) +
0
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1+nk
B0 ) (et =l P+
1+ nk _
Ry
[ (O (130)
as k — 0, d;tg’“ — v strongly in L?(0,T; V'), and
duy,

G — v strongly in ([0, T); H), vy, — v strongly in
€([0,T;V), fr — fin L*(0,T; H)
and since —A pseudo-monotone, we have as k — 0

T T
liminf/ (—Auk,uk>dt2/ (—Au,u)dt,
0 0

and since k?fY — 0 in H as k — 0, we conclude of (130) that

T
/ (V" +nv' v —u) + (—Au — f,v — u)]dt +
0

1+ nk
T)Hvl —ul|]® +

(

)EnN:—OIHUnJrl _ unJrl _ (,Un . un)”Q +

SN =T = (0" = w2 > 0 (131)

1+ nk

=3

for any v satisfies (109).

If v is given as in the inequality (86) there exists v; satisfies the conditions
(109) and such that v; — v weakly in €¢([0,7];V), v; — v' weak-star in
€((0,T); H), vf — v" in L*(0,T;V").

We take v = v; in (131) and pass to the limit, we conclude that (86). O

Proof of the Uniqueness
Regularity parabolic and variational inequalities hyperbolic
We approach parabolic equations by elliptic equations the following step is to
approach hyperbolic equations by parabolic equations, this is the regularity
parabolic method, that allows us to proved the Uniqueness. We apply this
method to the evolution inequalities of type hyperbolic or related to operators
well-posed of a sense of Petrowski.
Hypotheses
Let V., H are Hilbert spaces with

V C H, Vis dense in H, V — H, continuous. (132)
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From (8), we have V.C H=H' C V.
Put, for simplicity

L*0,T;V) = L*(V), L*(0,T; H) = L*(H),
L*(0,T; V') = L*(V).

And put

¥ =L*0,T;V x V) = L*(V) x L*(V),
A =L%0,T;V x H) = L*(V) x L*(H).

Identifying 27 to its dual ', we have

v ="y,
such that 7/ = L2(V) x L2(V").

Operator A = —A
We give A = —A with

-A eV, V), (-A) = -A,
and there exists ¢, «a such that
(=Av,v) +c|v]? > all|F, ¢>0, a>0, YoeV
The scalar product on V is
(u,v)y = (A +c)u,v), u,v e V.

Operator —A on L2(V)
We define the operator —A from L?(V) — L?(V") is given by

(—Av)(t) = —A(v(t)) almost everywhere.

Operator .
We give k > 0, we define
(kI —1 ,
o = (—A kI)’ o e LV, V).

If v ={v1,v2} € ¥, then

v = {kvy —ve, —Avy + kva} € V.
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(134)

(135)

(136)

(137)

(138)

(139)

(140)
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The scalar product on V' is given by (138), the scalar product in .7 is given by

T
(u,0) = /0 (s 01)v + (2, 0)]dt

then
T
(v, v) / [(kv1 — vo,v1)v + (—Avy + kvg, vg)]dt =
0
T
/ (A + c)vy,v1) — ((wA + ¢)va,v1) +
0
(—Avy,va) + k(ve, v2)]dt >
T
/0 [kallor[IF + kllva||* = cllos||[|va]l]dt
but
lv]| < d||v|]v, Yv €V, d >0, (141)
then we conclude that if J
c
k 142

then

there exists ag > 0 such that
(v,v) > agl|v||%, Vv e V. (143)

The semigroups G(s) and g(s)

We give the semigroup G(s) in L2(V), L?(H) and L?(V").

G(s) is a semigroup of contractions in L?(H).

We denote by —A is the infinitesimal generator of G(s), and

D(A; L*(H)) is the domain of A in L?(H). We can associate to G(s) the
semigroup ¢(s) in ¥, S, ¥, is given by

_(G(s) 0
o= (5 o) (144)
and we denote by —L is the infinitesimal generator of g(s), is given by
A O
L= ( 0 A> (145)

with the domain

D(L; #) = D(A; L*(V)) x D(A; L*(H)). (146)
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The convexs %
We give the convexs J%;, i = 1,2 with
the set .%;, is a convex closed of L*(V), 0 € %, i = 1,2 (147)

and we assume

there exists o > 0 and wg € L?(V) such that
oy +wy C . (148)

Remark 17. In the applications, using the set .#; = L?(V), such that
(148) is satisfying for any 7.

Compatibility
Perform the following hypotheses
G(s)(—A)(v) = —AG(s)v, Vs > 0, Vv € L*(V), (149)
G(s)H#; C H#;, Vs> 0,1=1,2, (150)

there exists p > 0 such that, Vs >0, Yv € 7, i = 1,2,
G(s)v+G*(s)v — G*(s)G(s)v + (p — 1)v € pJ. (151)
Such that G*(s) is the adjoint semigroup of G(s).
We give the following Theorem

Theorem 18. We assume that —A is given with (136) — (137) and < is
given by (140) with (142). We assume that (147) — (148) — (149) — (150) — (151)
are satisfied. With another

/T((—A + ¢)Avy,v)dt > 0, Yo, € D(A; L*(V)). (152)
0

Let f € D(A;L?(H)) and put F = {0, f} € .
Then there exists a unique function u satisfies

u € K x A, ue D(L; X), and (153)
(Lu,v —u) + (Fu,v —u) > (F,v —u), Yv € X . (154)

The proof of the Theorem is in ([3], P. 349).
From the proof of the Theorem 18 we give the following remarks
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Remark 19. The variational inequality (154) is not of type parabolic
because &7 is restrict to ¥ is not coercive on ¥, but is only coercive on 7,
this is the situation typical of hyperbolic operator or well-posed of a sense of
Petrowski.

Remark 20. Before we give applications expounding (154), since & =
S X Ao, then from (154) we have the inequalitys

u; € D(A; LA(V)), uy € 44,
T
/ [(Aul,vl — ul)v + (kul — U, V] — ul)v]dt >0,
0
Yor € A4, (155)

ug € D(A; L2(H)) [ L*(V), ug € A,

T
/ [(AUQ,UQ — Ug) + <—AU1 + k‘UQ,UQ — u2>]dt Z
0

T
/ (f,v2 —ug)dt, Vg € . (156)
0

In particular, % = L?(V) then from (155) we deduce the equation
Auy + kuyp — ug = 0. (157)

Remark 21. Third a priori estimate in the proof of the Theorem 18 is
not satisfying if

M4 is bounded in L*(V), (158)

then (148) is not utility.
Remark 22. Since & is given by (140), but with £ = 0 we have

0o -I
o= (5 ) -
and perform the following hypothese : .#] = L?(V), .#3 is bounded in L?(V)
and if u; € D(A; L?(V)) and (A + €)v; is remain in bounded of L*(V'), then v;
is remain in a bounded set of L2(V), for any j, as j — 0.

In these conditions, the Theorem 18 is also satisfying.
Indeed, by taking

0
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such that
(( + eB)v,v) = e{Buv,v) > €|lv]l3,
then there exists ue in £ x 5 and D(L; ') such that there exists
(Lue,v — ue) + (A + €B)ue,v — ue) > (F,v —ue), Yo € A,
then
((—A + ) (Auer — ue2 + €uer),v1 — uer) > 0,V € LQ(V)
and then

(A + €)uer = uea.

289

(161)

But ueo € 5 bounded in L?(V) and then w,; is remain in a bounded set of

L?(V) and bounded of D(A, L?(V)).

Then we have the results of first and third a priori estimate in the proof of the

Theorem 18, second a priori estimate is unchanged.

Remark 23. From the proof of Theorem 18 can be replaced The hypothe-

ses (150) — (151) by the following hypotheses respectively,
there exists 8 € R, such that Vs > 0, e’*G(s).% C %,
i=1,2,
there exists p > 0, such that, Vs > 0, Yv € %, i = 1,2,
P G(s)v+ e PG (s)v = G*(5)G(s)v + (p — L)v € p ;.

First application

From the Theorem 18 we prove as application the following Theorem.

Theorem 24. We give the function f = f(x,t), with

of B
fs B © L3(Q), f(z,0)=0.

There exists a unique function u satisfies

% ou  ?u 0%

- - - 2 ‘: PP
Y e ot amar o €L (@ i=lem,
0% .
E—Au—fa in @,

(162)

(163)

(164)

(165)

(166)
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ou

u(z,0) =0, T —(x,0) =0, on Q, (167)
ou ou
—_— > >
5 0 on X, 8n_OonZ],
8u ou
5% = o =0, onX. (168)

Such that 88 = normal derivative to OS2, directed on the exterior of ). From
(165), Au= 8t2 — f € L*(Q), such that % has a sense from ([4]).

Proof. We apply the Theorem 18 in the following conditions
V=H' (Q)a

n ou Ov
(—A’U,, ’U) = Ei:l o a—xza—xzd.ﬂf,
=L} (V) = L*(0,T;V),

oy ={v|ve L*V), v >0, almost everywhere on X},

t—s)ift > s,
0, ift < s.

G(s)lt) = { #

Here the conditions of the Theorem 18 are satisfied, choosing k£ > 0. The
operator A is A = %, with domain the null functions for t = 0, here by using
(157), then we have the existence and uniqueness of the couple u;, us with

uy € D(A; L*(V)), such that,

uy € L2(V), vy € L*(V),u1(0) =0, (169)
ug € D(A; L (H)), up € A, (170)
u'l + ku1 — U2 = 0, (171)

T
/ (uh + (—A)uy + kug — f,va — ug)dt > 0,
0
Yoy € s (172)

As J#5 is cone of summit the origin, (172) is equivalent to

T
/ (U/Q + (—A)uy + kug — f,v2)dt >0
0
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T
Yy € o, with / (uhy + (—A)uy + kug — f,v9)dt = 0,
0

if V2 = U9g.
Using the definition of %5, we conclude that
ué - Aul + k‘UQ = f, in Q

If we multiplying by v and integration by parts, we deduce of
(174) that

Ouy T /
—— v dX = [ (ug+ (—A)uy + kug — f,va)dt
s On 0
and then
0
/ﬂvgdzzo, Yy € 5,
» 871
. Ouy .
with, —— vo dX =0, if vo = uo,
» 871
then
8u1 8’U,1
s 0.
on — 0, uz on 0
Then put

w; = ektui, 1 =1,2.

We conclude of (171) and (176) that
w) — wy =0,

wh — Awy = et f = f*,
811}1

wg > 0, on X, %:0, on X,
0
wQ%:O, on .

291

(173)

(174)

(175)

(176)

(177)

(178)

Then u = w; satisfying the conditions of Theorem 24 , with f is replaced by

fr

As we have equivalent of the research of u, of {wq,ws} and {uq,us} we have

further the uniqueness.

O
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Second application
We consider the problem with periodic solutions in ¢ of inequality of type (166)—
(168). We take that the change w; = eFu;, i = 1,2, exterminate the periodicity
in ¢ then we will verify this.
We give the following Theorem as application on the Theorem 18 and the
Theorem 24

Theorem 25. We give the function f = f(x,t), with

f

f, € LA(Q), f(z,0) = f(z,T), = € Q. (179)

Let k=n>0.
There exists a unique function u, satisfies (165) and

O*u ou

@Jrka —Au=f, inQ, (180)
(.CI?,O) - u(va)a
%(%0) = %(%T), z € Q, (181)

and (168).

Proof. Applying the Theorem 18 with the same hypotheses of the Theorem
24, but the semigroup G(s) is given by

CORURS A e

We obtain the existence and uniqueness of the couple {u;,us} with

uy € D(A; L*(V)), such that uy € L2(V), u} € L*(V),
uy (x,0) = uy(z,T), ug € D(A; L*(H)), ug € Hs, (182)

and (171) — (172). Then interpret (172) as in the Theorem 24 and that u =
uy satisfying the conditions of the Theorem 24, as we have equivalent of the
research of u, of {u1,us} we have further the uniqueness.

Then we obtain the Uniqueness in the Theorem 12 when n > 0. O

To illustrate our results we consider the following example.
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3.4. An Example
We consider the initial - boundary value problem

%273‘1"'7% - % :f(xat)a
x €)0,1[, t €]0,T]

w(0,8) = u(1,t) = 0, t €]0, T, (183)
u(z,0) = 2sinmx = up(z), x €]0,1]
9u(2,0) = —sin 27z = wy (z), = €)0,1]

Where > 0, and f(z,t) = —2nm(sin 72 sinwt 4 5= sin 27z cos 2t)
the unique solution of (183) is given by

u(z,t) = 2sinmx cos mt — % sin 27z sin 27t (184)
For find the unique numerical solution v, the way we derive the finite difference
scheme for (183) then to replace the derivatives involved in (183) by finite
differences. But for (183) we have to approximate both the space and the time
derivatives.

Let n > 1 be a given integer, the grid spacing in the x - direction is Az =
The grid points are x; = j Az for j =0,1,--- ,n+ 1.

The discrete time levels are given by t,, = m A t for integers m > 0, where
At > 0 is the time step.

The grid function v, with v]" = v(x;,,,), approximates u.

Then we define the difference scheme

1
n+1°

m+1 m—1 m+1
v = 20" 4 0] —i—’nvj - B
(At)? At
vt — 20 o
J+1 J =1 )
for j = 1,2,--- ,n and for m > 1. We require the discrete solution to satisfy

the boundary conditions in (183),

vy = v, =0 for, m > 0.

m+1 n

mln m—1\n .
If {vj 71 and {vj %_, are known, then the solutions {vj:1 _y can be

computed from (185). We need to know v at the first two time levels. We have

v) =ug(z;) j=1,2,-,n. (186)
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to obtain approximation vjl- for u(x, At) we use a Taylor expansion with respect
to time to obtain

u 2 2u
(e, 20 = (e, 0) + (20 2,0 + BTz 0) 1 o((at?)
2
wl(e, A) = uo(a) + (At (@) + Ll (@) + OB,

2

Since 52 e
u U

Then, we have the following approximation vjl- for u(x;, At)

1_ .0 (A1)? 0_,0
To write (185) in a more compact form, we let v™ € R™ be the vector v =
(v, o5, -+ Jupt)T, T = transferred, and A € R™" the tridiagonal matrix

2 -1 0 0

) -1 2 -1 .o
A= —_ . 188
(Ax)Q 0 . . .0 ( )

-1 2 -1

0 0 -1 2

then (185) can be written for m > 1,

2+nA 2
+nit. (At Ay —
1+nAt 1+nAt

1 -1
m m 1
1+17Atv +f (189)

where I € R™" is the identity matrix, and f™ = (f{", f3", -+, f"")" with
components given by

vm—i—l _ (

2nm(At)?

(sin 7z sin 7ty +
5, Sin 27 cos 2ty

for j = 1,2,--- ,n and m > 1, where the initial approximation v* and v' are
determined by (186) and (187).
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