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Abstract: In this paper we have extended the results of fractional Fourier
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1. Introduction

Boehmian, which is a class of generalized functions, have been introduced by
Boehme [3]. The construction of Boehmians was given by Mikusiński and
Mikusiński [5, 7]. Fourier transforms of integrable Boehmians is studied in [6].
Fractional Fourier transform of distributions of compact support was studied
by Zayed [12], Bhosale and Chaudhary [2].

The fractional Fourier transform, which is a generalization of the Fourier
transform, was first introduced by Namias [8] in order to solve certain classes
of quadratic Hamiltonians. Namias applied his technique to the free and the
forced quantum mechanical harmonic oscillator. His results were later modified
by McBride and Kerr [4], who among other investigations, also developed an
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operational calculus for the fractional Fourier transform.
The fractional Fourier transform, with angle α of the function f(t), is de-

fined by

Fα[f ](w) = Fα(w) =

∫ ∞

−∞
f(t)Kα(t, w)dt, (1)

where

Kα(t, w) =















(c(α)/
√
2π) exp{ia(α)[(t2 + w2)− 2b(α)wt]} if α 6= 0, π2 , π

δ(t− w) if α = 0
δ(t+ w) if α = 0

(1/
√
2π)e−iwt if α = π

2

with

a(α) = (cotα)/2, b(α) = secα, and c(α) =
√
1− i cotα .

As special cases, where α = 0, π2 , and π, convert the fractional Fourier transform
(1) into the classical Fourier transform of f .

Let W be the subspace of the space of all integrable function L1(R), with
the property that f ∈ W if and only if the Fourier transform f̂ of f is also in
W . Let f and g be in W and denote their convolution h by f ∗ g, i.e.,

h(x) = (f ∗ g)(x) =
∫ ∞

−∞
f(t)g(x− t)dt. (2)

Definition 1. For any function f(x), let us define the function f̃(x) and
˜̃
f by f̃(x) = f(x)eia(α)x

2

and
˜̃
f = e−ia(α)x2

f(x), respectively. Then for any two
functions f and g, the operation ⋆ is given by

h(x) = (f ⋆ g)(x) =
c(α)√
2π

e−iax2

(f̃ ∗ g̃)(x),

where ∗ is defined in (2). And likewise, we define the operation ⊗ by

(f ⊗ g)(x) =
eia(α)x

2

√
2π

( ˜̃f ∗ ˜̃g)(x).

Theorem 1. [12] Let h(x) = (f ⋆ g)(x) and Fα, Gα, Hα denote the
fractional Fourier transforms of f , g and h, respectively. Then

Hα(u) = Fα(u)Gα(u)e
−ia(α)u2

. (3)

Moreover,
Fα[f(x)g(x)e

ia(α)x2

](u) = c(−α)(Fα ⊗Gα)(u). (4)
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The fractional Fourier transform on generalized function by the embedding
method, constructed by Zayed [12].

Definition 2. The fractional Fourier transform of a generalized function
f with compact support is defined as

Fα[f ](x) = 〈f(t),Kα(t, x)〉,

where, kernel kα(t, x), is an infinitely differentiable function in both t and x,
it belong to the space ε consisting of all infinitely differentiable functions. The
dual space ε∗ of ε is the space of generalized function with compact supports.
Fα(x), of the generalized function with compact support f is an infinitely dif-
ferentiable function that grows no faster than a polynomial on the real axis as
|x| → ∞.

Theorem 2. (Inversion)[12] Let Fα(x) is the fractional Fourier transform
of generalized function with compact support f . Then

f(t) = lim
r→∞

∫ r

−r

Fα(x)K−α(t, x)dx

in the Schwartz distribution space D′.

Definition 3. [12] The fractional Fourier transform with angle α of an
integrable Boehmian [fn/ϕn] is defined by

Fα[fn/ϕn] = [Fα[fn]/Fα[ϕn]].

If [fn/ϕn] and [gn/ψn] are two different representations of the same inte-
grable Boehmians, i.e. fn ⋆ ψn = gn ⋆ ϕn for all n, then

Fα[fn ⋆ ψn](u) = e−ia(α)u2Fα[fn]Fα[ψn],

and

Fα[gn ⋆ ϕn](u) = e−ia(α)u2Fα[gn]Fα[ϕn],

which implies that

Fα[fn ⊗ ψn][u] = Fα[gn ⊗ ϕn](u),

or equivalently

Fα[fn/ϕn] = Fα[gn/ψn].



416 A. Singh

If f(x) has the fractional Fourier transform Fα(f) and ϕ(x) has the frac-
tional Fourier transform Fα(ϕ), then the Parseval identity for fractional Fourier
trasform is given by

∫ ∞

∞
f(x)ϕ(x)dx =

∫ ∞

∞
Fα(f)(ω)Fα(ϕ)(ω)dω. (5)

In the next Section, we introduce integrable Boehmians and investigate
fractional Fourier transform on integrable Boehmians by using Definition 3.
Inversion and properties are also discussed in this Section.

2. Fractional Fourier Transformation of Integrable Boehmians

Let L1 is the space of complex valued Lebesgue integrable functions on the
real line R, norm of which in L1 is ||f || =

∫

R
| f(x)| dx. If f, g ∈ L1, then the

convolution product f ∗ g, i.e., (f ∗ g)(x) =
∫

R
f(u)g(x− u)du is an element of

L1 and that ||f ∗ g|| ≤ ||f || · ||g|| .
A sequence of continuous real functions δn ∈ L1 will be called a delta

sequence if:

(i)
∫

R
δn(x)dx = 1 , ∀n ∈ N;

(ii) ||δn|| < M , for some M ∈ R and all n ∈ N, and

(iii) lim
n→∞

∫

|x|>ǫ
|δn(x)| dx = 0 , for each ǫ > 0 .

If (ϕn) and (ψn) are delta sequences, then (ϕn ∗ ψn) ∈ L1. If f ∈ L1 and (δn)
is a delta sequence, then ||f ∗ δn − f || → 0 as n → ∞ . Delta sequences which
appear, are called approximate identities or summability kernels. A pair of
sequence (fn, ϕn) is called a quotient of the sequence, denoted by fn/ϕn, where
fn ∈ L1(n = 1, 2, . . .), (ϕn) is a delta sequence and fm∗ϕn = fn∗ϕm,∀m,n ∈ N.
Two quotients of sequences fn/ϕn and gn/ψnare equivalent if fn∗ψn = gn∗ϕn,∀
n ∈ N. The equivalence class of quotient of sequence is called an integrable
Boehmian, the space of all of which is denoted by BL1

.
A function f ∈ L1 can be identified with the Boehmian [f ∗ δn/δn] , where

(δn) is a delta sequence. If F = [fn/ϕn], then f ∗ δn = fn . Therefore,
f ∗ δn ∈ L1,∀ n ∈ N. Two types of convergences for the Boehmian are stuided
by Mikusinski [5]. A sequence of Boehmian Fn is called ∆ - convergent to
Boehmian F (∆ − lim Fn = F ) if there exists a delta sequence (δn) such that

(Fn −F ) ∗ δn ∈ L1, for every n ∈ N and that ||(Fn − F ) ∗ δn|| → 0 as n→ ∞.A
sequence of Boehmian Fn is said to be δ - convergent to F (δ − lim Fn = F ) if
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there exists a delta sequence (δn) such that Fn ∗ δk ∈ L1 and F ∗ δk ∈ L1, for
every n, k ∈ N and that ||(Fn − F ) ∗ δk|| → 0 for each k ∈ N.

From the canon of above two definitions, we write that if ∆− lim
n→∞

Fn = F

and ∆− lim
n→∞

Gn = G, then ∆− lim
n→∞

Fn∗Gn = F ∗G. If (δn) is a delta sequence,

then δn/δn represents an integrable Boehmian. since the Boehmian [δn/δn]
corresponds to the dirac delta distribution δ, all the derivatives of δ are also
integrable Boehmian. Further, if (δn) is infinitely differentiable and bounded,

then the k-th derivative of δ is defined as δ(k) = [δ
(k)
n /δn], δ

(k) ∈ BL1
, k ∈ N. The

k-th derivative of Boehmian F ∈ BL1
is defined by F (k) = F ∗ δ(k). From the

continuity of convolution in BL1
, if ∆− limFn = F then ∆− limF

(k)
n = F (k),

for k ∈ N.

Theorem 3. If [fn/δn] ∈ BL1
, then the sequence

Fα[f ](u) =
c√
2π

∫ ∞

−∞
f(t)eja[t

2+u2−2but]dt (6)

converges uniformly on each compact set in R.

Proof. If (δn) is a delta sequence, then Fα(δn) converges uniformly on
each compact set to a constant function 1. Hence, for each compact set Q,
Fα(δk) > 0 on Q, for almost all q ∈ Q and moreover,

Fα(fn) = Fα(fn)
Fα(δq)

Fα(δq)
= eia(α)u

2 Fα(fn ⋆ δq)

Fα(δq)
,

= eia(α)u
2 Fα(fq ⋆ δn)

Fα(δk)
=

Fα(fq)

Fα(δq)
Fα(δn), on Q. (7)

This justifies that the FrFT of an integrable Boehmian F = [fn/δn] can be
defined as the limit of Fα(fn) in the space of continuous functions on R. Thus,
the FrFt of an integrable Boehmian is a continuous function.

Theorem 4. Let F,G ∈ BL1
. Then the following results hold:

(i) F̂α(λF ) = λF̂αF ;

(ii) F̂α(F +G) = F̂αF + F̂αG;

(iii) If F̂α(f) = 0, then F = 0;

(iv) If ∆− lim
n→∞

Fn = F ,

thenFα(Fn) → Fα(F ) uniformly on each compact set.
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Proof. Properties (i)-(ii) can easily be proved for integrable Boehmians by
invoking the properties of the fractional Fourier transform. By uniqueness
theorem of the fractional Fourier transform Property (iii) can easily be proved
[9].

To prove (iv), let (δn) be a delta sequence such that Fn ∗ δq, F ∗ δq ∈ L1,
∀n, q ∈ N and ||(Fn − F ) ∗ δq|| → 0, as n → ∞, ∀q ∈ N and Q be a compact
set in R. Then Fα(δq) > 0 on Q for some q ∈ N. Since Fα(δq) is a continuous
function, thus, Fα(Fn)·Fα(δq) → Fα(F ) Fα(δq) uniformly on Q . Since Fα(Fn)·
Fα(δq) − Fα(F )· Fα(δq) = Fα((Fn − F ) ∗ δq) and ||(Fn − F ) ∗ δq|| → 0, as
n→ ∞, hence (iv) is proved.

Lemma 1. If f ∈ L1and

fn(x) =
c√
2π

∫ +∞

−∞
eja[t

2+u2−2but]Fα(u)dt (8)

Then (fn) converges to f in the L1norm.

Theorem 5. Let F ∈ BL1
and

fn(x) =
c√
2π

∫ +∞

−∞
eja[t

2+u2−2but]Fα(u)dt

Then δ − lim
n→∞

fn = F (hence also ∆− lim
n→∞

fn = F ).

Proof. Let F = [gn/ϕn] and q ∈ N. Then, using parseval relation (5) we
obtain,

∫ +∞

−∞
Fα(fn)Fα(δk)df =

∫ +∞

−∞
fn(x)δk(x)dx

∫ +∞

−∞
Fα(fn)Fα(δk)df =

∫ +∞

−∞
Fα(fn)

∫ +∞

−∞
δke

−ja[t2+u2−2but]du dt

=

∫ +∞

−∞
δk(t)dt

∫ +∞

−∞
Fα(fn)e

−ja[t2+u2−2but]du

=

∫ +∞

−∞
fn(t)δk(t)dt.

Therefore, by Lemma 1, ||fn ∗ δq − F ∗ δn|| → 0, as n → ∞ . Since q is an
arbirtary positive integer, we have δ − lim fn = F . Similarly, this can easily
be proved for ∆− lim fn = F .
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