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Abstract: The aim of this paper is to introduce some types of compactness
and connectedness in ideal topological spaces. We further study some properties
of these types. Finally, the relationship between various types of compactness
and connectedness was summarized.
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1. Introduction and Preliminaries

Throughout the present paper, (X, τ), (Y, σ) and (Z, µ) will denote topological
spaces with no separation properties assumed. For a subset A of a topological
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space (X, τ), cl(A) and int(A) will denote the closure and interior of A in (X, τ),
respectively.

The subject of ideals in topological spaces has been studied by Kuratowski
[8] and Vaidyanathaswamy [14]. An ideal I on a set X is a nonempty collection
of subsets of X which satisfies the conditions:

(1) A ∈ I and B ⊆ A implies B ∈ I,

(2) A ∈ I and B ∈ I implies A ∪B ∈ I.

Given a topological space (X, τ) with an ideal I on X and P (X) is the set of
all subsets of X. A set operator ( )∗ : P (X) → P (X) is called a local function
[14] of A with respect to τ and I iff for A ⊆ X, A∗(I, τ) = {x ∈ X : A ∩ U 6∈
I for every U ∈ τ(x)} where τ(x) = {U ∈ τ : x ∈ U}. A Kuratowski closure
operator cl∗( ) [14] for a topology τ∗(I, τ), called the ∗-topology, finer than τ

is defined by cl∗(A) = A ∪A∗(I, τ). When there is no chance for confusion, we
will simply write A∗ for A∗(I, τ) and τ∗ for τ∗(I, τ). If I is an ideal on X, then
(X, τ, I) is called an ideal topological space.

In an ideal topological space (X, τ, I), if A ⊆ X, int∗(A) will denote the
interior of A in (X, τ∗). Closed subsets in (X, τ∗) are called τ∗-closed sets. A
subset A of an ideal topological space (X, τ, I) is τ∗-closed [14] if and only if
A∗ ⊆ A.

For any ideal topological space (X, τ, I), the collection {V − J : V ∈
τ and J ∈ I} is a basis for τ∗. The elements of τ∗ are called τ∗-open sets.
A subset A of an ideal topological space (X, τ, I) is said to be τ∗-dense if
cl∗(A) = X. It is clear that, in a space (X, τ, I) if I = {φ}, then τ = τ∗ [4], [7].

Recall that if (X, τ, I) is an ideal topological space and A is a subset of X,
then (A, τA, IA) is an ideal topological space where τA is the relative topology
on A and IA = {A ∩ J : J ∈ I}.

It is interesting to note that if I is a proper ideal (i.e. X 6∈ I) , then the
collection of the complements of the members of I form a filter on X. This is
why sometimes ideals are called dual filters.

The following collections form important ideals [7] on a topological space
(X, τ):

(i) {φ} or I{φ}: the trivial ideal.

(ii) P (X): the improper ideal.

(iii) F : (If ) the ideal of all finite sets.

(iv) C : (Ic) the ideal of all countable subsets of X.
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A subset A of a topological space (X, τ) is said to be α-open [11] if A ⊆
int(cl(int(A))). The complement of a α-open set in a space (X, τ) is said to
be α-closed [11]. The family of all α-open sets in a topological space (X, τ) is
a topology on X finer than τ denoted by τα. A topological space (X, τ) is said
to be α-compact [9] if every cover of X by α-open sets has a finite subcover.

A subset A of an ideal topological space (X, τ, I) is said to be I-compact
[13] if for every cover {Uλ : λ ∈ Λ} of A by open sets of X, there exists a finite
subset Λ0 of Λ such that A − ∪{Uλ : λ ∈ Λ0} ∈ I. An ideal topological space
(X, τ, I) is said to be I-compact if X is I-compact as a subset.

The concept of a set operator ( )α
∗

: P (X) → P (X) introduced by A. A.
Nasef in 1992 [10] and called an α-local function of I with respect to τ and
defined as follows: for A ⊆ X, Aα∗

(I, τ) = {x ∈ X : A ∩ U 6∈ I for every U ∈
τα(x)} where τα(x) = {U ∈ τα : x ∈ U}. When there is no ambiguity, we will
simply write Aα∗

for Aα∗

(I, τ). A τα
∗

-closure operator, denoted by clα
∗

( ).
for a topology τα

∗

(I) which is called τα
∗

-topology on X finer than τ is defined
as follows: clα

∗

(A)(I, τ) = A ∪ Aα∗

(I, τ) for every A ⊆ X. When there is no
ambiguity, we will simply write clα

∗

(A) for clα
∗

(A)(I, τ). A basis B(I, τ) for
τα

∗

was described as follows: B(I, τ) = {V − J : V ∈ τα and J ∈ I}. We will
denote by intα

∗

(A) and clα
∗

(A) the interior and closure of A ⊆ X, with respect
to τα

∗

. The elements of τα
∗

are called τα
∗

-open sets. Closed subsets in (X, τα
∗

)
are called τα

∗

-closed set. A subset A of an ideal topological space (X, τ, I) is
τα

∗

-closed (resp., τα
∗

-dense) if and only if Aα∗

⊆ A (resp., clα
∗

(A) = X) .

A subset A of an ideal topological space (X, τ, I) is said to be αI-open [6]
(resp., Iα-open [3]) if A ⊆ int(cl∗(int(A))) (resp., A ⊆ int(clα

∗

(int(A)))). The
complement of an αI-open (resp. Iα-open) set in a space (X, τ) is said to be
αI-closed (resp. Iα-closed) . We will denote the family of all αI-open (resp.,
Iα-open) sets by αIO(X) (resp., IαO(X)) .

2. α-Compactness with Respect to an Ideal

In this section, we will introduce new types of compactness in an ideal topo-
logical space by using the concepts of αIopen, w.αI-open and w.Iα- open sets.
Some properties of these types are studied.

Definition 1. [1]

A subset A of an ideal topological space (X, τ, I) is said to be

(i) α-open set with respect to I (simply, αI -open) iff there exists an open set
U such that U −A ∈ I and A− int(cl(U)) ∈ I.
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(ii) weakly αI-open set (simply, w.αI-open) iff there exists an open set U

such that U −A ∈ I and A− int(cl∗(U)) ∈ I.

(iii) weakly Iα-open set (simply, w.Iα-open) iff there exists an open set U

such that U −A ∈ I and A− int(clα
∗

(U)) ∈ I.

The family of all αI -open (resp., w.αI-open and w.Iα-open) sets is denoted
by αIO(X) (resp., w.αIO(X) and w.IαO(X)) . The complement of an αI -open
(resp., w.αI-open and w.Iα-open) set is said to be αI -closed (resp., w.αI-closed
and w.Iα-closed) set. The family of all αI -closed (resp., w.αI-closed and w.Iα-
closed) sets is denoted by αIC(X) (resp., w.αIC(X) and w.IαC(X)) .

It is clear that every α-open (resp. αI-open and Iα-open) set is αI -open
(resp. w.αI-open and w.Iα-open) . If I = {φ}, then the two concepts α-
openness (resp. αI-openness and Iα-openness) and αI -openness (resp. w.αI-
openness and w.Iα-openness) are equivalent. So, if A ∈ I, then both A and
X −A are αI -open (resp. w.αI-open and w.Iα-open) sets. In a special case, if
τ is the discrete (resp. indiscrete) topology on a set X and I = {φ} then the
concepts of openness, α-openness, αI -openness, αI-openness, w.αI-openness,
Iα-openness and w.Iα-openness are equivalent [1].

The following diagram shows the relations between the different types of
weakly open sets that studied in this article.

The opposite direction of the implication in the above diagram may be false
[1].

Definition 2. A subset A of an ideal topological space (X, τ, I) is said
to be αI -compact (resp. αI- compact, Iα- compact, w.αI- compact and w.Iα-
compact) if every cover of A by αI - open (resp. αI -open, Iα -open, w.αI- open
and w.Iα -open) sets in X has a finite subcover. A space X is said to be αI -
compact (resp. αI- compact, Iα-compact, w.αI- compact and w.Iα- compact)
space if it is an αI - compact (resp. αI-compact, Iα- compact, w.αI- compact
and w.Iα- compact) as a subset.

The following diagram shows the relations between the different types of
compactness which introduced in Definition 2;
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The opposite direction of the implications in the above diagram may be
false. For examples:

Example 3. Consider the ideal topological space (N, τ, I), where N is the
set of all natural numbers, τ = {N, φ, {1}} and I = {φ}. It is clear that (N, τ)
is a compact space but (N, τ, I) is not Iα-compact. Since, {{1, n} : n ∈ N} is
an Iα-open cover for N which has no finite subcover.

Example 4. Consider the ideal topological space (N, τ, I), where N is the
set of all natural numbers, τ = {N, φ, {I}} and I = {φ, {1}}. It is clear that
(N, τ, I) is an αI-compact space but (N, τ) is not α-compact. Since, {{1, n} :
n ∈ N} is an α-open cover for N which has no finite subcover.

Similarly, (N, τ, I) is w.αI-compact space which is not αI -compact.

Example 5. Consider the ideal topological space (N, τ, I), where N is the
set of all natural numbers, τ = {N, φ} and I = P (N). It is clear that (N, τ) is
an α-compact space but (N, τ, I) is not αI -compact. Since, {{n} : n ∈ N} is an
αI -open cover for N which has no finite subcover.

Similarly, (N, τ, I) is an αI-compact (resp. Iα-compact) space which is not
w.αI-compact (resp. w.Iα-compact) .

Example 6. Consider the ideal topological space (N, τ, I), where N is the
set of all natural numbers, τ = {N, φ, {1}, {1, 2}} and I = {φ, {1}}. It is clear
that (N, τ, I) is an Iα-compact (resp. w.Iα-compact) space which is not αI-
compact (resp. not w.αI-compact) . Since, {{1, 2, n} : n ∈ N} is an Iα-open
(resp. w.Iα-open) cover for N which has no finite subcover.

Definition 7. A subset A of an ideal topological space (X, τ, I) is said
to be compatible α-compact (resp. compatible αI -compact, compatible αI-
compact, compatible Iα-compact, compatible w.αI-compact and compatible
w.Iα-compact) with respect to I, simply cα-compact (resp. cαI -compact, cαI-
compact, cIα-compact, cw.αI-compact and cw.Iα-compact) if for every cover
{Uλ : λ ∈ Λ} of A by α-open (resp. αI -open, αI-open, Iα-open, w.αI-open and
w.Iα-open) sets in X, there exists a finite subset Λ0 of Λ such that A−∪{Uλ :
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λ ∈ Λ0} ∈ I. An ideal topological space (X, τ, I) is said to be cα-compact
(resp. cαI -compact, cαI-compact, cIα-compact, cw.αI-compact and cw.Iα-
compact) if X is cα-compact (resp. cαI -compact, cαI-compact, cIα-compact,
cw.αI-compact and cw.Iα-compact) as a subset.

The following diagram shows the relations between the different types of
compactness which introduced in Definition 7;

The opposite direction of the implications in the above diagram may be
false. For examples:

Example 8. Consider the ideal topological space (N, τ, I), where N is the
set of all natural numbers, τ = {N, φ} and I = If = {U ⊆ N : U is a finite set}.
It is clear that (N, τ, I) is cα-compact (resp. cαI-compact and cIα-compact)
space which is not cαI -compact (resp. not cw.αI-compact and not cw.Iα-
compact) . Since, {{n} : n ∈ N} is an αI -open (resp. w.αI-open and w.Iα-
open) cover for N which has no finite subfamily {{n} : n = 1, 2, · · · , r} such
that N− ∪{{n} : n = 1, 2, · · · , r} ∈ I.

Now, we can see that the ideal topological space (N, τ, I) in Example 3 is
an I-compact space which is not cIα-compact. So, the ideal topological space
(N, τ, I) in Example 4 is cαI-compact (resp. cw.αI-compact) which is not cα-
compact (resp. not cαI -compact) . Also, the ideal topological space (N, τ, I)
in Example 6 is cIα-compact (resp. cw.Iα-compact) which is not cαI-compact
(resp. not cw.αI-compact) .

Remark 9. Every αI -compact (resp. αI-compact, Iα-compact, w.αI-
compact, w.Iα-compact and α-compact) space is cαI -compact (resp. cαI-
compact, cIα-compact, cw.αI-compact, cw.Iα-compact and cα-compact) . Not
conversely, for example;

Example 10. Consider the ideal topological space (N, τ, I), where N is
the set of all natural numbers, τ = I = P (N). It is clear that (N, τ, I) is cαI -
compact (resp. cαI-compact, cIα-compact, cw.αI-compact, cw.Iα-compact
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and cα-compact) space which is not αI -compact (resp. αI-compact, Iα -
compact, w.αI-compact, w.Iα-compact and α-compact) .

Proposition 11. For an ideal topological space (X, τ, I), the following
statements are equivalent;

(i) (X, τ) is α- compact.

(ii) (X, τ, {φ}) is αI - compact.

(iii) (X, τ, {φ}) is αI- compact.

(iv) (X, τ, {φ}) is w.αI- compact.

(v) (X, τ) is cα- compact.

(vi) (X, τ, {φ}) is cαI - compact.

(vii) (X, τ, {φ}) is cαI- compact.

(viii) (X, τ, {φ}) is cw.αI- compact.

Proposition 12. For an ideal topological space (X, τ, I), the following
statements are equivalent;

(i) (X, τ, {φ}) is Iα- compact.

(ii) (X, τ, {φ}) is w.Iα- compact.

(iii) (X, τ, {φ}) is cIα- compact.

(iv) (X, τ, {φ}) is cw.Iα- compact.

In the following proposition, we will give a characterization for αI - com-
pactness.

Proposition 13. In an ideal topological space (X, τ, I), the following
statements are equivalent;

(i) (X, τ, I) is αI - compact.

(ii) For any family {Fλ : λ ∈ Λ} of αI - closed sets of X such that ∩{Fλ : λ ∈
Λ} = φ, there exists a finite subset Λ0 of Λ such that ∩{Fλ : λ ∈ Λ0} = φ.

In similar way, we can give a characterization for αI -compactness (resp.
Iα-compactness, w.αI compactness and w.Iα -compactness) .

In the following proposition, we will give a characterization for cαI - com-
pactness.
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Proposition 14. In an ideal topological space (X, τ, I), the following
statements are equivalent;

(i) (X, τ, I) is cαI - compact.

(ii) For any family {Fλ : λ ∈ Λ} of αI - closed sets of X such that ∩{Fλ : λ ∈
Λ} = φ, there exists a finite subset Λ0 of Λ such that ∩{Fλ : λ ∈ Λ0} ∈ I.

In similar way, we can give a characterization for cαI-compactness (resp.
cIα-compactness, cw.αI -compactness, cw.Iα -compactness and cα-compactness)
.

Proposition 15. In an ideal topological space (X, τ, I), if I = {φ} and
every nowhere dense set is closed, then all concepts of compactness which are
studied in this article are equivalent.

Remark 16. If I and J are two ideals on a topological space (X, τ), with
I ⊆ J , then:

(i) The condition (X, τ, I) is cαI -compact (resp. cw.αI-compact and cw.Iα

-compact) not sufficient to make (X, τ, J) is cαJ -compact (resp. cw.αJ-
compact and cw.Jα -compact) . For example; Consider the topological
space (N, τ) where τ is the indiscrete topology on N, with two ideals
I = {φ} and J = Jf is the ideal of all finite subsets of N.

It is clear that (N, τ, I) is cαI -compact (resp. cw.αI-compact and cw.Iα -
compact) but (N, τ, J) is not cαJ -compact (resp. not cw.αJ-compact and
not cw.Jα -compact) , since {{n} : n ∈ N} is αJ -open (resp. w.αJ-open
and w.Jα -open) cover for N which has no finite subfamily {{n} : n =
1, 2, · · · , r} such that N− ∪{{n} : n = 1, 2, · · · , r} ∈ J .

(ii) The condition (X, τ, J) is cαJ -compact (resp. cw.αJ-compact and cw.Jα

-compact) is not sufficient to make (X, τ, I) is cαI -compact (resp. cw.αI-
compact and cw.Iα -compact) . For example; Consider the topological
space (N, τ) where τ = {N, φ, {1}} with two ideals I = {φ} and J is the
power sets of N. It is clear that (N, τ, J) is cαJ -compact (resp. cw.αJ-
compact and cw.Jα -compact) but (N, τ, I) is not cαI -compact (resp.
not cw.αI-compact and not cw.Iα -compact) , since {{1, n} : n ∈ N}
is αI -open (resp. w.αI-open and w.Iα -open) cover for N which has no
finite subfamily {{1, n} : n = 1, 2, · · · , r} such that N − ∪{{1, n} : n =
1, 2, · · · , r} ∈ I.

Proposition 17. If A and B are two cαI -compact subsets of an ideal
topological space (X, τ, I), then A ∪B is cαI -compact.
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Proof. Let {Uλ : λ ∈ Λ} be an αI - open cover for A ∪ B, then it is an
αI -open cover for both A and B. So, there is a finite subsets Λ1 and Λ2 of
Λ such that A − ∪{Uλ : λ ∈ Λ1} ∈ I and B − ∪{Uλ : λ ∈ Λ2} ∈ I. Implies,
(A−∪{Uλ : λ ∈ Λ1})∪(B−∪{Uλ : λ ∈ Λ2}) ∈ I. Hence, (A∪B)−((∪{Uλ : λ ∈
Λ1}) ∪ (∪{Uλ : λ ∈ Λ2})) ⊆ (A− ∪{Uλ : λ ∈ Λ1}) ∪ (B − ∪{Uλ : λ ∈ Λ2}) ∈ I.
Therefore, (A ∪B) is cαI -compact.

In similar way, we can show that the union of two cw.αI-compact (resp.
cw.Iα-compact) subsets of an ideal topological space (X, τ, I) is cw.αI-compact
(resp. cw.Iα-compact) .

Remark 18. The intersection of two cαI -compact (resp. cw.αI-compact
and cw.Iα-compact) subsets of an ideal topological space (X, τ, I) need not be
cαI -compact (resp. cw.αI-compact and cw.Iα-compact) .

For example;
Consider the ideal topological space (X, τ, I), where X = N ∪ {−1, 0} with

the indiscrete topology and I = If = {U ⊆ N : U is a finite set }. Let A =
N∪ {0} and B = N∪ {−1}. Then A is cαI -compact (resp. cw.αI-compact and
cw.Iα-compact) subsets of X, since every cover {Uλ : λ ∈ Λ} for A by αI -open
(resp. w.αI-open and w.Iα-open) subsets of X has at least one element Uλ0

.
So A− Uλ0

is a finite subset of N.
Hence, A is cαI -compact (resp. cw.αI-compact and cw.Iα-compact) set.

Similarly, B is cαI -compact (resp. cw.αI-compact and cw.Iα-compact) .
But A ∩ B = N is not cαI -compact (resp. not cw.αI-compact and not

cw.Iα-compact) , since the αI -open (resp. w.αI-open and w.Iα-open) cover
{{n} : n ∈ N} has no finite subcover {{n} : n = 1, 2, , r} such that N−∪{{n} :
n = 1, 2, , r} ∈ I.

Remark 19. cαI -Compactness (resp. cw.αI-compactness and cw.Iα-
compactness) is not hereditary property. See the example of Remark 18, X is
cαI -compact (resp. cw.αI-compact and cw.Iα-compact) space but N is not.

Proposition 20. αI -Closed (resp. w.αI-closed and w.Iα-closed) subset
of an cαI -compact (resp. cw.αI-compact and cw.Iα-compact) space is cαI -
compact (resp. cw.αI-compact and cw.Iα-compact) .

Remark 21. [12]

(i) If f : (X, τ, I) → (Y, σ) is a function, then f(I) = {f(J) : J ∈ I} is an
ideal on Y .

(ii) If f : (X, τ) → (Y, σ, J) is an injection function, then f−1(J) = {f(B) :
B ∈ J} is an ideal on X.
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Definition 22. A function f : (X, τ, I) → (Y, σ, J) is said to be

(i) αI -open (resp. w.αI-open and w.Iα-open) function if f(A) is αJ -open
(resp. w.αJ-open and w.Jα-open) set in Y for each αI -open (resp. w.αI-
open and w.Iα-open) set A in X.

(ii) αI - irresolute (resp. w.αI- irresolute and w.Iα- irresolute) function if
f−1(B) is αI -open (resp. w.αI-open and w.Iα-open) set in X for each
αJ -open (resp. w.αJ-open and w.Jα-open) set B in Y .

Proposition 23. If f : (X, τ, I) → (Y, σ, f(I)) is an αI - irresolute (resp.
w.αI- irresolute and w.Iα- irresolute) surjection function and (X, τ, I) is cαI

- compact (resp. cw.αI - compact and cw.Iα - compact) , then (Y, σ, f(I)) is
cαf(I) - compact (resp. cw.αf(I) - compact and cw.f(I)α - compact) .

Corollary 24. If f : (X, τ, f−1(J)) → (Y, σ, J) is αf−1(J)-open (resp.
w.αf−1(J)-open and w.f−1(J)α-open) bijection function and (Y, σ, J) is cαJ -
compact (resp. cw.αJ-compact and cw.Jα-compact) space, then (X, τ, f−1(J))
is cαf−1(J) - compact (resp. cw.αf−1(J) - compact and cw.f−1(J)α-compact)
.

Definition 25. A subset A of an ideal topological space (X, τ, I) is said to
be countably αI -compact (resp. countably w.αI-compact and countably w.Iα-
compact) if for every countable cover {Un : n ∈ N} of A by αI -open (resp.
w.αI-open and w.Iα-open) sets of X, there exists a finite subset N0 of N such
that A − ∪{Un : n ∈ N0} ∈ I. An ideal topological space (X, τ, I) is said to
be countably αI -compact (resp. countably w.αI -compact and countably w.Iα-
compact) if X is countably αI -compact (resp. countably w.αI-compact and
countably w.Iα-compact) as a subset.

Proposition 26. Every cαI -compact (resp. cw.αI-compact and cw.Iα-
compact) space is countably αI -compact (resp. countably w.αI-compact and
countably w.Iα-compact) .

The implication of Proposition 26, is not reversible as the following example
shows.

Example 27. Consider the ideal topological space (R, τ, I) where R is the
set of all real numbers, τ = P (Irr) ∪ {Q ∪ A : A ⊆ Irr} and I = {φ}, such
that Irr is the set of irrational numbers, Q is the set of rational numbers and
P (Irr) is the set of all subsets of the irrational numbers.

Then (R, τ, I) is countably αI -compact (resp. countably w.αI-compact and
countably w.Iα-compact) , since every countable cover of R by αI -open (resp.
w.αI-open and w.Iα-open) sets is a finite cover. But (R, τ, I) is not cαI -compact
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(resp. not cw.αI-compact and not cw.Iα-compact) , since {Q ∪ {x} : x ∈ Irr}
is an αI -open (resp. w.αI-open and w.Iα-open) cover for R which has no finite
subcover M such that R−M ∈ I.

Remark 28. The concepts I-compactness and countably αI -compactness
(resp. countably w.αI-compactness and countably w.Iα-compactness) are in-
dependent as the following examples show.

(i) See Example 27, (R, τ, I) is countably αI -compact (resp. countably w.αI-
compact and countably w.Iα-compact) space which is not I-compact.

(ii) See Example 16, the ideal topological space (N, τ, I), where τ = {N, φ, {1}}
and I = {φ}, is an I-compact space which is not countably αI -compact
(resp. not countably w.αI-compact and not countably w.Iα-compact).

3. Connectedness with Respect to an αI-Open, w.αI-Open and

w.Iα-Open Set

In this section, we will introduce new types of connectedness in ideal topological
spaces by using the concept of αI -open, w.αI -open and w.Iα-open set. Some
properties of these types are studied.

Definition 29. [5] An ideal topological space (X, τ, I) is said to be ⋆-
hyperconnected if A is τ∗-dense (cl∗(A) = X) for every nonempty open subset
A of X.

Definition 30. [2] An ideal topological space (X, τ, I) is said to be I⋆-
hyperconnected if X − cl∗(A) ∈ I for every nonempty open subset A of X.

Definition 31. An ideal topological space (X, τ, I) is said to be αI⋆-
hyperconnected (resp. w.αI⋆ -hyperconnected and w.Iα⋆-hyperconnected) if
X − cl∗(A) ∈ I for every nonempty αI -open (resp. w.αI -open and w.Iα-open)
subset A of X.

It is clear that every αI⋆-hyperconnected space is w.αI⋆ -hyperconnected
and every w.αI⋆ -hyperconnected space is w.Iα⋆-hyperconnected.

Remark 32. The following properties hold for an ideal topological space
(X, τ, I);

(i) Every ⋆-hyperconnected is an I⋆-hyperconnected, not conversely [2].

(ii) Every αI⋆-hyperconnected space (resp. w.αI⋆ -hyperconnected and w.Iα⋆-
hyperconnected) is an I⋆ -hyperconnected, not conversely.
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(iii) The concepts αI⋆-hyperconnectedness (resp. w.αI⋆-hyperconnectedness
and w.Iα⋆-hyperconnectedness) and ⋆-hyperconnectedness are indepen-
dent.

Example 33. Consider the ideal topological space (X, τ, I), where X

is any set has more than one element with τ = {X,φ, {x}} and I = P (X).
Then X is I⋆-hyperconnected, αI⋆ -hyperconnected, w.αI⋆ -hyperconnected
and w.Iα⋆-hyperconnected which is not ⋆-hyperconnected.

Example 34. Consider the ideal topological space (X, τ, I), where X =
{1, 2, 3} with the indiscrete topology and I = {φ, {1}, {2}, {1, 2}}. Then X is
⋆-hyperconnected and I⋆-hyperconnected which is not αI⋆ -hyperconnected ,
not w.αI⋆ -hyperconnected and not w.Iα⋆-hyperconnected) .

Proposition 35. For any ideal topological space (X, τ, I)

(i) If I = {φ}, then the concepts ⋆-hyperconnectedness and I⋆-hypercon-
nectedness are the same [2].

(ii) If I = {φ} and every open subset of X is closed, then the concepts
⋆-hyperconnectedness, I⋆-hyperconnectedness, αI⋆ -hyperconnectedness,
w.αI⋆ -hyperconnectedness and w.Iα⋆-hyperconnectedness are equiva-
lent.

Proposition 36. If an ideal topological space (X, τ, I) is αI⋆-hypercon-
nectedness (resp. w.αI⋆ -hyperconnectedness and w.Iα⋆-hyperconnectedness)
then, X − cl∗(A) ∈ I for every nonempty α-open (resp.αI-open and Iα- open)
subset A of X.

The implication in Proposition 36 is not reversible as the following example
shows;

Example 37. Consider the ideal topological space (X, τ, I) where X =
{a, b, c}, τ = {X,φ, {a}} and I = {φ, {b}, {c}, {b, c}}. Then, X − cl∗(A) ∈ I

for every nonempty α-open (resp.αI-open and Iα- open) subset A of X but
X − cl∗({b, c}) 6∈ I where {b, c} is αI -open (resp. w.αI -open and w.Iα-open)
subset of X.

Proposition 38. For any ideal topological space (X, τ, I), the following
statements are equivalent;

(i) X is αI⋆ -hyperconnectedness (resp. w.αI⋆ -hyperconnectedness and
w.Iα⋆-hyperconnectedness) .

(ii) int∗(B) ∈ I for every proper αI -closed (resp. w.αI -closed and w.Iα-
closed) subset of X.
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Definition 39. Let (X, τ, I) be an ideal topological space and A is a
subset of X. An αI -closure (resp. w.αI -closure and w.Iα-closure) of A is
the smallest αI -closed (resp. w.αI -closed and w.Iα-closed) set containing A,
denoted by αI − cl(A) (resp. w.αI − cl(A) and w.Iα − cl(A)) .

Definition 40. A nonempty subsets A and B of an ideal topological space
(X, τ, I) are αI -separated (resp. w.αI -separated and w.Iα-separated) sets if
αI − cl(A)∩B = φ = A∩ clα(B) (resp. w.αI − cl(A)∩B = φ = A∩αI − cl(B)
and w.Iα− cl(A) ∩B = φ = A ∩ Iα− cl(B)) .

Definition 41. A subset A of an ideal topological space (X, τ, I) is αI -
separated (resp. w.αI -separated and w.Iα -separated) connected if it cannot
be written as a union of two αI -separated (resp. w.αI -separated and w.Iα

-separated) sets in X. An ideal topological space (X, τ, I) is said to be αI -
separated (resp. w.αI -separated and w.Iα -separated) connected if X is αI -
separated (resp. w.αI -separated and w.Iα -separated) connected as a subset.

Remark 42. Let (X, τ, I) be an ideal topological space. If A and B are
nonempty disjoint subsets of X such that A is α-open (resp. αI-open and Iα

- open) set and B is αI -open (resp. w.αI -open and w.Iα -open) set, then A

and B are αI -separated (resp. w.αI -separated and w.Iα -separated) sets.

Remark 43. If an ideal topological space (X, τ, I) is αI -separated (resp.
w.αI -separated and w.Iα -separated) connected then, (X, τ) is connected.

The implication in Remark 43 is not reversible as the following example
shows;

Example 44. Consider the ideal topological space (N, τ, I) where τ =
{N, φ, {1}} and I is the power set of N . It is clear that (N, τ) is connected
space but (N, τ, I) is not αI -separated connected (resp. not w.αI -separated
connected and not w.Iα -separated connected) .

Proposition 45. Let Y be an open subset of an ideal topological space
(X, τ, I) and A is a subset of X. If A is an αI -open (resp. w.αI -open and w.Iα

-open) subset of X, then A ∩ Y is αIY -open (resp. w.αIY -open and w.IY α

-open) subset of Y .

The implication of Proposition 45 is not reversible, in general. As the
following example shows;

Example 46. Consider the ideal topological space (X, τ, I) where X =
{a, b, c, d}, τ = {X,φ, {a, c}} and I = {φ, {a}, {b}, {a, b}}. Take Y = {a, c} and
A = {a, d}.
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Proposition 47. Let A ⊆ Y and Y be an open subset of an ideal topolog-
ical space (X, τ, I). A is αIY -open (resp. w.αIY -open and w.IY α-open) subset
of Y if and only if it is αI -open (resp. w.αI -open and w.Iα -open) subset of
X.

Proposition 48. If A ⊆ Y and Y be an open subset of an ideal topological
space (X, τ, I) then, αIY clY (A) = αIcl(A) ∩ Y .

Proof. First, to prove αIY clY (A) ⊆ αIcl(A) ∩ Y .

Let x 6∈ αIcl(A) ∩ Y implies, x ∈ X − αIcl(A) and by Proposition 45,
(X − αIcl(A)) ∩ Y is an αIY -open set in Y containing x. So, A ⊆ Y − ((X −
αIcl(A)) ∩ Y ) = αIcl(A) ∩ Y .

Now, if αIcl(A) ∩ Y is the smallest αIY -closed set in Y containing A then
the proof is over.

If not, then there exists an αIY -closed set, say B, in Y containing A. So,
B∩(αIcl(A)∩Y ) is an αIY -closed set in Y containing A and x 6∈ B∩(αIcl(A)∩
Y ) = B.

Hence, x 6∈ αIY clY (A).

Second, to prove αIcl(A) ∩ Y ⊆ αIY clY (A).

Let x 6∈ αIY clY (A) implies, x ∈ Y − αIY clY (A) and by Proposition 47,
Y − αIY clY (A) is an αI -open set in X containing x. So, A ⊆ X − (Y −
αIY clY (A)) = αIY clY (A) ∪ (X − Y ).

Now, if αIY clY (A) ∪ (X − Y ) is the smallest αI -closed set in X containing
A then the proof is over.

If not, then there exists an αI -closed set, say B in X containing A. So,
B ∩ (αIY clY (A) ∪ (X − Y )) is an αI -closed set in X containing A and x 6∈
B ∩ (αIY clY (A) ∪ (X − Y )) = B.

Hence, x 6∈ αIcl(A).

In similar way we can prove that where A ⊆ Y and Y be an open subset of
an ideal topological space (X, τ, I) then, w.αIY clY (A) = w.αIcl(A) ∩ Y (resp.
w.IY αclY (A) = w.Iαcl(A) ∩ Y ) .

Proposition 49. Let A and B are two subsets of Y and Y is an open
subset of an ideal topological space (X, τ, I). The following are equivalent;

(i) A and B are αIY -separated (resp. w.αIY -separated and w.IY α-separated
in Y .

(ii) A and B are αI -separated (resp. w.αI-separated and w.Iα-separated in
X.
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Proof. The proof follows immediately from Proposition 48.

Proposition 50. An ideal topological space (X, τ, I) is αI - separated
(resp. w.αI - separated and w.Iα - separated) connected space if and only if it
is cannot be written as a disjoint union of a nonempty α-open (resp. αI -open
and Iα -open) and αI -open (resp. w.αI -open and w.Iα -open) subsets of X.

Proposition 51. Let (X, τ, I) be an ideal topological space and A is an
open subset of X. If A is αI - separated (resp. w.αI - separated and w.Iα -
separated) connected subset of X and H,G are αI - separated (resp. w.αI -
separated and w.Iα - separated) subsets of X with A ⊆ H ∪ G, then either
A ⊆ H or A ⊆ G.

Proof. Suppose A ∩H and A ∩ G are nonempty. Since A ⊆ H ∪ G, then
A = (A ∩ H) ∪ (A ∩ G). So, αIcl(A ∩ H) ∩ (A ∩ G) ⊆ αIcl(H) ∩ G = φ and
(A ∩H) ∩ clα(A ∩G) ⊆ H ∩ clα(G) = φ.

Then, (αIcl(A∩H)∩A)∩ (A∩G) = φ and (A∩H)∩ (clα(A∩G)∩A) = φ.

By Proposition 48, (αIAcl(A∩H))∩(A∩G) = φ and (A∩H)∩(clαA(A∩G)) =
φ.

Then, A is not αI -separated connected. This is a contradiction. Thus,
either A ∩H or A ∩G are empty. Implies, either A ⊆ H or A ⊆ G.

In similar way, we can prove the implication in Proposition 51 where H,G

are w.αI - separated (resp. w.Iα - separated) subsets of X.

Proposition 52. Let A and B are two αI - separated (resp. w.αI -
separated and w.Iα - separated) subsets of an ideal topological space (X, τ, I).
If C and D are two nonempty subsets of X such that C ⊆ A and D ⊆ B, then
C and D are also αI - separated (resp. w.αI - separated and w.Iα - separated)
.

Proposition 53. The continuous image of an αI - separated (resp. w.αI

- separated and w.Iα - separated) connected space is connected.

Proof. Follow from Remark 43.

Proposition 54. If A is an αI - separated (resp. w.αI - separated and
w.Iα - separated) connected subset of an αI - separated (resp. w.αI - separated
and w.Iα - separated) connected ideal space (X, τ, I) such that X − A is the
union of two αI - separated (resp. w.αI - separated and w.Iα - separated) sets
B and C, then A∪B and A∪C are αI - separated (resp. w.αI - separated and
w.Iα - separated) connected.
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Proof. Suppose A∪B is not αI -separated connected. Then there exist two
nonempty αI -separated sets G and H such that A ∪B = G ∪H.

Since A is αI -separated connected, A ⊂ G ∪ H, by Proposition 51, either
A ⊂ G or A ⊂ H. Suppose A ⊂ G implies that A ∪B ⊂ G ∪B.

Since A ∪B = G ∪H then G ∪H ⊂ G ∪B. Hence, H ⊂ B.

Since B and C are αI -separated, by Proposition 52, H and C are also
αI -separated. Thus H is αI -separated from G as well as C.

Now, αIcl(H) ∩ (G ∪ C) = (αIcl(H) ∩ G) ∪ (αIcl(H) ∩ C) = φ and H ∩
clα(G ∪ C) = (H ∩ clα(G)) ∪ (H ∩ clα(C)) = φ.

Therefore, H is αI -separated from G ∪ C.

Since X −A = B ∪ C, X = A ∪ (B ∪ C) = (A ∪ B) ∪ C = (G ∪H) ∪ C =
H ∪ (G ∪ C). Thus, X is not αI -separated connected. This is a contradiction.
Similar, if A ⊂ H we will get a contradiction. Hence, A ∪ B is αI -separated
connected. Similarly, we can prove that A ∪ C is αI -separated connected.

In similar way, we can prove that where A is an w.αI - separated (resp.
w.Iα- separated) connected subset of an w.αI - separated (resp. w.Iα- sepa-
rated) connected ideal space (X, τ, I) such that X−A is the union of two w.αI-
separated (resp. w.Iα- separated) sets B and C, then A ∪ B and A ∪ C are
w.αI- separated (resp. w.Iα- separated) connected.

Proposition 55. Let (X, τ, I) be an ideal space. If the union of two αI -
separated (resp. w.αI - separated and w.Iα- separated) sets is an α-closed
(resp. αI-closed and Iα-closed) set, then one set is α-closed (resp. αI-closed
and Iα-closed) and the other is αI - closed (resp. w.αI- closed and w.Iα- closed)

Proof. Let A and B two αI -separated sets such that A ∪ B is α-closed.
Then αIcl(A) ∩B = A ∩ clα(B) = φ.

Since A ∪B is α-closed, A ∪B = clα(A ∪B).

Now, A ⊂ A∪B implies that αIcl(A) ⊂ αIcl(A∪B) ⊂ clα(A∪B) = A∪B

and so αIcl(A) = αIcl(A) ∩ (A ∪B) = A.

Hence, A is αI -closed.

Also, clα(B) = clα(B) ∩ clα(A ∪B) = clα(B) ∩ (A ∪B) = B.

Hence, B is α-closed.

In similar way, we can prove that where the union of two w.αI - separated
(resp. w.Iα - separated) sets is an αI-closed (resp. Iα-closed) set, then one
set is αI-closed (resp. Iα-closed) and the other is w.αI - closed (resp. w.Iα -
closed) .
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4. Conclusion and Future Work

In this paper begins with a brief survey of the notion of ideal in topological
spaces introduced by K. Kuratowski [8], V. Vaidyanathaswamy [14] and D.
Jankovic, T. R. Hamlett [7].

We recall different types of collections of sets in topological spaces (X, τ)
and in an ideal topological spaces (X, τ, I), like α-open sets [11], αI-open sets
[6], Iα-open sets [3], αI -open set, w.αI -open set and w.Iα -open set [1].

The authors studied some properties of an αI -open (resp. w.αI -open and
w.Iα -open) set in ideal topological spaces, like compactness and connectedness.

In particular, the authors investigate the relationship between the different
types of compactness (resp. connectedness) that introduced in this paper.

Moreover, several examples are given to indicate the connection between
these types. It also gives some conditions to make these notions equivalence
and prove some properties of these concepts.

Finally, by using the notion αI -open (resp. w.αI -open and w.Iα -open)
set, the authors introduced some types of continuity functions in ideal topo-
logical spaces. The affecting of these functions on some types of compactness
investigated.

The concept αI -open (resp. w.αI -open and w.Iα -open) set in an ideal
topological space with related properties help to study new types of continuity
and separation axioms.
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