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1. Introduction

The fundamental topological spaces (also algebras) has been introduced in [1]
in 1990 extending the meaning of locally bounded and locally convex algebras.
Some basic theorems are proved on fundamental topological vector spaces and
fundamental topological algebras in [1],[2],[3],[4].

The fundamental locally multiplicative topological algebras (abbreviated by
FLM) with a property very similar to the normed algebras, is also introduced in
[3], and some of famous theorems of Banach algebras are extended to complete
metrizable FLM algebras. In this note, we generalize some properties of Banach
algebras concerning the spectral properties and radical to the FLM algebras.
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2. Difinitions

In this section, we state a number of definitions of terms which we shall use
throughout this paper.

Definition 1. Let A be a topological linear space.
A is said to be fundamental one if there exists b > 1 such that for every

sequence {xn} of A, the convergence of bn(xn −xn−1) to zero in A implies that
{xn} is Cauchy.

A fundamental topological algebra is an algebra whose underlying topolog-
ical linear space is fundamental.

Definition 2. A fundamental topological algebra is called to be locally
multiplicative, if there exists a neighbourhood U0 of zero such that for every
neighbourhood V of zero, the sufficiently large powers of U0 lie in V . We call
such an algebra, an FLM algebra.

Definition 3. Let (A, dA) be a metrizable topological algebra. we say
that A is a submultiplicative metrizable topological algebra if

dA(0, xy) ≤ dA(0, x)dA(0, y) , ∀x, y ∈ A

Definition 4. Let A be a complete metrizable FLM algebra. An element
x ∈ A is called quasinilpotent if x satisfies r(x) = 0(and hence sp(x) = {0}).
Note that r(x) is the spectral radius of x and defined by

r(x) = sup {|λ| : λ ∈ sp(x)}

We need the following known result in the next section. See, for example
[7].

Corollary 5. If A is a unital algebra, then

Rad(A) = {x ∈ A : r(ax) = 0, ∀a ∈ A} ,

where Rad(A) is the radical of A.

Definition 6. Let A be a complete metrizable FLM algebra and let π :
A → A/Rad(A) be the quotient map.The centre modulo the radical of A is
defined by

S(A) = π−1 [Z(A)/Rad(A)] = {x ∈ A : xa− ax ∈ Rad(A) , ∀a ∈ A}

where Z(A) is the centre of A.
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Definition 7. A unital linear map ϕ from a unital complete metrizable
FLM algebra A to a unital complete metrizable FLM algebra B is said to
be preserve invertibility if ϕ(x) ∈ Inv(B) whenever x ∈ Inv(A), the set of
invertible elements of A.

Definition 8. Let A and B be complete metrizable FLM algebras. A
linear map ϕ : A → B is said to be:

i) spectrum compressing if for all x ∈ A, sp(ϕ(x)) ⊆ sp(x).

ii) spectrum preserving if for all x ∈ A, sp(ϕ(x)) = sp(x).

iii) spectral isometry if for all x ∈ A, r(ϕ(x)) = r(x)

3. New Results on FLM Algebras

On FLM algebras with a property similar to the Banach algebras, some theo-
rems and results have already been obtained . In this section, we continue this
process and get some new results concerning the spectral properties and radical
on FLM algebras.

Theorem 9. Let A and B be complete metrizable FLM algebras and let
ϕ : A → B be a linear map. Then the followings hold:

i) If ϕ is spectrum preserving, then ϕ is spectral isometry.

ii) If ϕ is spectrum compressing, then ϕ preserves invertibility.

iii) If ϕ is surjective and spectrum preserving, then ϕ(Inv(A)) = Inv(B).

Proof. (i) We deduce from the definition that a spectrum preserving linear
map is a spectral isometry.

(ii) Let a ∈ Inv(A), then 0 ∈ C\sp(a) ⊆ C\sp(ϕ(a)). Hence ϕ(a) ∈
Inv(B).

(iii) Let b ∈ Inv(B), then b = ϕ(a) for some a in A. Since 0 ∈ C\sp(b) =
C\sp(ϕ(a)) = C\sp(a), we conclude that a ∈ ϕ(Inv(A)) and so

b ∈ ϕ(Inv(A)).

Theorem 10. Let A and B be commutative complete metrizable FLM
algebras with unit elements eA, eB respectively, and let B be semisimple.If
ϕ : A → B is a unital invertibility preserving map, then ϕ is spectrum compress-
ing.Moreover if ϕ is bijective with ϕ(Inv(A)) = Inv(B), then ϕ is spectrum
preserving.
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Proof. Since ϕ : A → B is invertibility preserving map,then we have ϕ(a) ∈
Inv(B) whenever a ∈ Inv(A). Let θ ∈ φB (maximal ideal space of B) then

θoϕ(a) = θ(ϕ(a)) 6= 0 and θoϕ(eA) = 1

this implies that ker θoϕ ⊆ sing A. By Gleason-Kahane-Zelazko theorem in
FLM algebra [4,5.5], we conclude that θoϕ is multiplicative. Hence for x, y ∈ A,
we obtain

θ [ϕ(xy)− ϕ(x)ϕ(y)] = θoϕ(xy)− θoϕ(x)θoϕ(y) = 0

Since B is semisimple and θ ∈ φB is arbitrary, it follows that

ϕ(xy) = ϕ(x)ϕ(y)

therefore ϕ is multiplicative. By [11, 2.2], ϕ is spectrum compressing, i.e.

sp(ϕ(x)) ⊆ sp(x) for all x in A.

If ϕ is bijective with ϕ(Inv(A)) = Inv(B), then ϕ−1 is also a unital invertibility
preserving map. So sp(ϕ−1(b)) ⊆ sp(b) for b in B. Taking b = ϕ(x) implies
that sp(x) ⊆ sp(ϕ(x)).

Theorem 11. Let A and B be commutative complete metrizable FLM
algebras with unit elements and let B be semisimple.If ϕ : A → B is a unital
spectrum compressing map, then the followings hold:

i) If p is an idempotent,then ϕ(p) is an idempotent.

ii) ϕ maps the center Z(A) of A onto the center Z(B) of B.

iii) ϕ is continuous.

Proof. By [11,2.1], ϕ is multiplicative linear map and hence (i) and (ii)
follows easily.For (iii), the continuity of ϕ follows from[2,4.5] and similar proof
of Silove theorem in [8,2.3.3].

Here we give some useful characterization of radical (or more exactly Ja-
cobson radical) on FLM algebras.

Theorem 12. Let A be a complete metrizable FLM algebra with submul-
tiplicative meter dA and unit element e. Then

Rad(Z(A)) = Z(A) ∩Rad(A)
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Proof. Let x ∈ Z(A) ∩Rad(A). Then by [5,3.1.3] , e− ax ∈ Inv(A) for all
a ∈ A. Inparticular, if a ∈ Z(A), then e−ax ∈ Z(A) and so (e− ax)−1 ∈ Z(A).
By [5,3.1.3], x ∈ Rad(Z(A)) and therefore Z(A) ∩Rad(A) ⊆ Rad(Z(A)).

Coversely, let x ∈ Rad(Z(A)). Then x ∈ Z(A) and r(x) = 0 by Corollary
5.Since xa = ax , ∀a ∈ A, then (ax)n = anxn for all n. By [11,3.6], we
have r(ax) ≤ r(a)r(x) . This implies that r(ax) = 0 , ∀a ∈ A.By Corollary
5, x ∈ Rad(A). But x ∈ Z(A) ,thus Rad(Z(A)) ⊆ Z(A) ∩ Rad(A), which
completes the proof.

Corollary 13. If A is semisimple with the conditions of Theorem 12, then
so is Z(A).

Proof. It is clear.

Theorem 14. Let A and B be a complete metrizable FLM algebras and
A with submultiplicative meter dA .If ϕ : A → B is a spectral isometry, then
kerϕ ⊆ Rad(A) .

Proof. Let x ∈ kerϕ. Then for each y ∈ A, we have

r(y) = r(ϕ(y)) = r(ϕ(x+ y)) = r(x+ y)

Inparticular, if y ∈ A is quasinilpotent, then 0 = r(y) = r(x+ y). By [11,3.4],
x ∈ Rad(A) and so kerϕ ⊆ Rad(A) .

Corollary 15. If A is semisimple with the conditions of Theorem 14, then
ϕ must be injective.

Proof. Since A is semisimple, then Rad(A) = {0} and so kerϕ = {0}.
Thus ϕ is injective.

Theorem 16. Suppose A is a commutative complete metrizable FLM
algebra with unit element e.If {xn} is any sequence of Inv(A) such that the set
{x−1

n : n ∈ N} is bounded, then Rad(A) = {0}.

Proof. At first, we show that Inv(A) is an open and closed subset of A\{0}.
Let x ∈ Inv(A), then there is a sequence {xn} ⊆ Inv(A) such that xn → x,
by [3,3.5], x is invertible and hence Inv(A) is closed set and By[2,4.3], it is
open.Thus Inv(A) is an open and closed subset of A\{0}. Since A\{0} is
connected, therefore Inv(A) is either empty or A\{0} itself, but it isn’t empty,
since e ∈ Inv(A), Consquently Inv(A) = A\{0}. Hence A is a division algebra
and so Rad(A) = {0}.
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The following theorem is a version of V.Ptak’s theorem in [9] for FLM
algebras.

Theorem 17. Let A be a complete metrizable FLM algebra with sub-
multiplicative meter dA and unit element e. then the following statements are
equivalent:

i) x ∈ S(A);

ii) r(x+ a) ≤ r(x) + r(a) for all a ∈ A;

iii) r(xa) ≤ r(x)r(a) for all a ∈ A;

iv) sup{r(x− e−axea) : a ∈ A} < ∞

Proof. if necessary, we may suppose without loss of generality that A is
semisimple, Then (i) implies (ii) and (iii) by [11,3.6]. The similar proof of
V.Ptak’s theorem in [9] shows that each of (ii) and (iii) implies (iv) and also
(iv) implies (i). The details can be found in [9] , [5].

Theorem 18. Let A and B unital complete metrizable FLM algebras with
submultiplicative meters dA and dB respectively. If ϕ : A → B is a surjective
spectral isometry, then

ϕ[S(A)] = S(B)

Proof. Let x ∈ S(A) and y ∈ B be arbitrary. Since ϕ is surjective, then
ϕ(a) = y for some a ∈ A. Since ϕ is spectral isometry, we have

r(ϕ(x) + y) = r(ϕ(x+ a)) = r(x+ a)

By Theorem 17, we have

r(ϕ(x) + y) ≤ r(x) + r(a) = r(ϕ(x)) + r(ϕ(a)) = r(ϕ(x)) + r(y)

By Theorem 17, again ϕ(x) ∈ S(B). This implies that ϕ[S(A)] ⊆ S(B). For
the reverse inclusion, let y ∈ S(B). Then y = ϕ(x), for some x in A . For each
a in A, we have

r(x+ a) = r(ϕ(x+ a)) = r(y + ϕ(a))

By Theorem 17, we obtain,

r(x+ a) ≤ r(y) + r(ϕ(a)) = r(x) + r(a)

Hence x ∈ S(A) and so y ∈ ϕ[S(A)].
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Corollary 19. If A and B are semisimple with the conditions of Theorem
18, then ϕ[Z(A)] = Z(B).

Proof. Since A and B are semisimple, then S(A) = Z(A) and S(B) =
Z(B). Consequently, ϕ[Z(A)] = Z(B).
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