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Abstract: The paper deals with a few questions concerning a soft topological
space. The main goal is to point out that any soft topological space is homeo-
morphic to a topological space (A×X, τA×X) where τA×X is a topology on the
product A×X, consequently many soft topological notions and results can be
derived from general topology.
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1. Introduction

The recent interest (see the references) in the soft topological spaces is growing
and intensive study contributes both to the development of the soft set theory,
but also brings many open problems.

In [5], for a soft topological space (A,X, τ, ), the next propositions were
proved (for the definitions and notations see [5]) and the authors ask if the
converses of Propositions 3.11, 3.16, 3.17, 5.33 below are true as well as they
ask to find a connection between two soft topologies τ and τθ.
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(1) Proposition 3.11 If for every x ∈ X, for every a ∈ A and for every a-soft
open neighborhood (F,A) of x there exists an a-soft open neighborhood
(G,A) of x such that x ∈ G(a) ⊂ cl(G, a) ⊂ F (a), then (X, τ,A) is a soft
T3-space.

(2) Proposition 3.16 Let (F,A) ∈ SS(X,A) and a ∈ A. If there exists a
net S = {xλ, λ ∈ Λ} of X such that xλ∈a (F,A), for every λ ∈ Λ and x ∈
s-lim(S), then x ∈a cl(F,A).

(3) Proposition 3.17 Let (A,X, τX ) and (B,Y, τY ) be two soft topological
spaces, x ∈ X and e a map of A onto B. If the map f : X → Y is soft e-
continuous at the point x, then for every net S = {xλ, λ ∈ Λ} of X which
soft converges to x in (A,X, τX ) we have that the net {f(xλ), λ ∈ Λ} of
Y soft converges to f(x) in (B,Y, τY ).

(4) Proposition 5.33 If the map f : X → Y is soft e-θ-continuous, then
Φ−1
fe (G,B) is a soft subset of intθ(Φ

−1
fe (clθ(G,B)) for every (G,B) ∈ τY .

(5) Under which conditions does the equality τ = τθ holds?

(6) Under what conditions does the sequence τ, τθ, (τθ)θ, ((τθ)θ)θ,... is even-
tually constant?

(7) Find a soft topological space such that the sequence τ, τθ, (τθ)θ, ((τθ)θ)θ,...
is strictly decreasing?

2. Topological and soft topological space

Any subset S of the Cartesian product A × X is called a relation from A to
X. By R(A,X), we denote the set of all binary relations from A to X and
S[a] := {x ∈ X : [a, x] ∈ S}. The operations of the sum S ∪ T , ∪t∈TSt,
the intersection S ∩ T , ∩t∈TSt, the complement Sc and the difference S \ T of
relations are defined obvious way as in the set theory.

By F : A → 2X we denote a set valued mapping from A to the power set
2X of X. A set of all set valued mappings from A to 2X is denoted by F(A,X).
If F,G are two set valued mappings, then F ⊂ G (F = G) means F (a) ⊂ G(a)
(F (a) = G(a)) for any a ∈ A.

A graph of a set valued mapping F is the set Gr(F ) := {[a, x] ∈ A × X :
x ∈ F (a)} and it is a subset of A × X, hence Gr(F ) ∈ R(A,X). So, any set
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valued mapping determines a relation from R(A,X) denoted by RF := {[a, x] ∈
A×X : x ∈ F (a)} = Gr(F ).

On the other hand, any relation S ∈ R(A,X) determines a set valued
mapping FS from A to 2X where FS(a) = S[a]. So, there is one-to-one cor-
respondence between the relations from R(A,X) and the set valued mappings
from F(A,X), i.e., if S ∈ R(A,X) and G,H ∈ F(A,X), then

S 7→ FS , FS(a) = S[a], G 7→ RG, RG[a] = G(a),

FRG
= G, FRG

(a) = G(a), RFS
= S, RFS

[a] = S[s],

H = FS ⇔ RH = S.

Definition 2.1. For H,G,Ft ∈ F(A,X), t ∈ T , we define the following
obvious set valued mapping operations.

(1) Sum: ∪t∈TFt : A → 2X , a 7→ ∪t∈TFt(a),

(2) Intersection: ∩t∈TFt : A → 2X , a 7→ ∩t∈TFt(a),

(3) Complement: Hc : A → 2X , a 7→ X \H(a),

(4) Difference: H \G : A → 2X , a 7→ H(a) \G(a), a ∈ A.

In this section we will consider the soft sets over common an initial universe
set X and a fixed set of parameters A and a definition of a soft set is introduced
by a set valued mapping (see the references).

Definition 2.2. If G : A → 2X is a set valued mapping, then a pair (G,A)
is called a soft set over X with respect to a set of parameters A. The family
of all soft sets over X with respect to A is denoted by SS(A,X). A triplet
(A,X, τ) where τ ⊂ SS(A,X) is a soft topology is called a soft topological
space ([5]).

As we said above there is no difference between a set valued mapping F ∈
F(A,X) and its graph Gr(F ), which is a member of R(A,X). So, a soft set
can be defined as follows.

Definition 2.3. A soft set over X with respect to A is a pair (S,A), where
S ⊂ A×X. So, in this case a soft set is represented by a relation from R(A,X).
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The basic soft operations (the soft union, the soft intersection, the soft com-
plement) can be defined by the corresponding set valued mapping operations
on F(A,X) stated in Definition 2.1 or by the corresponding relation operations.
For example ⊔t∈T (Gt, A) = (∪t∈TGt, A) = (F∪t∈TRGt

, A).

From the one-to-one correspondence between the relations from R(A,X)
and the set valued mappings from F(A,X), a soft topological space can be
characterizes as follows.

Theorem 2.1. A triplet (A,X, τ) if a soft topological space if and only if
(A×X, τA×X) is a topological space, where τA×X = {RG : (G,A) ∈ τ}.

By Definition 2.2, any member from τ (called a soft open set) is represented
by a set valued mappings G from F(A,X) which determines the binary relation
RG (open set) from τA×X = {S ∈ R(A,X) : (FS , A) ∈ τ} which forms a
topology on A×X.

On the other hand, if (A×X, τA×X) is a topological space with the topology
τA×X ⊂ R(A,X), then (A,X, τ) is a soft topological space, where τ = {(G,A) ∈
SS(A,X) : RG ∈ τA×X}. This observation can be expressed by the equivalences

(G,A) ∈ τ ⇔ RG ∈ τA×X , S ∈ τA,X ⇔ (FS , A) ∈ τ.

For P = [a, x], a soft set (GP , A), where GP (a1) = {x} for a1 = a and
GP (a1) = ∅ for a1 6= a is called a soft point. Denote by SS0(A,X) the set of
all soft pints. Then the next theorem expresses a homeomorphic connection
between (A,X, τ) and (A×X, τA×X).

Theorem 2.2. Any soft topological space (A,X, τ) is homeomorphic with
a topological space (A×X, τA×X) and a homeomorphism h : (SS0(A,X), τ) →
(A×X, τA×X) is given by h((GP , A)) = [a, x], where P = [a, x].

If (A×X, τA×X) is a topological space, then for any a ∈ A, τA×X induces a
topology τ{a}×X on {a}×X. A topological subspace ({a}×X, τ{a}×X ) is denoted
briefly by (X, τa). Generally, for any soft topological space (A,X, τ), we can
define its soft topological subspace as the homeomorphic image of a topological
subspace (S, τS) of the topological space (A×X, τA×X), where S ⊂ A×X and
τS is the induced topology. In literature, a soft topological subspace is usually
defined only for Y ⊂ X.

Recall the soft set 1A (= (FA×X , A)) and 0A (= (F∅, A)) are the absolute
soft set and the null soft set, respectively. The correspondence between the
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soft open (soft closed) sets and the open (closed) sets can be formulated by the
following lemma.

Theorem 2.3. A soft set (G,A) is soft open (soft closed) in a soft topo-
logical space (A,X, τ) if and only if RG is open (closed) in the corresponding
topological space (A ×X, τA×X) and S is open (closed) in a topological space
(A×X, τA×X) if and only if (FS , A) is soft open (soft closed) in the correspond-
ing soft topological space (A,X, τ).

The main result of this section shows a deep connection between a soft
topology τ on SS(A,X) and the corresponding topology τA×X = {S ⊂ A×X :
(FS , A) ∈ τ} on the product A ×X. Any soft topological space (A,X, τ) can
be considered as a topological space on A×X and any topological space (X, τ)
can be considered as a soft topological space over X with respect to A = {a}.
Consequently, many results from the soft set theory are consequences of the
topological results.

Any topological notion can be introduced for a soft topological space by
direct reformulation. For example, a soft topological space (A,X, τ) is soft
compact (soft normal, soft Baire, soft metrizable and so on) if the corresponding
topological space (A×X, τA×X) is compact (normal, Baire, metrizable and so
on).

The homeomorphism from Theorem 2.5 is a very good tool for finding a soft
topological space which has a soft property P and it has not a soft property P .
Then, it is sufficient to find a topological space which has the property P and
it has not the property P .

Recall the notion of an a-cluster point from [5]. In parentheses the topo-
logical version is given.

Definition 2.4. (see [5]) Let (A,X, τ) be a soft topological space ((A ×
X, τA×X) be the corresponding topological space) and a ∈ A. A point x ∈ X is
said to be an a-cluster point of a soft set (H,A) (of RH ⊂ A×X), if for any soft
open set (G,A) (open set RG ⊂ A × X) such that x ∈a (G,A) ( [a, x] ∈ RG),
the intersection of (H,A) and (G,A) is not null soft set (RH ∩ RG 6= ∅). The
set of all a-cluster points of (H,A) is denoted by cl(H, a).

That means, the set cl(H, a) is the set of all points x ∈ X such that [a, x]
is from the closure cl(RH) of RH in the topological space (A ×X, τA×X), i.e.,
cl(H, a) = {x ∈ X : [a, x] ∈ cl(RH)} = cl(RH)[a]. So, the soft closure cl(H,A)
of (H,A) (see [5, Proposition 2.14]) is represented by the multifunction FH,A :
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A → X defined as follows: FH,A(a) = cl(H, a) = cl(RH)[a], a ∈ A and its graph
is equal to cl(RH). Similar connection holds for the soft interior int(H,A) of
(H,A) (see [4, Definition 3.11]).

The next lemma shows a connection between the closure, the interior opera-
tor in (A×X, τA×X) and the soft closure, the soft interior operator in (A,X, τ),
respectively.

Lemma 2.1. Let (A,X, τ) be a soft topological space and (A×X, τA×X ) be
the corresponding topological space. Then cl(H,A) = (Fcl(RH ), A), int(H,A) =
(Fint(RH ), A) and cl(RH)[a] = cl(H, a), int(RH)[a] = int(H, a) for any a ∈ A.

3. Regularity and θ-topology

Recall a topological space is T3 (regular), if for any closed set A and any point
x 6∈ A their are two disjoint open sets G,H such that A ⊂ G and x ∈ H. The
next characterization is trivial.

Proposition 3.1. A topological space (X, τ) is T3 if and only if for any
open set G and any x ∈ G there is an open set H containing x such that
cl(H) ⊂ G.

Definition 3.1. By [5], a soft topological space (A,X, τ) is called soft T3

if for every point x ∈ X, for every a ∈ A and for every soft closed set (Q,A)
such that x 6∈a (Q,A) there exist two soft open sets (G,A) and (H,A) such that
x ∈a (G,A), Q(a) ⊂ H(a), and G(a) ∩ H(a) = ∅ (x 6∈a (G,A) (x ∈a (G,A))
means that x 6∈ G(a) (x ∈ G(a))).

As the next example shows their is a soft topological space (A,X, τ) which
is soft T3 and the corresponding topological space (A × X, τA×X) is not T3.
Consequently, the topological axiom T3 and the soft topological axiom T3 are
not equivalent.

Example 3.1. Let A = {1, 2, . . . }, X = {x1, x2} (x1 6= x2) and τA×X

be the cofinite topology on A × X. It is clear, (A × X, τA×X) is not T3 (the
intersection of any two nonempty open sets is nonempty). Let τ = {FS :
S ∈ τA×X}. Then (A,X, τ) is a soft topological space, which is soft T3. If
x1 6∈a (Q,A) (the case x2 6∈a (Q,A) is similar) and (Q,A) is soft closed, then
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x1 6∈ Q(a) and Q(a) = ∅ or Q(a) = {x2}. Define (G,A), (H,A) as follows:
G(a1) = {x1} if a1 = a, G(a1) = X if a1 6= a and H(a1) = {x2} if a1 = a and
H(a1) = X if a1 6= a. It is clear, x1 ∈a (G,A), Q(a) ⊂ H(a), G(a) ∩H(a) = ∅
and (G,A), (H,A) are soft open.

If we change the set (Q,A), (G,A), (H,A) from Definition 3.1 by the cor-
responding subsets S := RQ, S1 := RG, S2 := RH of A × X respectively, we
obtain a topological characterization of the soft T3 separation axiom.

Theorem 3.1. A soft topological space (A,X, τ) is T3, if and only if for
any [a, x] ∈ A×X and any closed subset S of the topological space (A×X, τA×X)
such that [a, x] 6∈ S there are two open subsets S1 and S2 of (A × X, τA×X)
such that [a, x] ∈ S1, S[a] ⊂ S2[a] and S1[a] ∩ S2[a] = ∅.

The set RQ[a] = S[a] is closed and RG[a] = S1[a], RH [a] = S2[a] are open in
(X, τa), where τa is the induced topology on X, then if a soft topological space
is T3, then the topological space (X, τa) is T3 for any a ∈ A. By Proposition
3.1, we have the next theorem, consequently the converse of Proposition 3.11
of [5] holds.

Theorem 3.2. Let (A,X, τ) be a soft topological space and (A,X, τA×X )
be the corresponding topological space. Then the following conditions are equiv-
alent.

(3) for any a ∈ A, the topological space (X, τa) is T3,

(4) (A,X, τ) is soft T3 (in the sense of Definition 3.1),

(5) for every x ∈ X, for every a ∈ A, and for every a-soft open neighborhood
(F,A) of x there exists an a-soft open neighborhood (G,A) of x such that
x ∈ G(a) ⊂ cl(G, a) ⊂ F (a) (see Proposition 3.11 of [5]).

Definition 3.2. ([3]) Let (X, τ) be a topological space. A point x is a
θ-interior point of a set A, if there is an open set G containing x such that
cl(G) ⊂ A. The set of all θ-interior points of A is denoted by intθ(A) and A is
called θ-open if any point of A is its θ-interior point, i.e., A = intθ(A). The set
of all θ-open sets is denoted by τθ.

A point x is a θ-cluster point of A, if for any open set G containing x,
the intersection A ∩ cl(G) is nonempty. The set of all θ-cluster points of A is
denoted by clθ(A) and A is called θ-closed, if A = clθA.
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Remark 3.1. It is clear, intθ(A) ⊂ int(A) and intθ(A) is open. Conse-
quently, τθ ⊂ τ . Similarly, cl(A) ⊂ clθ(S) and clθ(A) is closed.

Proposition 3.2. ([3]) A family τθ of all θ-open sets in a topological space
(X, τ) forms a topology.

The next proposition characterizes the equality τ = τθ.

Proposition 3.3. A topological space (X, τ) is T3 if and only if τ = τθ.

Proof. ” ⇒ ” Let x ∈ G ∈ τ . Since X is T3, by Proposition 3.1, there is
an open set H containing x and cl(H) ⊂ G, so G ∈ τθ. The opposite inclusion
follows from Theorem 3.1.

The implication ” ⇐ ” is clear.

In [5, Definition 5.10 and Definition 5.1], for a soft topological space (A,X, τ),
the set clθ(G, a) of all a-θ-cluster points and the set intθ(G, a) of all a-θ-interior
points of a soft set (G,A) were introduced. In fact a point x ∈ X is an a-θ-
cluster point (an a-θ-interior point) of a soft set (G,A) if and only if [a, x]
is a θ-cluster (θ-interior) point of RG in the corresponding topological space
(A×X, τA×X).

So, for the θ-closure clθ(G,A) of (G,A) ([5], Definition 5.11]), the θ-interior
intθ(G,A) of (G,A) ([5], Definition 5.2) and for the closure clθ(RG) of RG, the
interior intθ(RG) of RG in (A×X, τA×X) the next lemma holds.

Lemma 3.1. Let (A,X, τ) be a soft topological space and (A×X, τA×X)
be the corresponding topological space. Then

(1) clθ(G,A) = (Fclθ(RG), A), clθ(RG)[a] = clθ(G, a),

(2) intθ(G,A) = (Fintθ(RG), A), intθ(RG)[a] = intθ(G, a),

By [5], a soft set (G,A) is called θ-open if intθ(G,A) = (G,A). By Lemma
3.1 item (2), (G,A) is θ-open if and only if (Fintθ(RG), A) = intθ(G,A) = (G,A)
⇔ Fintθ(RG) = G ⇔ intθ(RG) = RG. So we have the next lemma.

Lemma 3.2. Let (A,X, τ) be a soft topological space and (A×X, τA×X ) be
the corresponding topological space. Then (G,A) is θ-open (closed) if and only
if RG is θ-open (closed) in the corresponding topological space (A×X, τA×X).
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As a consequence we have the next theorem which holds in any topological
space as well as in any soft topological space.

Theorem 3.3. The sequence τ , τθ, (τθ)θ, ((τθ)θ)θ,... is eventually constant
if one of them forms a T3-space.

4. Examples

The converse of Propositions 3.16 and 3.17 in [5] does not hold, as the next
two examples show (for definition of soft e-continuity and soft e-θ-continuity
see [5]).

Example 4.1. Let A = X = (−∞,∞) and τ is the usual topology in
A × X. Then (A,X, τ) is a soft topological space ((G,A) is soft open if the
graph Gr(G) of G is open in A × X). Let (F,A) be given by F (a) = {1}
for a ∈ (0,∞) and F (a) = ∅ for a ∈ (−∞, 0]. Then cl(F,A)(a) = {1} for
a ∈ [0,∞) and cl(F,A)(a) = ∅ for a ∈ (−∞, 0). So 1∈0 cl(F,A) but there is no
net S = {xλ, λ ∈ Λ} of X such that xλ∈0 (F,A) for any λ ∈ Λ (F (0) = ∅).

Example 4.2. Let X = {x, y}, A = B = {1, 2}, F (1) = {y}, F (2) =
{x}, G(1) = {x}, G(2) = ∅, H(1) = {x, y}, H(2) = {x}, τX = {0A,1A,
(F,A), (G,A), (H,A)}, Y = {z, w}, τY be the soft discrete topology (any soft
set is soft open). Then (A,X, τX ) and (B,Y, τY ) are the soft topological spaces.
Let f(x) = w, f(y) = z, e(1) = 1, e(2) = 2 and f : X → Y is not soft e-
continuous at x but the net S = {xλ = x, λ ∈ Λ} of X soft converges to x and
the net {f(xλ) = w, λ ∈ Λ} of Y soft converges to f(x) = w.

Example 5.27 in [5] is not correct, because f is soft e-continuous. A topology
τ2 is indiscrete, so Φ−1

ef (1A) = 1A and Φ−1
ef (0A) = 0A. The correct example is

the next one.

Example 4.3. Let X = Y = {a, b}, A = B = {c}, τX = {0A,1A, (G,A)},
where G(c) = {a}, τY = {0B ,1B , (H,B)}, where H(c) = {b}, f(a) = a, f(b) =
b, e(c) = c. Then (A,X, τX ) and (B,Y, τY ) are the soft topological spaces. If
clX and clY are closure operators in the topological spaces (X, τc) and (Y, τc),
then clX({a}) = clY ({b}) = {a, b}, clX({b}) = {b}, clY ({a}) = {a}. It is clear,
f is soft e-θ-continuous but it is not soft e-continuous.
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Example 4.3 also shows that the converse of Proposition 5.33 in [5] does
not holds. For (H,B) ∈ τY , clθ(H,B) = 1B , so we have Φ−1

ef ((H,B)) ⊂

1A = intθ(Φ
−1
ef (clθ(H,B))). For (H,B) = 0B , ((H,B) = 1B) the inclusion

Φ−1
ef ((H,B)) ⊂ intθ(Φ

−1
ef (clθ(H,B))) is evident.

5. Conclusion

The main result of the paper is to study a soft topological space by a homeo-
morphic connection with a topological space on the Cartesian product of two
sets. Using this homeomorphic, many soft topological notions can be studied
in the corresponding topological space. The paper answers on some questions
stated in [5] concerning some soft properties (θ-topology, soft e-continuity, soft
e-θ-continuity, soft T3-separation axiom). The last question from [5] (find a
soft topological space such that the sequence τ, τθ, (τθ)θ, ((τθ)θ)θ,... is strictly
decreasing) is still open.
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