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Abstract: From past literature, it is well known that Haar wavelet is a pow-
erful mathematical tool for solving various type of differential equations and
the solution obtained by Haar wavelet are more accurate than that obtained
by other methods. Our aim in the present paper is to illustrate the slow com-
putational convergence of Laguerre’s differential equation using Haar wavelet,
noting that Laguerre’s differential equation has polynomial solutions.
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1. Introduction

Differential equations are used in many problems arising in mathematical, phys-
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ical and chemical sciences. During the last few decades considerable efforts have
been made towards the development of computational procedure to differential
equations encountered in various fields of science and engineering. Laguerre’s
differential equation is a special differential equation occuring in numerous en-
gineering problems. The name of this differential equation is due to french
mathematician Edmond Laguerre (1834 − 86), who is known for his work in
infinite series and geometry.

Consider the equation of the form

x
d2y

dx2
+ (1− x)

dy

dx
+ ny = 0, (1)

where n is a constant, and is called the order of the differential equation. The
most important property of this equation is that it has polynomial solution,
naturally called Laguerre’s polynomial. Laguerre’s polynomials are the solution
of equation (1). These polynomials Ln(x) are given by:

Ln = ex
dn

dxn
(xne−x). (2)

The Ln(x) can be obtained from the recurrence formula

(n+ 1)Ln+1(x) = (2n+ 1− x)Ln(x)− nLn−1(x)

In particular,

L0(x) = 1, L1(x) = 1− x, L2(x) = 1− 2x+ 1
2x

2,

L3(x) = 1− 3x+ 3
2x

2 − 1
6x

3.

Their generating function is given as:

e−xt/1−t

1− t
=

∞
∑

n=0

Ln(x)

n!
tn. (3)

The orthogonal property of these polynomials is:

∫ ∞

0
e−xLm(x)Ln(x)dx =

{

0 for m 6=n,

(n!)2 for m = n.
(4)

In past literature [9, 10, 11, 12, 13, 14, 15], it have been claimed that the solution
of differential equations by Haar wavelet methods are more accurate. In the
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present paper, we see that the above claims by various authors in the past is
not true for Laguerre’s equation, even though it has polynomial solutions.

In Section 2, we briefly describe Haar wavelet method. In Section 3, we
have given function approximation. Numerical methods for solving Laguerre’s
differential equation have been presented in Section 4 and in Section 5, nu-
merical examples have been solved using the Haar wavelet method to illustrate
the slow efficiency and accuracy of Laguerre’s differential equation using Haar
wavelet.

2. Haar Wavelet Method

In recent decades the field of Haar wavelets for solving differential equations
has attracted interest of researchers in several areas of science and engineering.
A survey on differential equation is presented in [15]. Wavelet analysis ia a new
branch of mathematics and widely applied in differential and integral equations.
The word wavelet is due to [7] in the early of 1980s. Several methods have
been proposed to find the numerical solution of different linear and nonlinear
differential equations. Wavelets have been applied extensively in mathematical
problems related to scientific and engineering fields. There are many wavelet
families such as Daubechies wavelet [8], Hermite-type trigonometric wavelet
and many more. In 1910, Alfred Haar [2] introduced a function which presents
a rectangular pulse pair. After that various generalizations were proposed.
Among all these wavelet families, It is the simplest orthonormal wavelet with
compact support. Haar wavelet is Daubechies wavelet of order one. Lepik
[10, 12] presented the numerical solution of differential and integral equation
with Haar wavelet method. The Haar functions are an orthogonal family of
switched rectangular waveforms where amplitudes can differ from one function
to another. They are defined in the interval [0, 1].

hi(x) =











1, α ≤ x < β,

−1, β ≤ x < γ,

0, otherwise.

(5)

where α = k
m , β = k+0.5

m and γ = k+1
m . Integer m = 2j , (j = 0, 1, 2, 3, 4, .......J)

indicates the level of the wavelet, and k = 0, 1, 2, 3, .....,m− 1 is the translation
parameter. Maximal level of resolution is J. The index i is calculated according
the formula i = m+k+1. In the case of minimal values, m = 1, k = 0 we have
i = 2. The maximal value of i is i = 2M , where M = 2J . It is assumed that
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the value i = 1, corresponding to the scaling function in [0, 1].

h1(x) =

{

1, 0 ≤ x ≤ 1,

0, otherwise.
(6)

Let us define the collocation points xl =
(l−0.5)
2M , where l = 1, 2, 3, ..., 2M and

discretize the Haar function hi(x). Using the following notations of Haar func-
tions:

h1(x) = [1, 1, 1, 1], h2(x) = [1, 1,−1,−1], h3 = [1,−1, 0, 0], h4 = [0, 0, 1,−1].

we introduce the following notation:

H4(x) = [h1(x), h2(x), h3(x), h4(x)]
T =









1 1 1 1
1 1 −1 −1
1 −1 0 0
0 0 1 −1









(7)

Here H4(x) is called Haar coefficient matrix. It is a square matrix of order
4, and is defined as H(i, l) = (hi(xl)), which has dimension 2M×2M . Let us
integrate equation (5), we get

qi(x) =

∫ x

0
hi(t)dt (8)

In the collocation points, equation (8) gets the form Q(i, l) = qi(xl), where
Q is a 2M×2M matrix. Chen and Hsiao [1] presented this matrix in the
form Qn = PnHn, where PnHn is interpreted as the product of the matrices
Pn and Hn, called Haar integration and coefficient matrix, respectively. The
operational matrix of integration P , which is a 2M square matrix, is defined
by the relations:

Pi,1(x) =

∫ x

0
hi(t)dt. (9)

Pi,n+1(x) =

∫ x

0
Pi,n(t)dt, (10)

where n = 1, 2, 3, 4.... These integrals can also be evaluated using equation (5)
as:

Pm,i(x) =























0, x < α
1
m!{(x− α)m} xǫ[α, β)
1
m!{(x− α)m − 2(x− β)m} xǫ[β, γ)
1
m!{(x− α)m − 2(x− β)m + (x− γ)m} x > γ

(11)
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3. Function Approximation

We know that all the Haar wavelets are orthogonal to each other:

∫ 1

0
hi(x)hl(x)dx =

{

2−j i = l = 2j + k

0 i 6= l
(12)

Therefore, they construct a very good transform basis. Any square integrable
function y(x) in the interval [0, 1] can be expanded by a Haar series of infinite
terms:

y(x) =

∞
∑

i=1

cihi(x), (13)

where the Haar coefficients ci are determined as:

c0 =

∫ 1

0
y(x)h0(x)dx (14)

ci = 2j
∫ 1

0
y(x)hi(x)dx (15)

where i = 2j + k, j≥0 and 0≤k < 2j , xǫ[0, 1] such that the following integral
square error ε is minimized:

ε =

∫ 1

0
[y(x)−

m
∑

i=1

cihi(x)]
2dx (16)

where m = 2j and j = 0, 1, 2, 3, .... Usually the series expansion of (13) contains
infinite terms. If y(x) is piecewise constant by itself or may be approximated
as piecewise constant during each subinterval, then y(x) will be terminated at
finite m terms. This means

y(x) ∼=

m
∑

i=1

cihi(x) = cm
Thm(x) (17)

where the coefficients cm
T and the Haar function vectors hm(x) are defined as:

cm
T = [c1, c2, c3, . . . , cm] and hm(x) = [h1(x), h2(x), h3(x), . . . , hm(x)]T ,

where T is the transpose.



500 I. Singh, S. Arora, S. Kumar

4. Method for Solving Laguerre’s Differential Equation

Consider the Laguerre’s differential equation (1) and assume that

y′′(x) =

2M
∑

i=1

aihi(x). (18)

Integrating the above equation with respect to x, from 0 to x, we get,

y′(x) = y′(0) +

2M
∑

i=1

aiP1,i(x). (19)

Again, Integrating the above equation with respect to x, from 0 to x, we get,

y(x) = y(0) + xy′(0) +
2M
∑

i=1

aiP2,i(x). (20)

Substituting the values of y(x), y′(0) and y′′(0) in equation (1), we get

2M
∑

i=1

ai[xhi(x) + (1− x)P1,i(x) + nP2,i(x)] + (1− x)y′(0) + ny(0) + nxy′(0) = 0.

(21)
From here, wavelet coefficients are calculated and we get the numerical solution
of (1).

The accuracy of the results was estimated by the error function

eJ = max
1≤i≤2M

{|yapproximate(xt)− yexact(xt)|}. (22)

5. Numerical Examples

Here, we present numerical examples to observe the accuracy of Laguerre’s
differential equations by comparing the numerical solutions with exact solutions.

Example 1. Solve the differential equation

x
d2y

dx2 + (1− x)
dy

dx
+ 2y = 0 (23)



EFFICIENCY AND ACCURACY OF NUMERICAL SOLUTION... 501

J 2M Maximum absolute error

1 4 0

2 8 0

3 16 5.5E-017

4 32 5.5E-017

5 64 5.5E-017

6 128 1.1E-017

7 256 5.5E-017

8 512 5.5E-017

Table 1: Maximum absolute error ej for different values of J
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Figure 1: Comparison of numerical and exact solutions of Example 1
for J = 4.
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with y(0) = 2 and y′(0) = −4. The exact solution of (23) is y(x) = 1−2x+ 1
2x

2.
Clearly, it is a Laguerre’s differential equation of order 2. The maximum error
functions of (23) at different values of J are shown in the Table 1. Comparison
of numerical and exact solutions of Example 1 for J = 4 are shown in Figure 1.

Example 2. Solve the differential equation

x
d2y

dx2 + (1− x)
dy

dx
+ 3y = 0 (24)

with y(0) = 6 and y′(0) = −18. The exact solution of (24) is y(x) = 1− 3x+ 3
2x

2−
1
6x

3. Clearly, it is a Laguerre’s differential equation of order 3. The maximum
error functions of (24) at different values of J are shown in the Table 2. Com-
parison of numerical and exact solutions of Example 2 for J = 4 are shown in
Figure 2.

J 2M Maximum absolute error

1 4 1.3E-003

2 8 0.3E-003

3 16 6.7E-005

4 32 1.5E-005

5 64 3.8E-005

6 128 9.3E-007

7 256 2.3E-007

8 512 5.7E-008

Table 2: Maximum absolute error ej for different values of J

Example 3. Solve the differential equation

x
d2y

dx2 + (1− x)
dy

dx
+ 4y = 0 (25)

with y(0) = 24 and y′(0) = −96. The exact solution of (25) is

y(x) = 1− 4x+ 3x2 − 2
3x

3 + 1
24x

4.

Clearly, it is a Laguerre’s differential equation of order 4. The maximum error
functions of (25) at different values of J are shown in the Table 3. Comparison
of numerical and exact solutions of Example 3 for J = 4 are shown in Figure
3.

Example 4. Solve the differential equation

x
d2y

dx2 + (1− x)
dy

dx
+ 6y = 0 (26)
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Figure 2: Comparison of numerical and exact solutions of Example 2
for J = 4.

J 2M Maximum absolute error

1 4 5.2E-003

2 8 1.0E-003

3 16 2.2E-004

4 32 5.1E-005

5 64 1.2E-005

6 128 3.0E-006

7 256 7.5E-007

8 512 1.8E-007

Table 3: Maximum absolute error ej for different values of J
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Figure 3: Comparison of numerical and exact solutions of Example 3
for J = 4.

with y(0) = 720 and y′(0) = −4320.
The exact solution of (26) is

y(x) = 1− 6x+
135

18
x2 −

10

3
x3 +

5

9
x4 − 36x5 +

1

720
x6. (27)

Clearly, it is a Laguerre’s differential equation of order 6. The maximum error
functions of (26) at different values of J are shown in the Table 4. Comparison
of numerical and exact solutions of Example 4 for J = 4 are shown in Figure
4.

Example 5. Solve the differential equation

x
d2y

dx2 + (1− x)
dy

dx
+ 7y = 0 (28)

with y(0) = 5040 and y′(0) = −35280.The exact solution of (28) is

y(x) = 1− 7x+
52920

5040
x2 −

29400

5040
x3 +

7350

5040
x4 −

882

5040
x5 +

49

5040
x6 −

1

5040
x7.

(29)
Clearly, it is a Laguerre’s differential equation of order 7. The maximum error
functions of (28) at different values of J are shown in the Table 5. Comparison
of numerical and exact solutions of Example 5 for J = 4 are shown in Figure 5.
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J 2M Maximum absolute error

1 4 2.2E-002

2 8 3.8E-003

3 16 8.4E-004

4 32 1.9E-004

5 64 4.4E-005

6 128 1.0E-005

7 256 2.6E-006

8 512 6.6E-007

Table 4: Maximum absolute error ej for different values of J
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Figure 4: Comparison of numerical and exact solutions of Example 4
for J = 4.
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J 2M Maximum absolute error

1 4 3.5E-002

2 8 6.5E-003

3 16 1.3E-003

4 32 2.9E-004

5 64 6.8E-005

6 128 1.6E-005

7 256 4.0E-006

8 512 1.0E-006

Table 5: Maximum absolute error ej for different values of J
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Figure 5: Comparison of numerical and exact solutions of Example 5
for J = 4.
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6. Conclusion

We see that the analytical solution of nth order Laguerre’s differential equation
is nth degree polynomial. As the value of n increases, the accuracy of the
solution by the Haar wavelet method decreases rapidly. If this is happening
for a polynomial solution of a differential equation, nothing can be said about
the numerical solution of other differential equations having poor smooth/non-
smooth solutions. Thus, in view of the above it can not be accepted that
Haar wavelet gives more accurate numerical solutions. We may see the work
done in [3, 4, 5, 6] and the computational convergence/accuracy of numerical
results obtained there. The computational convergence/accuracy of the results
obtained in [3, 4, 5, 6] are far better than one obtained here. Thus it will be
interesting to study for what class of differential equations, the Haar wavelet
will give better results.
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[9] Ü. Lepik, Numerical solutionof differential equations using Haar wavelet,
Math. Comp. in Simulation 68 (2003) 127-143.
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