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THE UNKNOTTING NUMBER OF SOME KNOTS
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Abstract: We compute the unknotting number for infinite families of knots by
using a famous inequality due to Murasugi that relates the unknotting number
of a knot to the signature of the same knot. Also, we determine the unknotting
number and show it is equal to two for some knots in the knot table with
twelve crossings or less by another inequality due to Nakanishi that relates the
unknotting number of a knot to the surgerical description number of the knot
and by a theorem that is due to Kanenobu and Murakami.
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1. Introduction

For a classical knot K in S3, the unknotting number u(K) is the minimum
number of crossing changes required to deform the knot K to the unknot where
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the minimum is taken over all regular projections of the knotK [7, Page. 7]. The
definition of this invariant is intuitive, but the dependence on the projections
makes it very hard to compute. Even though some algebraic techniques are
known to give a lower bound for u(k), the unknotting number for many knots
in the knot table with twelve crossings or less are still undetermined.

We use the following famous inequality due to Murasugi [8] that relates the
unknotting number u(K) to the signature σ(K) of the knot K to compute the
unknotting number of infinite families of knots.

0 ≤
1

2
|σ(K)| ≤ u(K). (1)

Also, we use the following inequality due to Nakanishi [10, 11] that relates the
unknotting number u(K) to the surgerical description number (K) of the knot
K to determine the unknotting number of the knots 937, 103 and 1020 and show
it is equal to two.

0 ≤ (K) ≤ u(K). (2)

Finally, we use the following theorem to determine the unknotting number of
the knots 12a

802
and 12a

1166
and show it is equal to two.

Theorem 1. Let K be a nontrivial two-bridge knot. Then the following
three conditions are equivalent.

1. u(K) = 1.

2. There exist an odd positive integer p > 1 and coprime, positive integers
m and n with 2mn = p± 1 and K is equivalent to S(p, 2n2) in Schubert’s
notation as in [15].

3. K can be expressed as C(a, a1, a2, . . . , ak,±2,−ak, . . . ,−a2,−a1) in Con-
way’s normal form [4].

2. Preliminaries and Results

The knot signature was first defined by Trotter in [17] as the signature of some
quadratic form defined in terms of an orientable surface spanning the knot and
he showed that this signature is an invariant of the knot. Later on, the authors
of [3] were able to define the knot signature in terms of the signature of any
spanning surface. Therefore, they obtained an easier algorithm to compute this
invariant, and it shows that this invariant can be computed combinatorially
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Figure 1: A diagram of the knot K4
4

without going back to any spanning surface. We follow [9, Section. 2.1] for the
computations of the signature through the paper. Murasugi in [8] relates the
signature and the unknotting number of the knot K by inequality 1.

The surgical description of the knot K appeared first in [6, 13, 14], and
then later Nakanishi obtained inequality 2 in [10, 11] that involves the surgery
description number and the unknotting number of the knot K.

In this paper, we discuss three families of knots and we divide this section
according to that.

2.1. The Family K
m

n

The knot K4
4 is the knot with a diagram given in Figure ??. Now, we let Km

n be
the knot with a similar diagram as the one in Figure ?? but with n horizontal
crossings and m vertical crossings where m is even to obtain a knot. It is clear
that u(K2

n) = (K2
n) = 1 by changing one of the vertical crossing.

Remark 2. It is a simple exercise using Reidemeister moves to show that
Km

n is equivalent to Kn
m.

Proposition 3. We have

σ(Km
n ) =

{

m, if n is odd,

0, if n is even.

Proof. We color the regions of the diagram that represents the knot Km
n

white and black such that the outside region is white to obtain m+ 1 of white
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regions. We number these regions from top to bottom starting with the outside
region to be R0. Therefore, the Goeritz matrix G is the m×m given as follows:

G =















2 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
...

...
... . . .

...
...

0 0 . . . −1 2 −1
0 0 . . . 0 −1 n+ 1















.

We can take

Q =



























1√
2

0 0 . . . 0 0

1
2

√

2
3 0 . . . 0 0

1
3

2
3

√

3
4 0 . . . 0

...
... . . .

...
...

...
1

m−1
2

m−1
3

m−1 . . .

√

m−1
m

0

1
m

2
m

3
m

. . . m−1
m

√

m
nm+1



























.

So that
QGQt = I.

Therefore, we have sign(G) = m by Sylvester law [16]. Finally, the required
result follows since we have

σ(Km
n ) = σ(G) − µ(D) = m−

{

0, if n is odd,

m, if n is even,
=

{

m, if n is odd,

0, if n is even.

Corollary 4. If n is odd and m is even, then u(Km
n ) = m

2 .

Proof. It is clear that u(Km
n ) ≤ m

2 since we can deform the diagram that
represents the knot Km

n to a diagram of the unknot by changing the odd or the
even m

2 -vertical crossings. We also have m
2 is a lower bound of the u(Km

n ) since
|σ(Km

n )| = m. Therefore, u(Km
n ) = m

2 .

Lemma 5. We have det(K4
n) = 4n+ 1.

Proof. It follows since the knot K4
n is a two-bridge knot with Schubert’s

notation S(4n+ 1, 4).
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Theorem 6. u(K4
6 ) = (K4

6 ) = 2.

Proof. It is clear that u(K4
6 ) ≤ 2 by changing the two even or odd vertical

crossings to obtain a diagram of the unknot. Now a single crossing change at a
vertical crossing deforms the diagram of the knot K4

6 to a diagram of the knot
K2

6 . Suppose (K4
6 ) = 1. Therefore, by a surgical view K2

6 has an Alexander
matrix of the form

(

±∆K4

6

(t) r(t−1)

r(t) m(t)

)

,

where each entry is a Laurent polynomial in t and the determinant is ±∆K2

6

(t).
Now, if we take t = −1, we obtain

∣

∣

∣

∣

±∆K4

6

(−1) r(−1)

r(−1) m(−1)

∣

∣

∣

∣

= ±∆K2

6

(−1) = ±13.

From this equation, we obtain

r2(−1) ≡ ±13 (mod 25).

This is a contradiction because for any integer x, we have

x2 ≡ 0, 1, 4, 6, 9, 11, 14, 16, 19, 21, 24, (mod 25).

So the above equation has no solution. Hence, we have (K4
6 ) ≥ 2. Finally,

since u(K4
6 ) ≤ 2 and 2 ≤ (K4

6 ) ≤ u(K4
6 ) then (K4

6 ) = u(K4
6 ) = 2.

Theorem 7. For the knot K4
8 , we have u(K4

8 ) = 2.

Proof. It is clear that u(K4
8 ) ≤ 2 by changing the two odd or even vertical

crossings to obtain a diagram of the unknot. Also, it is an easy exercise to show
that the knot K4

8 is a two-bridge knot and it is given by S(33, 4) in Schubert’s
notation in [15]. Now suppose u(K4

8 ) = 1, then this knot is equivalent to
S(p, 2n2) in Schubert’s notation as a result of the second part of Theorem ??.
Hence S(33, 4) must be equivalent to S(33, 2n2), where n = 1, 17, or 24. This
is not the case since two knots S(p, q), and S(p, q

′

) are equivalent in Schubert’s
notation iff ±q ≡ q

′

or ±qq
′

≡ 1 (mod p) as proved in [15]. Thus, we have
u(K4

8 ) = 2.

We end this part of this subsection by this conjecture.

Conjecture 8. If m and n are even, then u(Km
n ) = min {m

2 ,
n
2 }.
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Figure 2: A diagram of the knot T2

2.2. The Family Tn

The knot T2 is the knot with a diagram given in Figure ??. Now, we let Tn

be the knot with a similar diagram as the one in Figure ?? but with n vertical
crossings.

Proposition 9. For any positive integer n,

σ(Tn) =

{

4, if n is even,

0, if n is odd.

Proof. We color the regions of the diagram that represents the knot Tn white
and black such that the outside region is black to obtain five white regions. We
number these regions starting from the top right region to be R0 and we keep
going counterclockwise. Note that R0 and R1 are symmetric about the vertical
axis the separates the knot into halves and similarly for R2 and R4. Therefore,
the Goeritz matrix G is the 4× 4 given as follows:

G =









n+ 2 −1 −1 0
−1 2 −1 0
−1 −1 4 −1
0 0 −1 2









.

The principal minors are n + 2, 2n + 3, 7n + 6, 12 + 27. So by Sylvester’s
criterion G is a positive definite matrix with 4 positive eigenvalues. Therefore,
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we have sign(G) = 4. Finally, the required result follows since we have

σ(Tn) = σ(G)− µ(D) = 4−

{

0, if n is even,

4, if n is odd,
=

{

4, if n is even,

0, if n is odd.

Corollary 10. For an even positive integer n, u(Tn) = 2.

Proof. It is clear that u(Tn) ≤ 2 by changing one of the left-side crossings
and one of the right-side crossings to obtain a diagram of the unknot. Now, we
know that 2 is a lower bound of u(Tn) by the previous proposition. Therefore,
we obtain u(Tn) = 2.

Lemma 11. We have det(Tn) = 12n + 9 for n ≥ 1.

Proof. It follows by induction on n and applying [12, Lemma. 3.2] at any
one of these n vertical crossings.

Theorem 12. We have u(T3) = (T3) = 2.

Proof. It is clear that u(Tn) ≤ 2 by changing one of the left-side crossings
and one of the right-side crossings to obtain a diagram of the unknot. A single
crossing change at a vertical crossing deforms the diagram of the knot T3 to a
diagram of the knot T1. Suppose (T3) = 1. Therefore, by a surgical view T1

has an Alexander matrix of the form
(

±∆T3
(t) r(t−1)

r(t) m(t)

)

,

where each entry is a Laurent polynomial in t and the determinant is ±∆T1
(t).

Now if we take t = −1, we obtain
∣

∣

∣

∣

±∆T3
(−1) r(−1)

r(−1) m(−1)

∣

∣

∣

∣

= ±∆T1
(−1) = ±21.

From this equation, we obtain

r2(−1) ≡ ±21 (mod 45)

This is a contradiction because for any integer x, we have

x2 ≡ 0, 1, 4, 9, 10, 16, 19, 25, 31, 34, 36, 40 (mod 45).

So the above equation has no solution. Hence, we have (T3) ≥ 2. Finally,
since u(T3) ≤ 2 and 2 ≤ (T3) ≤ u(T3) ≤ 2 then (T3) = u(T3) = 2.
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Knot Name Unknotting number Signature

K4
6 103 2 0

K4
8 12a

1166
2 0

L5
3 1020 2 -2

L7
3 12a

802
2 -2

T3 937 2 0

Table 1: Knot table

Conjecture 13. For any odd integer n ≥ 5, we have = u(Tn) = 2.

In conclusion, we give a brief summary of the results of the main theorems
in the given table and we provide the names of these knots in the knot table
using [2].
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