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Abstract: In the present paper, we deal the existence results of solutions
for a nonlocal elliptic Dirichlet boundary value problem involving p-Laplacian.
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1. Introduction

Consider the boundary value problem

Y /|Vu|pdx} Apu = f (w,u) in ©, (L.1)
Q

u = 0 on 0N

where Q € C%!be a bounded domain in RV .Let f : QxR — R be a caratheodory
function which is decreasing with respect to the second variable, i.e.,

[z, t1) < f(x,t2) (1.2)

for a.a z € Q and t1,t0 € R, t1 > t9.
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Assume, moreover, that there exists fo € L?(Q2),q = £ and ¢ > 0 such

that v
f (z,8)| < fo(x)+c|sP! (1.3)

and M : RT — RT where
My < M < M, (1.4)

is a continuous and increasing function.
Since the equation (1.1) contains an integral over € , it is no longer a
pointwise identity; therefore it is often called nonlocal problem.This problem
models several physical and biological systems, where u describes a process
which depends on the average of itself, such as the population density, see [13].
Moreover, problem (1.1) is related to the stationary version of the Kirchhoff

equation
82’11, Po

ou n ou
P o n o orn | |ox
0

2 2
0“u

presented by Kirchhoff in 1883, see [11]. This equation is an extension of the
classical d’Alembert’s wave equation by considering the effect of the changing
in the length of the string during the vibrations. The parameters in (1.5) have
the following meanings: L is the length of the string, h is the area of the cross-
section, /' is the Young modulus of the material, is the mass density, and P is
the initialtension.In recent years, problems involving Kirchhoff type operators
have been studied in many papers, we refer to [10, 11, 14, 15, 16, 21, 23, 24, 25],in
which the authors have used variational method and topological method to
get the existence of solutions for (1.1) in the cases when f could satisfy p-
superlinear, p-sublinear or p-linear growth condition at in nity. In this paper,
motivated by the ideas introduced in [12] and the properties of Kirchhoff type
operators in [17,18,19] we study problem (1.1) in the semipositone case; i.e.,
f(0) < 0.In this papers using Browder Theorem we obtain the existence and
uniqueness of solutions for (1.1).

We define the Sobolev space X = VVO1 P (Q) as the clusures of C§° () with
respect to the norm

Al

Jull = [ vuds | (1.6)

Q

for all u € C§° ().
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Definition1.1. We say that u € X is a weak solution to (1.1) if

M /\Vu\pdx} Q/\Vu]p_2 Vqudac—Q/f(x,u)vd:r (1.7)

Q

for all u,v € X

Lemma 1.2. The space X = WO1 P (Q) is continuous imbedded into the

* * N .
space LF" () ,where p* = £ ie.
Wo? (Q) = L (Q) (1.8)
which means that
”u”LP*(Q) S Cemb Hu”Wol’p(h,Q) (19)
where cepp is the constant of the embedding of WO1 P(Q) into LP" (). and the
compact embedded into the space L7 (€2) where ¢ € [1, NN—_’;),

2. Preliminaries and Space Setting

Definition 2.1. Let A: V — V be an operator on a real Banach space V.
We say that the operator A is:

(i) bounded iff it maps bounded sets into bounded i.e. for each r > 0 there
exists & > 0 (a depending on r ) such that

lu| <r=||AM)| <a,VueV

(ii) coercive: iff
(Au, u)

11m
lull—+o0 |||

(iii) monotone iff (A (u1) — A (u2),u1 — ug) > 0 for all uy,uy € V.

(iv) strictly monotone iff (A (uy) — A (u2),u; — ug) > 0 for all uy,uy €
Viur # us.

(v) strongly monotone iff (A (u1) — A (u2),u1 — u2) > k|jug — ug|| for all
ur,ug € V,uy # us.

(vi) continuous iff (u,) —* u implies Au,, — A (u) for all u,,u € V.
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(viii) demicontinuous iff (u,) — u implies A (u,,) =" A (u) for all u,,u € V.

Theorem 2.2. (Browder [4]) Let A be a reflexive real Banach space. More-
over let A : V — V be an operator which is: bounded, demicontinuous, coercive,
and monotone on the space V. Then, the system A (u) = F' has at least one
solution u € V' for each F' € V': If moreover, A is strictly monotone operator,
then the system (1.1) has precisely one solution u € V for every F € V'.

Proof. We consider the Sobolev space X = WO1 P (Q) with the norm

%
lellyioqy = /\vu,pdaz/
Q

We define operators J,: X — X* by

(J(u),v) =M /]Vu\p dx /\Vu\p_Q VuVudx
Lo )

and F': Q xR — R by

for all u,v € Wol’p ().
We say that u is a weak solution of (1.1) if

(Au),v) = (J (u),0) = (F(u),v) =0

holds for any v € VVO1 P (Q).Thus, to find a weak solution of (1.1) is equivalent
to finding u € VVO1 P () which satisfies the operator equation A (u) = 0.
Now, we have the following properties of the operators J and F":

a) J and F' are well defined. Using Holder’s inequality, we have

), = |M /\Vu]pd:): /]Vu\p_QVqud:r
Q }Q

IN

Moo / \VulP~! Vo] dz
] J
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< My /]Vu\pdx /\Vv\pdx < 00
Q

(F (u),v)] = |] f(z,u)vde

(fo (x)+c¢ ]u]p_l) |v| dx:

1 1
q
/| |qd:c /|v|pdﬂc
b))
; 1
q P
/|u|pdac /|v|pd:c
o)\

and hence J and F' are well defined.

IN
P— B

IN

< o0

b) J, and F are bounded operators. Indeed, for every u such that
lully < a

we have

[RACOII

= sup [(J(u),v)]

||v||X*g1

N

sup M /|Vu|pd:c} /|Vu|p2 VuVudz

vl x <1
< My sup /\Vu]p_l |Vl dx
lollxer<a |4 J
Using Holder’s inequality, we obtain
»

19 @)y < Mo sup /|Vu|pd:c |Vv|pdx} < of,

[lv] x*<1

15
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Also, we get
[F(Wllx. = sup [f(z,u),v)
||U||X*g1
< sup /(fo (:1:)+c\u\p_1) |v| dx:
||U||X*§1Q
1 1
q q
< sup /]fo ()|9dxy + /]u\(p_l)qd:r
||U||X*g1 Q / 0 / J
1
P
X /|v|pdx
5o )
b
< coms (Wollno + coms Il
b
< Cemb (”fOHLCI(Q) + Cembaq)

c) J and F are continuous operators. If u, — w in X: Then, we have
|lun, — ul|x — 0,s0 that
l[tn = ull oy = 0.

Applying Dominated Convergence Theorem, we obtain

H (|vun|1”—2 Vit — V|2 Vu) =0

.

Hence

1 (un) = J (W)l . = o | (un) = J (u) ,v)]

1
q

< My sup /(]Vun]pQVun—]Vu\pQVu>qu
||U||X*g1 ) }
1
p
X /|v|pdﬂc
b))
<

Moo Cemp / (|Vun|p72 Vu, — |[VulP 2 Vu)q dac}
Q
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— Oforn— o0
Also, we get

1E (un) = F(u)ll . = o |F (un) = F' (u) , 0)|

1

Cemb </f(:c,un)f(ac,u)qd:c} — 0 forn — oo
Q

IN

d) Let p > 2,Vx1, 29 € RV we have the following inequality (see [6])

2o — 21/

-2
|22|” > |z1|” + ploi [P 21 (22 — 1) + o1 _1°

Now,
(Jw)—Jw),u—v) = M ( \Vu]pdx

x/ |VulP™ QVu |Vv|p72Vv] (Vu — Vo) dx
Q

= M (/Vupd:r /]Vu\pQVu(Vu—Vv) dx
Q }Q

-M (/Vupd:r /ywv” Vo (Vu — Vv) dz
Q /Q
= L+ 5.

I1—|—I22M0/|Vu—Vv|p:CHu—v||§(

So
(J(u) = J(v),u—v) = Cllu—v| (2.2)
Also, we get

(F'(u) = F(v),u—wv) =/[f($,U)—f($,v)] (u—v)de

Q
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Since f is decreasing with respect to the second variable, we have

[f (x,u) — f (z,0)] (u—v) <0

consequently
(F(u)— F(v),u—v)= /[f(:):,u) — f(z,v)] (u—v)dx <0 (2.3)
Q
Equations (2.2) and (2.3) imply that
(A(u) = A(v),u—v) = Cllu—vlk (2.4)

So A is strongly monotone.

Now, to apply Browder Theorem, it remains to prove that A is a coercive
operator.

From (2.4), we have

(A(u),u) = (A0),u) + C ully
On the other hand
(A0),u) = (J(0),u)

-/ b:‘ (x;»

Q

> - /(fo(x))qu Q/updx/p

Q

(F'(0) ,u)
uldr > — | foudx
/

> —Cemb || foll Lagy llull x -
then
(A(u),u) > Cllully = cemb |1 foll agoy lull x

So,
lim A@,w = oo
lullx =0 lull x
This proves the coercivity condition and so, the existence of weak solution
for (1.1).
The uniqueness of weak solution of (1.1), is a direct consequence of (2.4).
Suppose that u,v be a weak solutions of (1.1) such that u # v.

Now, from (2.4), we have
0= (A(w) — A@),u—v) > Clu—v|% >0
therefore u = v. This completes the proof. ]
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