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Abstract: In this paper, the F-expansion method has been used to find several types of ex-

act solutions of the higher-order nonlinear Schrödinger (HONLS) equation with cubic-quintic

nonlinearities, self-steeping and self-frequency shift effects which describes the propagation of

an optical pulse in optical fibers. With the aid of symbolic computation, explicit exact solu-

tions of HONLS equation are presented which include many Jacobi elliptic function solutions,

bell-shaped and kink -shaped solitary wave solutions. The properties of some solutions are

shown by some figures.
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1. Introduction

The research area of nonlinear partial differential equations (NLPDEs) has been
very active for the past few decades. The NLPDEs are widely used to describe
complex phenomena in various fields of sciences, particularly in physics. Various
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phenomena in physics can be better understood with the help of exact analyt-
ical solutions. So, the search for a mathematical algorithm to construct exact
solutions of NLPDEs is an important an essential task in nonlinear sciences. In
recent years, there are many effective methods that have been used to obtain
exact solutions of NLPDEs such as the Bäcklund transform [1, 2], the inverse
scattering method [3], the tanh- function method [4], the truncated expansion
method [5, 6], the Jacobi elliptic function method [7], the F-expansion method
[8], the Kudryashov method [9] and other methods [10]-[13].

Propagation of picosecond pluse in optical fibers is described by the non-
linear Schrödinger (NLS) equation with cubic nonlinear term [14]. The NLS
equation arises in many branches of physics and applied mathematics, such as
field theory, quantum mechanics, plasma physics, condensed matter physics and
nonlinear optics [14, 15]. Ebaid and Khaled [16] obtained many types of exact
solutions of NLS equation. Liang et. al. [17] obtained analytical solutions to
the (3+1)-dimensional NLS equation in the form of the traveling wave elliptic
functions.

It is known that the propagation of picosecond or femtosecond optical pulse
in fibers is described by (HONLS) equation [18, 19]. There are many difficulties
in obtaining analytical solutions for the HONLS equations. Propagation of
ultrashort optical pulses in optical fibers is governed by the HONLS equation
with fourth-order dispersion and cubic-quintic nonlinearity in the form [20]

iEz −
β2

2
Ett + γ1|E|2 E

= i
β3

6
Ettt +

β4

24
Etttt − γ2 |E|4 E + i α1(|E|2 E)t + i α2 E(|E|2)t, (1.1)

where E is the slowly varying complex envelope of the electric field, t represents
the time, z represents the normalized distance along the direction of propaga-
tion, β2 describes group velocity dispersion, β3 and β4 are the third-order
dispersion (TOD) and fourth-order dispersion (FOD) parameters, respectively
and γ1 and γ2 represent the coefficients of the cubic and quintic nonlineari-
ties of the medium. The coefficients α1 and α2 related to self-steeping (SS)
and self-frequency shift arising from delayed Raman response and generally α2

should be complex. In many cases Imα2 << Reα2, so we consider the real
part of α2 as in [20]. It is important to mention that Eq. (1.1) is characterized
by when β3 = β4 = γ2 = α1 = α2 = 0 , the standard NLS equation is given.
By using an auxiliary equation, Zhang and Dai [20] have been found bright
and dark optical solitons of Eq. (1.1). Moreover, the bright and dark soliton
solutions are shown when (β4 = γ2 = 0) [21]. Recently, the exact solutions of
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HONLS equations with special parametric choices have been studied by many
authors [21]-[29]. For instance, Triki and Taha [22] studied Eq. (1.1) with
β3 = α2 = 0 , Zhou et al. [23] studied Eq. (1.1) with α2 = 0 and Xu [27]
studied Eq. (1.1) with β3 = α1 = α2 = 0 .

Although, exact solutions of many forms of Eq. (1.1) were reported by
many authors [20, 26], we will apply the F-expansion method to obtain many
types of exact solutions of HONLS equation (1.1). This paper is organized as
follows: in Section 2, we give brief descriptions of the F-expansion method. In
Section 3, the abundant exact solutions of Eq. (1.1) in terms of Jacobi elliptic
functions ( JEFs) are obtained. Moreover, some figures are given to show the
properties of some exact solutions. Finally, we summarize the main results of
the paper in Section 4.

2. Summary of the F-Expansion Method

In this section, we would like to outline the main steps about F-expansion
method [8] which summarized as follows:
Consider a NLPDE with two independent variables z and t

G(u, ut, uz , utt, uzz, ....) = 0. (2.1)

In general, the left hand side of Eq. (2.1) is a polynomial in u and its various
derivatives.
Step 1: Assume that u(z, t) = u(ξ), ξ = a(c z + t) + ξ0, where a and c are
constants to be determined later and ξ0 is an arbitrary constant. Then Eq.
(2.1) is reduced to an ordinary differential equation (ODE)

H(u, u′, u′′, ...) = 0, (2.2)

where u′ = du
dξ

and H is a polynomial of u and its various derivatives.
Step 2: We seek the solutions of Eq. (2.2) in the form

u(z, t) = u(ξ) =
N
∑

i=0

AiF
i(ξ), (2.3)

where N is a positive integer that can be determined by balancing the nonlinear
term (s) with the highest derivative term in Eq.(2.2) and A0, Ai (i = 1, 2, ..., N)
are constants to be determined. The function F (ξ) satisfies the following non-
linear ODE:

(F ′(ξ))2 = q0 + q2F
2(ξ) + q4F

4(ξ), (2.4)
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where q0, q2 and q4 are constants.
Step 3: Substituting Eq. (2.3) with Eq. (2.4) into the ODE (2.2) and setting
each coefficients of the obtained polynomial to zero yields a system of algebraic
equations for A0, a, Ai and c. Solving the system for A0, a,Ai and c by using
the Maple or Mathematica. Substituting the obtained coefficients into Eq.
(2.3), then concentration formulas of traveling wave solutions of the NLPDE
Eq. (2.1) can be obtained.
Step 4: Selecting the values of q0, q2, q4 and the corresponding JEFs F (ξ) and
substituting them into the concentration formulas of solutions to construct more
exact JEF solutions of Eq. (2.1).

The JEFs snξ = sn(ξ,m), cnξ = cn(ξ,m) and dnξ = dn(ξ,m), where
m (0 < m < 1) is the modulus of the elliptic function, are double periodic and
posses the following properties:

sn2ξ + cn2ξ = 1, dn2ξ +m2sn2ξ = 1.

d

dξ
(snξ) = cnξ dnξ,

d

dξ
(cnξ) = −snξ dnξ,

d

dξ
(dnξ) = −m2 snξ cnξ,

In addition when m −→ 1, the functions snξ, cnξ and dnξ degenerate as
tanhξ, sechξ and sechξ, respectively, while as m −→ 0, snξ, cnξ and dnξ de-
generate as sinξ, cosξ, 1, respectively. So, we can obtain hyperbolic function
solutions and trigonometric function solutions in the limit cases when m −→ 1
and m −→ 0, respectively. It is important to mention that some more proper-
ties of Jacobi elliptic functions can be found in Ref. [30].

3. Exact JEF Solutions of Equation (1.1)

In this section, we will use the F-expansion method to construct the exact
solutions of Eq. (1.1). In order to derive some exact solutions of Eq. (1.1), we
consider the solution in the form

E(z, t) = u(ξ) eiΘ, ξ = a(c z + t) + ξ0, Θ = Ω z + kt, (3.1)

where u(ξ) is a real function of ξ and a, c, k and Ω are real constants to be
determined. Substituting Eq. (3.1) into Eq. (1.1) and separating the real and
the imaginary parts of the resulting complex ODE, we get

β4a
4u′′′′ − 6 a2(2β3k − 2β2 + β4k

2)u′′ − (12β2k
2 − 24Ω − 4β3k

3 − β4k
4)u

− 24(α1k + γ1)u
3 − 24γ2u

5 = 0 (3.2)
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a2(β3+β4k)u
′′′− (6 c−6β2k+3β3k

2+β4k
3)u′+6 (3α1+2α2)u

2u′ = 0. (3.3)

It is obviously that there are two cases to discuss.

Case 1. When β3+β4k 6= 0. Inserting the differential of Eq. (3.3) into Eq.
(3.2), we have

[6 a2(β3 + β4k)(2β3k − 2β2 + β4 k
2)− a2β4(6 c− 6β2k + 3β3k

2 + β4k
3)]u′′

+6a2β4(3α1 +2α2)u
2 u′′ +12a2β4(3α1 +2α2)u (u

′)2 + (β3 + β4k)(12β2k
2 − 24Ω

−4β3 k
3−β4 k

4)u+24 (α1k+ γ1)(β3 +β4k)u
3 +24 γ2(β3 +β4 k)u

5 = 0. (3.4)

By balancing the highest power nonlinear term u5 and the highest order deriva-
tive term u2 u′′ in Eq. (3.4), we obtain N = 1. Therefore, we may choose the
ansatz

u(ξ) = A0 +A1 F (ξ), A1 6= 0, (3.5)

where A0, A1 are constants to be determined. Substituting Eq. (3.5) into Eq.
(3.4) and using Eq. (2.4), the left hand side of Eq. (3.4) becomes a polynomial
in F (ξ). Setting each coefficients of F j(ξ), j = 0, 1, 2, ..., 5 to zero, we obtain a
system of algebraic equations for A0, A1,Ω, a, c and k. Solving this system of
algebraic equations by use of maple, we get

A0 = 0, A1 = ±a

√

−(3α1 + 2α2)β4q4
(kβ4 + β3)γ2

, (3.6)

Ω =
−1

24γ2(kβ4 + β3)2
[

3 a4β2
4(3α1 + 2α2)

2(4q0q4 − 3q22)

− 12 a2β4q2(3α1 + 2α2)(kβ4 + β3)(kα1 + γ1)

+ k4β4γ2(kβ4 + 3β3)
2 − 12k2β2γ2(k

2β2
4 + β2

3) + 4k3β3γ2(β
2
3 − 6β2β4)

]

, (3.7)

c =
−1

6 γ2(kβ4 + β3)β4

[

3β4(3α1 + 2α2)(3 a
2β4q2(3α1 + 2α2)

+ 4(kβ4 + β3)(γ1 + kα1))

+6β2γ2 (kβ4+β3)(kβ4+2β3)−5k3β2
4γ2 (kβ4+4β3)−3 k β2

3γ2 (9 kβ4+4β3)
]

,

(3.8)
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with a and k are undetermined constants. Substituting these results into Eq.
(3.5), we have the following formal solutions of Eq. (3.4):

u(ξ) = ±
√

−(3α1 + 2α2)β4q4
(kβ4 + β3)γ2

aF (ξ), (3.9)

with (3α1 +2α2)(kβ4 + β3)β4γ2q4 < 0. Substituting (3.9) into the ODEs (3.2)
and (3.3) and setting each coefficients of the obtained polynomials to zero yields
a set of algebraic equations for a and k. Solving these equations, we obtain

a = ± 1
β4

√

3 [β4(3α2

1
+8α1 α2+4α2

2
)−γ2(β2

3
+2β2β4)−2λ ]

5 γ2q2
, k = −β3γ2−(3α1+2α2)

√
β4γ2

γ2β4
,

a = ± 1
β4

√

3 [β4(3α2

1
+8α1 α2+4α2

2
)−γ2(β2

3
+2β2β4)+2λ ]

5 γ2q2
, k = −β3γ2+(3α1+2α2)

√
β4γ2

γ2β4
,

γ2 β4 > 0, 3α1 + 2α2 6= 0,
(3.10)

with
λ = (α1 β3 − β4 γ1)

√

γ2 β4, α1 β3 − β4 γ1 6= 0. (3.11)

Therefore, we can obtain abundant JEF solutions of Eq. (1.1) by selecting
the values of q0, q2, q4 and the corresponding JEFs F (ξ) as follows:
Case 1.1: When q0 = 1, q2 = −1 −m2, q4 = m2, Eq. (2.4) has the solution
F (ξ) = snξ. So, we obtain the following exact JEF solutions of Eq. (1.1):

E1,2(z, t) = ±ma

√

−(3α1 + 2α2)β4
(kβ4 + β3)γ2

eiΘ snξ, ξ = a(c z+t)+ξ0, Θ = Ω z+k t,

(3.12)
where a and k are given in Eq. (3.10) with the corresponding value of q2. The
intensity of these solutions is given by

|E1,2(z, t)|2 =
−m2 a2 (3α1 + 2α2)β4

(kβ4 + β3)γ2
sn2ξ.

Case 1.2: When q0 = 1−m2, q2 = 2m2−1, q4 = −m2, F (ξ) = cnξ, we obtain
the exact solutions of Eq. (1.1)

E3,4(z, t) = ±
√

(3α1 + 2α2)β4
(kβ4 + β3)γ2

maeiΘ cnξ, (3.13)

Case 1.3: When q0 = m2 − 1, q2 = 2 −m2, q4 = −1, F (ξ) = dnξ, we obtain
the following exact solutions of Eq. (1.1):

E5,6(z, t) = ±
√

(3α1 + 2α2)β4
(kβ4 + β3)γ2

a eiΘ dnξ, (3.14)
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Case 1.4: When q0 = 1
4 , q2 = m2−2

2 , q4 =
m4

4 , we have F (ξ) = snξ
1±dnξ . There-

fore, we obtain the following exact solutions of Eq. (1.1):

E7,8(z, t) = ±
√

−(3α1 + 2α2)β4
(kβ4 + β3)γ2

m2 a eiΘ snξ

2(1± dnξ)
, (3.15)

Case 1.5: When q0 = m2−1
4 , q2 = m2+1

2 , q4 = m2−1
4 we have F (ξ) = dnξ

1±m snξ .
Therefore, we construct the following solutions of Eq. (1.1):

E9,10(z, t) = ±
√

−(3α1 + 2α2)(m2 − 1)β4
(kβ4 + β3)(m2 − 1)γ2

a eiΘ dnξ

2(1±m snξ)
, (3.16)

Case 1.6: When q0 =
1−m2

4 , q2 =
m2+1

2 , q4 =
1−m2

4 , F (ξ) = cnξ
1±snξ , we obtain

E11,12(z, t) = ±
√

−(3α1 + 2α2)(1−m2)β4
(kβ4 + β3)(1−m2)γ2

a eiΘ cnξ

2 (1 ± snξ)
, (3.17)

Case 1.7: When q0 = −(1−m2)2

4 , q2 = m2+1
2 , q4 = −1

4 , F (ξ) = (m cnξ ± dnξ),
we obtain

E13,14(z, t) = ±
√

(3α1 + 2α2)β4
(kβ4 + β3)γ2

eiΘ
a

2
(m cnξ ± dnξ). (3.18)

Case 1.8: When q0 = 1
4 , q2 = m2+1

2 , q4 = (1−m2)2

4 , we have F (ξ) = snξ
cnξ±dnξ .

Thus, we construct the following solutions of Eq. (1.1):

E15,16(z, t) = ±
√

−(3α1 + 2α2)β4
(kβ4 + β3)γ2

(1−m2) a eiΘ snξ

2(cnξ ± dnξ)
. (3.19)

Case 1.9: When q0 = 1, q2 = 2−m2, q4 = 1−m2, F (ξ) = scξ, we obtain the
following exact solutions of Eq. (1.1):

E17,18(z, t) = ±
√

−(3α1 + 2α2)(1−m2)β4
(kβ4 + β3)(1−m2)γ2

a eiΘ scξ. (3.20)

Case 1.10: When q0 = m2, q2 = −m2 − 1, q4 = 1, F (ξ) = nsξ or F (ξ) = dcξ,
we obtain the following exact solutions of Eq. (1.1):

E19,20(z, t) = ±
√

−(3α1 + 2α2)β4
(kβ4 + β3)γ2

a eiΘ nsξ. (3.21)
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E21,22(z, t) = ±
√

−(3α1 + 2α2)β4
(kβ4 + β3)γ2

a eiΘ dcξ. (3.22)

Case 1.11: When q0 = m4 − 2m3 +m2, q2 = 6m−m2 − 1, q4 =
−4
m
, then the

solution of Eq. (2.4) is F (ξ) = mcnξdnξ
(m sn2ξ+1)

, and the solutions of Eq. (1.1) are

E23,24(z, t) = ±
√

m (3α1 + 2α2)β4
(kβ4 + β3)γ2

2a eiΘ cnξ dnξ

(1 +m sn2ξ)
. (3.23)

where Ω, c are given in Eq. (3.7) and Eq. (3.8), respectively and a, k are given
in Eq. (3.10) with the corresponding values of q0, q2, q4.
When the modulus m → 1, the JEFs solutions in equations (3.12)-(3.23)
degenerate to the following hyperbolic function solutions:

E25,26(z, t) = ±
√

−(3α1 + 2α2)β4
(kβ4 + β3)γ2

a eiΘ tanhξ, (3.24)

E27,28(z, t) = ±
√

(3α1 + 2α2)β4
(kβ4 + β3)γ2

a eiΘ sechξ, (3.25)

E29,30(z, t) = ±
√

−(3α1 + 2α2)β4
(kβ4 + β3)γ2

a eiΘ tanhξ

2(1± sechξ)
, (3.26)

E31,32(z, t) = ±
√

(3α1 + 2α2)β4
(kβ4 + β3)γ2

eiΘ
2a sech2(ξ)

[ tanh2(ξ) + 1]
, (3.27)

the solutions in Eq. (3.24) and Eq. (3.25) are called dark and bright soli-
ton solutions, respectively. One can note that for the bright solitary wave
solutions to exist, it is necessary from the expression A1 in Eq. (3.6) that
(3α1 + 2α2)(kβ4 + β3)β4γ2 > 0 and the corresponding intensity of the bright
solitary wave solutions takes the form:

|E27,28(z, t)|2 =
(3α1 + 2α2)β4
(kβ4 + β3)γ2

a2 sech2ξ. (3.28)

Also, for the dark solitary wave solutions the necessary condition to exist is
(3α1 + 2α2)(kβ4 + β3)β4γ2 < 0 and the corresponding intensity is given by

|E25,26(z, t)|2 =
−(3α1 + 2α2)β4
(kβ4 + β3)γ2

a2 tanh2ξ. (3.29)



EXACT SOLUTIONS OF THE HIGHER-ORDER NONLINEAR... 503

Clearly one can conclude that the existence of bright and the dark solitary wave
solutions depends on the coefficients of the right terms in Eq. (1.1).

Based on the above calculations, the periodic properties of the intensity of
solutions (3.12), (3.13) and (3.15) are shown in Fig.1 in terms of JEFs with
different parameters. Also, we shall discuss the intensity of bright and dark
solitary wave solutions given in (3.25) and (3.24) for different parameters in
Fig. 2 and Fig. 3, respectively. Fig. 2(a), shows the intensity profile of the
bright solitary wave solutions with the choice of parameters as β2 = 2, β3 =
0.9, β4 = 0.6, γ1 = γ2 = 1.5, α1 = α2 = 0.3 which satisfy the constraint relation.
In Fig. 2(b), we have plotted the intensity of the bright solitary wave solutions
at t = 1 with different values of γ2. It is observed that with the increase of
γ2 the amplitude of the intensity decreases while the width increases. In Fig.
2(c), we have studied the effect of the parameter β4 on the intensity profile of
the bright solitary wave solutions (3.25) at t = 1. It is observe that with the
increase of β4 the amplitude decreases and the width increases. In Fig. 3(a),
we have plotted the intensity profile of the dark solitary wave solution with the
same parameters as in Fig. 2(a) but α1 = α2 = −0.3 . In Fig. 3(b), we have
plotted the intensity of the dark solitary wave solutions at t = 1 with different
values of γ2. It is seen as γ2 increases the amplitude of the intensity decreases
while the width increases. In Fig. 3(c), we have investigated the effect of the
parameter β4 on the intensity profile of the dark solitary wave solutions. It is
shown that the increase of β4 leads to increasing the amplitude decreases while
the width increases.

When m → 0, the solutions given in equations (3.12)-(3.23) reduced to the
triangular function solutions as follows:

E33,34(z, t) = ±
√

−(3α1 + 2α2)β4
(kβ4 + β3)γ2

a eiΘ secξ, (3.30)

E35,36(z, t) = ±
√

−(3α1 + 2α2)β4
(kβ4 + β3)γ2

a eiΘ tanξ. (3.31)

Case 2: When β3 + β4k = 0, then we have

k = −β3

β4
, (3.32)

Eq. (3.3) becomes

[(6 c − 6β2k + 3β3k
2 + β4k

3)− 6(3α1 + 2α2)u
2]u′ = 0.
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So, we obtain

6 c− 6β2k + 3β3k
2 + β4k

3 = 0, 3α1 + 2α2 = 0, (3.33)

from Eq. (3.32) and Eq. (3.33), we get

c =
−(3β2β3β4 + β3

3)

3β2
4

. (3.34)

Substituting Eq. (3.32) into Eq. (3.2) yields

β4
4 a

4 u′′′′ + 6 a2 β2
4(2β2β4 + β2

3)u
′′ − 3(4β2β

2
3β4 − 8Ωβ3

4 + β4
3)u

− 24β2
4 (γ1β4 − α1β3)u

3 − 24β3
4γ2u

5 = 0. (3.35)

By balancing the nonlinear term and the highest order derivative term in Eq.
(3.35), we find that N = 1. So, we may choose the exact solutions of Eq. (3.35)
in the form (3.5). Substituting this solution with Eq. (2.4) into Eq. (3.35)
and setting the coefficients of the obtained polynomial equal to zero, we get
a system of algebraic equations for A0, A1, a, and Ω. Solving this system of
algebraic equations by maple, yields the following solutions:

a = ±1
5

√
15
√

γ2q2(−2β2β4γ2−β3
2γ2+2λ)

γ2q2β4
,

A0 = 0, A1 = ± 1
β4

√

−q4 [6β4(α1 β3−β4 γ1)
2−(6β2β4+3β3

2)λ]
5 γ2 q2(α1β3−β4γ1)

,

Ω = 1
50(γ2q22β4

3)
((36β2β4q0q4 − 12β2β4q2

2 + 18β3
2q0q4 − 6β3

2q2
2)(−2β2β4γ2

−β3
2γ2 + 2λ)− 36α1

2β3
2β4q0q4 − 3α1

2β3
2β4q2

2 + 72α1β3β4
2γ1q0q4

+6α1β3β4
2γ1q2

2 + 36β2
2β4

2γ2q0q4 + 3β2
2β4

2γ2q2
2 + 36β2β3

2β4γ2q0q4

+28β2β3
2β4γ2q2

2 + 9β3
4γ2q0q4 + 7β3

4γ2q2
2 − 36β4

3γ1
2q0q4 − 3β4

3γ1
2q2

2),
(3.36)

a = ±1
5

√
−15 γ2q2(2β2β4γ2+β3

2γ2+2λ)
γ2q2β4

,

A0 = 0, A1 = ± 1
β4

√

−q4 [6β4(α1 β3−β4 γ1)
2+(6 β2β4+3β3

2)λ]
5 γ2 q2(α1β3−β4γ1)

,

Ω = 1
50(γ2q22β4

3)
((−36β2β4q0q4 + 12β2β4q2

2 − 18β3
2q0q4 + 6β3

2q2
2)(2β2β4γ2

+β3
2γ2 + 2λ)− 36α1

2β3
2β4q0q4 − 3α1

2β3
2β4q2

2 + 72α1β3β4
2γ1q0q4

+6α1β3β4
2γ1q2

2 + 36β2
2β4

2γ2q0q4 + 3β2
2β4

2γ2q2
2 + 36β2β3

2β4γ2q0q4

+28β2β3
2β4γ2q2

2 + 9β3
4γ2q0q4 + 7β3

4γ2q2
2 − 36β4

3γ1
2q0q4 − 3β4

3γ1
2q2

2),
(3.37)
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Thus, the solutions of Eq. (3.35) are given by

u(ξ) = ± 1

β4

√

−q4 [6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 q2(α1β3 − β4γ1)
F (ξ), (3.38)

with γ2 β4 > 0, and q4q2 γ2 [ 2β4(α1 β3 − β4 γ1) − (2β2β4 + β3
2)
√
γ2 β4 ] < 0

and k, c, a, Ω and λ are given by Eq. (3.32), Eq. (3.34), (3.36) and (3.11),
respectively and

u(ξ) = ± 1

β4

√

−q4 [6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 q2(α1β3 − β4γ1)
F (ξ), (3.39)

where γ2 β4 > 0, and q4q2 γ2 [ 2β4(α1, β3 − β4 γ1) + (2β2β4 + β3
2)
√
γ2 β4 ] < 0

and k, c, a, Ω and λ are given by Eq. (3.32), Eq. (3.34), (3.37) and (3.11),
respectively.

In this case, we obtain the exact solutions of Eq. (1.1) in terms of JEFs by
selecting the values of q0, q2, q4 and the corresponding JEFs F (ξ) as follows:
Case 2.1: If q0 = 1, q2 = −1 −m2, q4 = m2, then Eq. (2.4) has the solution
F (ξ) = snξ and the solutions of Eq. (1.1) are

E37,38(z, t) = ±m

β4

√

[6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (1 +m2)(α1β3 − β4γ1)
eiΘ snξ,

(3.40)

E39,40(z, t) = ±m

β4

√

[6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (1 +m2)(α1β3 − β4γ1)
eiΘ snξ,

(3.41)
where Ω and a in Eq. (3.40) and Eq. (3.41) are given in Eq. (3.36) and Eq.
(3.37), respectively with the corresponding values of q0, q2, q4 and k, c are given
by Eq. (3.32) and Eq. (3.34).
Case 2.2: When q0 = 1−m2, q2 = 2m2− 1, q4 = −m2, then Eq. (2.4) has the
solution F (ξ) = cnξ from which we get

E41,42(z, t) = ±m

β4

√

[6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (2m2 − 1)(α1β3 − β4γ1)
eiΘ cnξ,

(3.42)

E43,44(z, t) = ±m

β4

√

[6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (2m2 − 1)(α1β3 − β4γ1)
eiΘ cnξ,

(3.43)
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Case 2.3: When q0 = m2−1, q2 = 2−m2, q4 = −1, F (ξ) = dnξ, we obtain

E45,46(z, t) = ± 1

β4

√

[6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (2−m2)(α1β3 − β4γ1)
eiΘ dnξ,

(3.44)

E47,48(z, t) = ± 1

β4

√

[6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (2−m2)(α1β3 − β4γ1)
eiΘ dnξ,

(3.45)

Case 2.4: When q0 = 1, q2 = 2−m2, q4 = 1−m2, F (ξ) = scξ, we obtain

E49,50(z, t) = ± 1

β4

√

(m2 − 1) [6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (2−m2)(α1β3 − β4γ1)
eiΘ scξ,

(3.46)

E51,52(z, t) = ± 1

β4

√

(m2 − 1) [6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (2−m2)(α1β3 − β4γ1)
eiΘ scξ,

(3.47)

Case 2.5: If q0 =
1
4 , q2 =

m2−2
2 , q4 =

m4

4 , F (ξ) = snξ
1±dnξ , thus yields the exact

solutions of Eq. (1.1) as follows:

E53,54(z, t) = ± m2

2β4

√

2 [6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (2−m2)(α1β3 − β4γ1)

eiΘ snξ

(1± dnξ)
,

(3.48)

E55,56(z, t) = ± m2

2β4

√

2 [6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (2−m2)(α1β3 − β4γ1)

eiΘ snξ

(1± dnξ)
,

(3.49)

case 2.6: If q0 = m2−1
4 , q2 = m2+1

2 , q4 = m2−1
4 , F (ξ) = dnξ

1±m snξ , thus yields
the exact solutions of Eq. (1.1) as follows:

E57,58 = ± 1

β4

√

(1−m2) [6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

10 γ2 (1 +m2)(α1β3 − β4γ1)

eiΘ dnξ

(1±m snξ)
,

(3.50)

E59,60 = ± 1

β4

√

(1−m2) [6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

10 γ2 (1 +m2)(α1β3 − β4γ1)

eiΘ dnξ

(1±m snξ)
,

(3.51)
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Case 2.7: When q0 = −(1−m2)2

4 , q2 = m2+1
2 , q4 = −1

4 , F (ξ) = (mcnξ ±
dnξ), we obtain

E61,62 = ± 1

2β4

√

2 [6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (1 +m2)(α1β3 − β4γ1)
eiΘ (m cnξ ± dnξ),

(3.52)

E63,64 = ± 1

2β4

√

2 [6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (1 +m2)(α1β3 − β4γ1)
eiΘ (m cnξ±dnξ),

(3.53)
Case 2.8: When q0 = m4 − 2m3 +m2, q2 = 6m −m2 − 1, q4 = −4

m
, then the

solution of Eq. (2.4) is F (ξ) = mcnξdnξ
(m sn2ξ+1) , and the solutions of Eq. (1.1) are

E65,66(z, t) = ± 2

β4

√

m [6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (6m−m2 − 1)(α1β3 − β4γ1)

eiΘ cnξ dnξ

(1 +m sn2ξ)
,

(3.54)

E67,68(z, t) = ± 2

β4

√

m [6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (6m−m2 − 1)(α1β3 − β4γ1)

eiΘ cnξ dnξ

(1 +m sn2ξ)
,

(3.55)
where Ω and a are given by Eq. (3.36) and Eq. (3.37) with the corresponding
values of q0, q2, q4 and k, c are given by Eq. (3.32), Eq. (3.34). Other JEFs
are omitted here for simplicity. As m → 1, the JEFs Eq. (3.40) - Eq. (3.55)
reduce to the following hyperbolic functions solutions:

E69,70(z, t) = ± 1

β4

√

[6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

10 γ2 (α1β3 − β4γ1)
eiΘ tanh(ξ),

(3.56)

E71,72(z, t) = ± 1

β4

√

[6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

10 γ2 (α1β3 − β4γ1)
eiΘ tanh(ξ),

(3.57)

E73,74(z, t) = ± 1

β4

√

[6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (α1β3 − β4γ1)
eiΘ sechξ,

(3.58)

E75,76(z, t) = ± 1

β4

√

[6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (α1β3 − β4γ1)
eiΘ sechξ,

(3.59)
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E77,78(z, t) = ± 1

2β4

√

2 [6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (α1β3 − β4γ1)

eiΘ tanhξ

(1± sechξ)
,

(3.60)

E79,80(z, t) = ± 1

2β4

√

2 [6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (α1β3 − β4γ1)

eiΘ tanhξ

(1± sechξ)
,

(3.61)

E81,82(z, t) = ± 2

β4

√

−[6β4(α1 β3 − β4 γ1)
2 − (6β2β4 + 3β3

2)λ]

5 γ2 (α1β3 − β4γ1)

eiΘ sech2ξ

( tanh2ξ + 1)
,

(3.62)

E83,84(z, t) = ± 2

β4

√

−[6β4(α1 β3 − β4 γ1)
2 + (6β2β4 + 3β3

2)λ]

5 γ2 (α1β3 − β4γ1)

eiΘ sech2ξ

( tanh2ξ + 1)
,

(3.63)
where the solutions in Eq. (3.56) and Eq. (3.57) are called dark soliton solutions
and the solutions in Eq. (3.58) and Eq. (3.59) are called bright soliton solutions.
Moreover, when m → 0, we can obtain the triangular function solutions for
Eq. (1.1) and we omitted these solutions here for simplicity.

4. Conclusion

In this paper, we used the F-expansion method with symbolic computations to
solve a fourth order dispersion NLS equation with cubic-quintic nonlinearity,
self-steeping and self-frequancy shift terms which describes the propagation of
an optical pulse in optical fibers. According to this method, we investigated
several types of exact solutions of Eq. (1.1). As results, exact solutions in-
cluding JEF solutions, bright and dark solitary wave solutions are obtained.
Although, the exact solutions of Eq. (1.1) with special parametric choices have
studied by many researchers, we obtained in this research not only many exact
solutions but also new types of exact solutions, to the best of our knowledge.
These solutions may be useful for describing physical phenomena in nonlinear
pulse propagation through optical fibers. Solutions in the limiting cases are
studied and the properties of some solutions are also discussed.
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Figure 1(a): The intensity plot of the solution (3.12) and its
position at t = 1 with the parameters

β2 = 2, β3 = 0.9, β4 = 1.5, γ1 = 1.5, γ2 = 2, α1 = −0.3, α2 = −0.3, m = 0.6.

Figure 1(b): The intensity plot of the solution (3.13) and its position at
t = 1 with the same parameters as in Figure 1(a)

but α1 = 0.3, α2 = 0.3.

Figure 1(c): The intensity plot of the solution (3.15) and its position at
t = 1 with the same parameters as in Figure 1(a).

Figure 1
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Figure 2(a): The intensity plot of the bright solitary wave
solution (3.25) with the parameters β2 = 2, β3 = 0.9, β4 = 0.6,

γ1 = 1.5, γ2 = 1.8, α1 = 0.3, α2 = 0.3

Figure 2(b): Its positions at t = 1 for different values of γ2.

Figure 2(c): Its positions at t = 1 for different values of β4.

Figure 2
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Figure 3(a): The intensity plot of the dark solitary wave
solution (3.24) with the parameters β2 = 2, β3 = 0.9, β4 = 0.6,

γ1 = 1.5, γ2 = 1.5, α1 = −0.3, α2 = −0.3

Figure 3(b): Its positions at t = 1 for different values of γ2.

Figure 3(c): Its positions at t = 1 for different values of β4.

Figure 3
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