
International Journal of Pure and Applied Mathematics

Volume 106 No. 2 2016, 415-427

ISSN: 1311-8080 (printed version); ISSN: 1314-3395 (on-line version)
url: http://www.ijpam.eu
doi: 10.12732/ijpam.v106i2.6

PA
ijpam.eu

THE ATOM BOND CONNECTIVITY INDEX OF

CERTAIN GRAPHS

Mohanad A. Mohammed1 §, K.A. Atan2, A.M. Khalaf3,
M. Rushdan4, R. Hasni5

1,3 Department of Mathematics
Faculty of Computer Science and Mathematics

University Of Kufa, Najaf, IRAQ
1,2,4 Institute for Mathematical Research

Universiti Putra Malaysia
43400, Serdang, Selangor, MALAYSIA

5Department of Mathematics
Faculty of Science and Technology
University Malaysia Terengganu

21030, UMT Terengganu, MALAYSIA

Abstract: The atom bond connectivity (ABC) index provides a good model for the stability

of linear and branched alkanes as well as the strain energy of cycloalkanes, which is defined

as ABC =
∑

uv∈E(G)

√

du+dv−2
dudv

, we denotes du the degree of vertex u in G. In this paper,

we study the general formula for ABC index of certain graphs and vertex gluing of graphs.
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1. Introduction

Topological indices are useful tools for modeling physical and chemical prop-
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erties of molecules, for design of pharmacologically active compounds, for rec-
ognizing environmentally hazardous materials, etc. [7]. There are many pub-
lications on the topological indices; see [9-15]. One of the most important
topological indices is the Randić index which is aimed at use in the modelling
of the branching of the carbon-atom skeleton of alkanes, and was introduced
by Randić [8].

In order to take this into account but at the same time to keep the spirit
of the Randić index, Ernesto Estrada et al. proposed a new index, nowadays
known as the atom-bond connectivity (ABC) index, and it has many chemical
applications [2]. This index is defined as follows:

ABC =
∑

uv∈E(G)

√

du + dv − 2

dudv
.

The ABC index has proven to be a valuable predictive index in the study of the
heat of formation in alkanes [1, 2]. In 2013, Wenshui Lin et al. [6], considered
non-trivial connected simple graphs only. Such a graph will be denoted by
G=(V,E), where V = {v1, . . . , vn−1, vn} and E=E(G) are the vertex set and
edge set of G, respectively. If vivj ∈ E, then G − vivj will denote the graph
obtained from G by deleting the edge vivj . If vivj /∈ E, then G − vivj will
denote the graph obtained from G by adding the edge vivj. When examining a
topological index, one of the fundamental questions that needs to be answered
is for which graphs this index assumes minimal and maximal values and what
are these extremal values. In the case of the ABC index, finding the tree for
which this index is maximal was relatively easy [3], it is the star. Eventually,
also the trees with second-maximal, third-maximal, and so forth ABC index
were determined [4].Chen and Guo, [5] have shown that by deleting an edge
from any graph, the ABC index decreases. This result implies that among all
n-vertex graphs, the complete graph Kn has maximal ABC value. Further,
among all connected n-vertex graphs, minimal ABC is achieved by some tree.

Thus the n-vertex trees with minimal ABC index are also the n-vertex con-
nected graphs with minimal ABC index. But the problem of characterizing the
n-vertex trees with minimal ABC index turned out to be much more difficult,
and a complete solution of this problem is not known. In this paper, we investi-
gate the ABC index of some special graphs as well as a vertex gluing of graphs
by finding general formulas.
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2. Basic Definition and Known Results

A K4-homeomorphic graph or simply K4-homeomorph, denoted by K4(a, b, c,
d, e, f ), is the graph obtained when the six edges of a complete graph with
four vertices (K4) are subdivided into a, b, c, d, e, f segments, respectively.
Each subdivided edge is called a path and its length is the number of resulting
segments (see Fig.1).

Figure 1: K4-homeomorphic graph

A complete bipartite graph is a simple bipartite graph with partite sets
V1 and V2 where every vertex in V1 is adjacent with all the vertices in V2. If
| V1 |= n and | V2 |= m, then such complete bipartite graph is denoted by Kn,m

(or K(n,m)). So Kn,m has order n+m and size nm. A tree K1,m is also called
a star (see Fig.2).

Figure 2: A complete bipartite Kn,m

A graph consisting of s paths joining two vertices is called an r-bridge graph,
which is denoted by Q(a1, . . . , ar), where a1, . . . , ar, are the lengths of r paths.
Clearly an r-bridge graph is a generalized polygon tree (see Fig.3).

A web graph Web(n,m) is the graph obtained from the Cartesian product
of the cycle Cn and the path Pm (see Fig. 4).



418 M.A. Mohammed, K.A. Atan, A.M. Khalaf, M. Rushdan, R. Hasni

Figure 3: r-bridge graph

Figure 4: A web graph Web(n,m)

We first give some examples of the ABC index for some simple graphs. Let
Pn, Cn, Kn and Sn be the path, cycle, complete and star graphs respectively
with n vertices [16].

Lemma 2.1. Consider the complete graph Kn of order n. The atom bond
connectivity index of this graph is computed as follow:

ABC(Cn) =
1

2
n
√

2(n− 2).

Lemma 2.2. Suppose Cn is a cycle of length n labeled by 1, 2, . . . , n. Then
the atom bond connectivity (ABC) index of this cycle is

ABC(Cn) =

√
2

2
n.
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Lemma 2.3. If Sn is the star on n vertices, then

ABC(Sn) =
√

(n− 1)(n − 2).

Lemma 2.4. If Pn is the Path on n vertices, then

ABC(Pn) =

√
2

2
(n− 1).

3. The ABC Index of Some Special Graphs

In this section, we obtain the general formulas for some special graphs.

Theorem 3.1. Let a, b, c, d, e, f be positive integers. The atom bond con-
nectivity index of a K4-homeomorphism graph denoted by K4(a, b, c, d, e, f) are
as follows:

1. If a or/and b or/and c or/and d or/and e or/and f = 1, then the ABC
index to any one of them is 2

3 .

2. If a or/and b or/and c or/and d or/and e or/and f 6= 1, then the ABC
index to any one of them is (the number of edges) 1√

2
.

Proof. 1. If a or/and b or/and c or/and d or/and e or/and f = 1 then any
one of them has one edge and two vertices and the same degree three. Thus,
the ABC index to any one of them will be 2

3 .

2. If a or/and b or/and c or/and d or/and e or/and f 6= 1 than, any one
of them has two or more edges and each of them has two vertices at least one
of the vertices of degree two. Thus, the ABC index to any one of them is
(the number of edges) 1√

2
.

Example 3.2. Let a, b, c, d, e, f be positive integers. The atom bond con-
nectivity index of a K4-homeomorphism graph denoted by K4(a, b, c, d, e, f)
is

ABC(K4(a, b, c, d, e, f)) =
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(a+ b+ c+ d+ e+ f)
√

1
2 ; if a, b, c, d, e, f 6= 1

4; if a = b = c = d = e = f = 1

2 + (d+ e+ f)
√

1
2 ; if a, b, c = 1 and d, e, f 6= 1

Theorem 3.3. Let n, m be positive integers, the atom bond connectivity
index of a complete bipartite graph denoted by Kn,m is

ABC(Kn,m) =
√

nm(n+m− 2).

Proof. We have mn of the number of edges, each one of them has two
vertices that have the same degree, the first vertex of degree n and the second
vertex of degree m. Hence by the definition of atom bond connectivity index,
we get:

ABC(Kn,m) = nm

√

n+m− 2

nm
=

√

nm(n+m− 2).

Theorem 3.4. Let k be a positive integer, the atom bond connectivity
index of a k-Bridge graph denoted by Q(a1, a2, a3, . . . , ak) is

ABC(Q(a1, a2, . . . , ak)) = (a1 + a2 + . . .+ ak)

√

1

2
.

Proof. Let k = 3 then G = Q(a1, a2, a3), whose graph is as follows:

Thus ABC(Q(a1, a2, a3)) = (a1 + a2 + a3)
√

1
2 .

Hence it is true that

ABC(Q(a1, a2, . . . , ak)) = (a1 + a2 + . . .+ ak)

√

1

2
,
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when k = 3.
Assume that the hypothesis is true for k = r (r ≥ 3) that is the ABC index

for Q(a1, a2, . . . , ar) is given by:

ABC(Q(a1, a2, . . . , ar)) = (a1 + a2 + . . .+ ar)

√

1

2
.

Construct the graph Qr+1 as follows, Q(a1, a2, . . . , ar) has the form

Where ai denotes the position of the edges of graph Q(a1, a2, . . . , ar) at the
ith position. The graph H is the path which contains endings u1 and u2, and
ar+1 is the numbers of edges in H as follows:

Connect the graph Q(a1, a2, . . . , ar) with the graph H such that v1 = u1
and v2 = u2. The vertices v1 = u1 and v2 = u2 are of degree r+1, as follows:

Thus

ABC(Qr+1) =ABC(Qr) +ABC(H)

=(a1 + a2 + . . .+ ar)

√

1

2
+ ar+1

√

1

2

=(a1 + a2 + . . .+ ar + ar+1)

√

1

2
.
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Thus hypothesis is true when k = r + 1.
Hence, it is true when k = 3. Also as the assumption that it is true for

k = r, it is shown that it true for k = r + 1, so we have

ABC(Q(a1, a2, . . . , ak)) = (a1 + a2 + . . .+ ak)

√

1

2
.

4. The ABC Index of Certain Vertex Gluing Graphs

In this section, we obtain the general formulas for atom bond connectivity index
to the vertex gluing of graphs.

Let K2
4 − homeomorphism be a graph obtained from two deferent K4 −

homeomorphism graphs K4(a1, a2, a3, a4, a5, a6) and

K4(a7, a8, a9, a10, a11, a12),

with common one vertex v1 (vertex gluing of graph) (see Fig. 5).

Figure 5: A graph K2
4 − homeomorphism

Theorem 4.1. Let ai be a positive integer such that 1 ≤ i ≤ 12, then atom
bond connectivity indices of the K2

4 − homeomorphism graph are:

1. If ai = 1, then ABC(ai) =
2
3 , i = 1, 4, 5, 8, 9, 11.

2. If ai ≥ 2, then ABC(ai) =
√

1
2 , 1 ≤ i ≤ 12.

3. If ai = 1, then ABC(ai) =
√

7
18 , i = 2, 3, 6, 7, 10, 12.

Then ABC(K2
4 − homeomorphism) =

∑12
i=1 ABC(ai).
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Proof. We have three cases:

Case 1: If ai = 1, then ABC(ai) =
2
3 , i = 1, 4, 5, 8, 9, 11. and any edge ai

in this case has two vertices the same degree three, then

ABC(ai) =
√

3+3−2
3.3 = 2

3 .

Case 2. If ai ≥ 2, then ABC(ai) =
√

1
2 , 1 ≤ i ≤ 12, and all edges in this

case has at least one vertex degree two, then

ABC(ai) =
√

1
2 , 1 ≤ i ≤ 12.

Case 3. If ai = 1, then ABC(ai) =
7
18 , i = 2, 3, 6, 7, 10, 12, and all edges

in this case it have two vertices, the first one of degree three and the second of
degree six, then

ABC(ai) =
√

7
18 , i = 2, 3, 6, 7, 10, 12. Thus

ABC(K2
4 − homeomorphism) =

∑12
i=1 ABC(ai).

Let v1 − gluing of Complete Bipartite graph be a graph obtained from two
different Complete Bipartite graphs Kn,m and Kr,s with common one vertex v1
denoted by Kr,s

n,m(v1) (vertex gluing of graph),(see Fig.6).

Figure 6: v1 − gluing of Complete Bipartite graph Kr,s
n,m(v1)

Theorem 4.2. Let n, m, r and s be positive integers. Then, the atom bond
connectivity index of the v1 − gluing of Complete Bipartite graph Kr,s

n,m(v1) is

ABC(Kr,s
n,m(v1) = m(n− 1)

√

n+m− 2

n.m
+m

√

n+m+ s− 2

n(m+ s)

+ s

√

m+ r + s− 2

r(m+ s)
+ s(r − 1)

√

r + s− 2

r.s
.

Proof. We have two cases:
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Case 1. In complete Bipartite graph Kn,m there are nm edges. m(n − 1)
of them are incident on two vertices of degree n and m. The remaining m are
incident on two vertices of degrees n and (m+ s).

Case 2. In complete Bipartite graph Kr,s there are rs edges. s(r − 1)
of them incident on two vertices of degree r and s. The remaining s are also
incident on two vertices of degrees r and (m+ s).

From 1 and 2 we get:

ABC(Kr,s
n,m(v1) = m(n− 1)

√

n+m− 2

n.m
+m

√

n+m+ s− 2

n(m+ s)

+ s

√

m+ r + s− 2

r(m+ s)
+ s(r − 1)

√

r + s− 2

r.s
.

Let v1 − gluing of n,m − Bridge graph be a graph obtained from two
different k−Bridge graphs Q1 and Q2 with one common vertex v1 denoted by
Qm

n (v1) (vertex gluing of graph),(see Fig.7).

Figure 7: v1 − gluing of n,m−Bridge graphQm
n (v1)

Theorem 4.3. Let n,m, and s be positive integers. Then, the atom bond
connectivity index of the v1 − gluing of n,m− bridge graph Qm

n (v1) is

ABC(Qm
n (v1)) =

n
∑

i=1

ai
1√
2
+

m
∑

j=1

bj
1√
2
.
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Proof. We have ai, i = 1, 2, 3, . . . , n and bj , j = 1, 2, 3, . . . ,m, the numbers
of edges, all of them have at least one vertex of degree two, then

ABC(Qm
n (v1)) =

n
∑

i=1

ai
1√
2
+

m
∑

j=1

bj
1√
2
.

Let v1 − gluing of Web graph be a graph obtained from two different
Web graphs Web(n, r) and Web(m, s) with one common vertex v1 denoted
by Wm,s

n,r (v1) (vertex gluing of graph),(see Fig.8).

Figure 8: v1 − gluing of Web graph Wm,s
n,r (v1).

Theorem 4.4. Let n, r, m and s be positive integers. Then, the atom
bond connectivity index of the v1 − gluing of Web graph Wm,s

n,r (v1) is

ABC(Wm,s
n,r (v1)) =



















2(n+m − 2) + 6
√

7
18

; if r, s = 2

2
3
(3n+ 2m− 5) +

√
6

4
m(2s− 5) +

√

5
12

(2m − 1) +
√

1
3
+ 5

√

7
18

; if r = 2

4
3
(n+m− 2) +

√
6

4
(n(2r − 5) +m(2s − 5)) +

√

5
3
(n+m− 1) + 2√

3
+ 4

√

7
18

; if r, s 6= 2

Proof. We have three cases:

Case 1. If r, s = 2 then, we have 3(n + m) edges of which 3(n + m − 2)
of them are incident on a vertex of degree three. The remaining six edges are
incident on a vertex of degree three and a vertex of degree six.

Hence by the definition of atom bond connectivity index, we get:

ABC(Wm,2
n,2 (v1)) = 2(n +m− 2) + 6

√

7

18
; if r, s = 2,
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Case 2. If r = 2 then, we have s + 2 cycles containing 2n + sm edges
and n + m(s − 1) of the edges link the vertices of cycles. Therefore, we have
3n +m(2s − 1) of edges [one of them incident on a vertex of degree four and
a vertex of degree six, five of them incident on a vertex of degree three and a
vertex of degree six, 3n+ 2m− 5 of them incident on a vertex of degree three,
2m−1 of them incident on a vertex of degree three and a vertex of degree four,
and finally m(2s− 5) of them incident on a vertex of degree four].

Hence by the definition of atom bond connectivity index, we get:

ABC(Wm,s
n,2 (v1)) =

2

3
(3n + 2m− 5) +

√
6

4
m(2s− 5) +

√

5

12
(2m− 1)

+

√

1

3
+ 5

√

7

18
.

Case 3. If r, s 6= 2 then, we have we have r+s of cycles containing rn+sm
edges and n(r−1)+m(s−1) of the edges link the vertices of cycles. Therefore,
we have n(2r − 1) + m(2s − 1) of edges [two of them incident on a vertex of
degree four and a vertex of degree six, four of them incident on a vertex of
degree three and a vertex of degree six, 2(n + m − 2) of them incident on a
vertex of degree three, 2(n+m−1) of them incident on a vertex of degree three
and a vertex of degree four, and finally n(2r− 5) +m(2s− 5) of them incident
on a vertex of degree four].

Hence by the definition of atom bond connectivity index, we get:

ABC(Wm,s
n,r (v1)) =

4

3
(n+m−2)+

√
6

4
(n(2r−5)+m(2s−5))+

√

5

3
(n+m−1)

+
2√
3
+ 4

√

7

18
.

5. Conclusion

In this paper, we introduced the general formula for atom bond connectivity
index of certain graphs K4 − homeomorphism, complete bipartite, k-Bridge
graphs and vertex gluing of graphs.
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