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Abstract: We modify both the double sine-Gordon (DSG) and triple sine-Gordon (TSG)

model in (1,1) dimensions by the addition of an extra kinetic term and a potential term to

their Lagrangian density and present a modified DSG (MDSG) and a modified TSG (MTSG)

models. We obtain soliton solutions of the presented modified models and find that both

of them possesses the same solutions of the unmodified model with some extra conditions

imposed on the parameters of the models. We study some properties of the modified models,

in particular, we show that the corresponding governing equation has two solutions, a special

ones, which are the exact solutions of the unmodified models and a general ones, and these two

types of solutions are coincides in our presented models. We end the paper with conclusions

and some features and comments.
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1. Introduction

The sine-Gordon equation is one of the most popular non-linear integrable
partial differential equations with a variety of travelling solitary wave solutions
[1]. It appears in many branches of modern science, including the study of
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propagation of ultra-short optical pulses in resonant laser media [2], propagation
of magnetic fluxes in Josephson junctions [3], transmission of ferromagnetic
waves [4], epitaxial growth of thin films [5], motion of dislocations in crystals
[6], DNA-soliton dynamics [2], ... etc. It was also proposed as a model of
elementary particles [7]. This equation can be solved by the inverse scattering
method because of its integrability. Various other methods in (1,1) space-time
dimensions, had been introduced, among them, the variable separated ordinary
differential equation method [8-10].

Another sine-Gordon type equations are the DSG and TSG equations. The
DSG type equation is a frequent object of study in numerous physical applica-
tions, such as Josephson arrays, ferromagnetic materials, charge density waves,
smectic liquid crystal dynamics [11]. TSG type equation is used to describe the
propagation of strictly resonant sharp line optical pulses [12].

In this paper, we shall adopt the procedures of refs. [13-15] for the addition
of a further kinetic term and an extra potential term to the Lagrangian density
of both the DSG and TSG models in (1,1) dimensions and present a MDSG
and a MTSG models. In the next section, we present the basic formulation
of the MDSG model and construct some types of soliton solutions. In Section
3, we study some properties of the MDSG model, in particular, we show that
the corresponding governing equation has two solutions, a special ones, which
are the exact solutions of the unmodified model and a general ones, and these
two types of solutions are coincides in our presented model. In Section 4, we
present the basic formulation of the MTSG model and construct various types
of soliton solutions. In Section 5, we study some properties of the MTSG
model, and show that, as in the MDSG model, the governing equation has two
solutions, a special ones, which are the exact solutions of the unmodified model
and a general ones, and these two types of solutions are coincides as well. We
end the paper with conclusions and some features and comments.

2. The MDSG Model and Soliton Solutions

Let us adopt the procedures of refs. [13-15] for the addition of a further kinetic
term and an extra potential term and present a MDSG model. We construct
several classes of soliton solutions for the usual DSG model using the variable
separated ODE method [8-10]. Then, we show that the MDSG model pos-
sess the same solutions of the usual DSG model with some conditions on the
parameters of the extra terms. We begin with the usual DSG model in (1,1)
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dimensions defined by the Lagrangian density

L =
1

2
u2t − 1

2
u2x − 1 + α cos (u) + β cos (2u), (2.1)

where α, β are arbitrary constants and u is a single real scalar field. The
Euler-Lagrange equation corresponding to this Lagrangian is given by

utt − uxx + α sin (u) + 2β sin (2u) = 0. (2.2)

For β = 0, the above Lagrangian with the corresponding equation of motion
are those of the familiar sine-Gordon model.

Following the procedures of refs. [13-15], we construct a MDSG model
by adding to the Lagrangian density (2.1) a further kinetic term and an ex-
tra potential term. Thus, we shall consider the MDSG model defined by the
Lagrangian density

L = 1
2 u

2
t − 1

2 u
2
x + 1

2 θ u
2
x u

2
t (a + b cos u) − 1 + α cos u

+β cos (2u) + k (a + b cos u)5,
(2.3)

where a and b are arbitrary constants and θ and k are some parameters. The
θ-term represents the extra kinetic term and the k-term represents the extra
potential term. For vanishing θ and k, this Lagrangian reduces to the usual
DSG Lagrangian (2.1).

The Euler-Lagrange equation corresponding to the Lagrangian density (2.3)
is easy to obtained and is given by

utt − uxx + α sin (u) + 2β sin (2u)

+ θ (4ux ut uxt + u2x utt + u2t uxx)

(

a + b cos (u)

)

− 3
2 θ b u

2
x u

2
t sin (u) + 5 k b

(

a + b cos (u)

)4

sin (u) = 0.

(2.4)

If the two parameters θ and k vanish, the equation of motion of the MDSG
model (2.4) reduces to the equation of motion of the usual DSG equation (2.2).
For non-vanishing θ and k, this MDSG model exhibits interesting properties
which we shall discuss later.

To construct soliton solutions of the usual DSG equation (2.2), we first
unite the independent variables x and t into one wave variable ξ = x − ωt,
where ω is a positive real number defines the velocity of the imposed solitary
wave. Therefore, we consider

u(x, t) = u(ξ) ; ξ = x − ωt. (2.5)
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Using equation (2.5) into (2.2), the equation of motion of the usual DSG model
becomes

−(1− ω2)u′′ + α sin (u) + 2β sin (2u) = 0; ′ ≡ d

dξ
. (2.6)

Next, we use the variable separated ODE method and assume that u(ξ)
satisfies the variable separated ODE given by

u′ = ν

(

a + b cos (u)

)

, (2.7)

where ν is a parameter that will be determined. From (2.7) we have

u′′ = −ν2b sin (u)

(

a + b cos (u)

)

= −ν2ab sin (u) − 1
2ν

2b2 sin (2u).
(2.8)

Inserting (2.8) into (2.6), we find that the ansatz (2.7) satisfies the usual DSG
equation (2.6) when

α = −ab, β = −1

4
b2, (2.9)

and

ν2 =
1

1 − ω2
. (2.10)

Therefore, the solutions of (2.7) are solutions of the usual DSG model with α
and β are given by (2.9) and ν is given by (2.10).

Equation (2.7) is separable, hence we set

du

a + b cos (u)
= ν dξ. (2.11)

To integrate both sides of (2.11), we consider the following cases:

(i) If b = a: In this case, we obtain the following class of solutions

u = 2 tan−1
(

aνξ
)

. (2.12)

(ii) If b = −a: In this case, we obtain the following class of solutions

u = 2cot−1
(

− aνξ
)

. (2.13)
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(iii) If a > b: In this case, integrating both sides of (2.11) yields the following
class of solutions

u = 2 tan−1

[

√

a+ b

a− b
tan

(

ν

2

√

a2 − b2 ξ

)]

. (2.14)

(iv) If a < b: In this case, we obtain the following class of solutions

u = 2 tan−1

[

√

b+ a

b− a
tanh

(

ν

2

√

b2 − a2 ξ

)]

. (2.15)

We turn our attention to the MDSG equation of motion (2.4). Inserting
(2.5) into (2.4), we obtain the following ODE of the MDSG model

−(1 − ω2)u′′ + α sin (u) + 2β sin (2u)

+ 6θω2 u′2 u′′

(

a + b cos (u)

)

− 3
2 θω

2 b u′4 sin (u)

+ 5kb

(

a + b cos (u)

)4

sin (u) = 0.

(2.16)

If we now consider that u(ξ) satisfies the same variable separated ODE (2.7),
we find that equation (2.16) is satisfied with α and β are given by equation (2.9)
and ν is given by equation (2.10) and such that

ν4 ω2 =
2k

3θ
= c, (2.17)

where c is a constant fixed by the parameters of the model. This means that the
ansatz (2.7) also satisfies the MDSG equation (2.16) when an extra condition
given by (2.17) imposed on ν given by (2.10). In other words, all the solutions of
the usual DSG model presented before are also solutions for the MDSG model
with the extra condition (2.17).

3. Properties of the MDSG Model

Let us study some properties of the considered MDSG model. First, from
equations (2.10) and (2.17), the velocity of the MDSG kink is given by

ω =

√

1 + 2c −
√
1 + 4c

2c
. (3.1)
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This means that the velocity of the kink is determined in terms of the ratio of θ
and k. In this, the modified model resembles the O(3)σ model in (2,1) dimen-
sions in which the addition of the Skyrme-like and potential terms has fixed the
size of the soliton-like structures.

The dependence of the properties of the model upon θ and k separately is
also reflected in the shape of the total potential energy of the MDSG model,
which is given by

V (u) = 1 − α cos (u) − β cos (2u) − k

(

a + b cos (u)

)5

. (3.2)

This potential energy can be shown in Fig. 1 for different values of a and b.
Full line is for k = 0.0, dash-dotted line is for k = 0.02, dash line is for k = 0.04,
and dotted line is for k = 0.06. Clearly, the potential is periodic with its period
being equal to 2π and the DSG-kink appears at the ends of the period, for plots
(a), (c) and (d), whereas, at the middle of the period for plot (b).

Seeking localized solutions of (2.4) or (2.16), we use (2.7)-(2.10) into (2.16),
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then multiply it by u′ and integrating to get

(

du
dξ

)4
[

3θω2

(

a + b cos (u)

)]

− (1− ω2)
(

du
dξ

)2

+

(

a + b cos (u)

)2

− 2k

(

a + b cos (u)

)5

= 0.

(3.3)

This equation has special solutions if we require that u satisfies equation (2.7)
with the conditions (2.9) and (2.10), as then terms two and three cancel each
other. If we imposed the extra condition (2.17), we find that the first and last
terms cancel too. As we showed before, these special solutions are the DSG
kink type found before.

General solutions of (3.3) can be found by solving it for (du/dξ)2. This
equation has real solutions if

∆ = (1− ω2)2 − 12θω2
(

a + b cos (u)
)3
[

1− 2k
(

a + b cos (u)
)3
]

≥ 0.
(3.4)

Therefore, these general solutions are given by

du

dξ
= ±

[

1 − ω2 −
√
∆

6θω2
(

a + b cos (u)
)

]
1

2

. (3.5)

This equation cannot be solved analytically, but as it is a one variable first
order differential equation, its solutions can be computed numerically, using,
e.g., MATHEMATICA.

In Fig. 2, we have plotted the exact solutions presented before (solid line)
and the corresponding general solutions (dashed line), for fixed values of k and
θ. In contrast with the modified models of refs. [15-17], where their equations of
motion have two different solutions, we notice from each plot in this figure that
the exact and general solutions of the equation of motion of the MDSG model
are coincides.
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The condition ∆ ≥ 0 imposes a maximum velocity for the solitary wave,
given by

ν4ω2 ≤ 1

12θ(1− 2k)
for k ≤ 0.25, (3.6)

ν4ω2 ≤ 2k

3θ
for k ≥ 0.25. (3.7)

This means that the maximum velocity ω ≡ Ωmax is given by equation (3.1),
where

c =
1

12θ(1− 2k)
for k ≤ 0.25, (3.8)
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and

c =
2k

3θ
for k ≥ 0.25. (3.9)

The variation of the maximum velocity and of the velocity of the DSG-kink
versus k can be shown in Fig. 3 for different three values of θ, namely, θ =
1.0, 0.2 and 0.02. We notice that for k ≥ 0.25, the maximum velocity defined
by (3.7) coincides with the velocity of the DSG-kink, whereas for k < 0.25 it is
larger than that of the DSG-kink.

4. The MTSG Model and Soliton Solutions

In this section, we shall follow the procedures given in the previous sections
and present a MTSG model and study some of its properties. We begin with
the usual TSG model in (1,1) dimensions defined by the Lagrangian density

L =
1

2
u2t − 1

2
u2x − 1 + α cos (u) + β cos (2u) + γ cos (3u), (4.1)

where α, β, γ are arbitrary constants. The Euler-Lagrange equation corre-
sponding to this Lagrangian is given by

utt − uxx + α sin (u) + 2β sin (2u) + 3γ sin (3u) = 0, (4.2)
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For β = 0 and γ = 0, the above Lagrangian with the corresponding equation
of motion are those of the familiar sine-Gordon model.

The MTSG model can be constructed by adding to (4.1) a further kinetic
term and an extra potential term. Therefore, we shall consider the MTSG
model defined by a Lagrangian density in the form

L = 1
2 u

2
t − 1

2 u
2
x + 1

2 θ u
2
x u

2
t

(

a sin (u2 ) + b sin (3u2 )
)

− 1 + α cos (u) + β cos (2u) + γ cos (3u)

+ k
(

a sin (u2 ) + b sin (3u2 )
)5

.

(4.3)

The Euler-Lagrange equation for this Lagrangian is given by

utt − uxx + α sin (u) + 2β sin (2u) + 3γ sin (3u)
+ θ [4ux ut uxt + u2x utt + u2t uxx]

(

a sin (u2 ) + b sin (3u2 )
)

+ 3
4 θ u

2
x u

2
t

(

a cos (u2 ) + 3b cos (3u2 )
)

− 5
2 k
(

a sin (u2 ) + b sin (3u2 )
)4(

a cos (u2 ) + 3b cos (3u2 )
)

= 0.

(4.4)

For vanishing θ and k, this equation reduces to the equation of motion of
the usual TSG equation (4.2). For non-vanishing θ and k, this MTSG model
exhibits interesting properties which we shall discuss later.

Let us first obtain soliton solutions of the usual TSG equation (4.2). There-
fore, we use equation (2.5) into (4.2) and obtain

−(1− ω2)u′′ + α sin (u) + 2β sin (2u) + 3γ sin (3u) = 0;

′ ≡ d
dξ
.

(4.5)

To obtain soliton solutions of equation (4.5), we assume that u(ξ) satisfies
the variable separated ODE given by

u′ = ν
(

a sin (
u

2
) + b sin (

3u

2
)
)

, (4.6)

where ν is a parameter that will be determined. Differentiating the ansatz (4.6)
with respect to ξ gives

u′′ = ν2

2

(

a cos (u2 ) + 3b cos (3u2 )
)(

a sin (u2 ) + b sin (3u2 )
)

= ν2

4 (a2 − 2ab) sin(u) + ν2ab sin(2u) + 3
4ν

2b2 sin(3u).
(4.7)

Substituting (4.7) into (4.5), we find that the ansatz (4.6) satisfies the usual
TSG equation (4.5) when

α =
1

4
(a2 − 2ab), β =

1

2
ab, γ =

1

4
b2 (4.8)
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and

ν2 =
1

1 − ω2
. (4.9)

Therefore, the solutions of (4.6) are solutions of the usual TSG model with α, β
and γ given by equation (4.8) and ν given by equation (4.9).

Equation (4.6) is separable, hence we set

du

a sin (u2 ) + b sin (3u2 )
= ν dξ. (4.10)

To integrate both sides of (4.10), we consider the following cases:

(i) If a 6= 0 and b = 0: In this case, equation (4.10) can be integrated and
obtain the following class of solutions

u = 4 tan−1
(

e
1

2
aνξ
)

. (4.11)

(ii) If a = 0 and b 6= 0: Integrating equation (4.10) yields the following class
of solutions

u =
4

3
tan−1

(

e
3

2
bνξ
)

. (4.12)

(iii) If a = 2b: In this case, integrating both sides of (4.10) yields the following
class of solutions

ln
(

tan (
u

4
)
)

− 2 tan−1
(

2 cos (
u

2
)
)

=
5

2
bνξ. (4.13)

(iv) If we use the trigonometric identity sin 3x = 3 sinx − 4 sin3 x, equation
(4.10) becomes

du

(a+ 3b) sin (u2 ) − 4b sin3(u2 )
= ν dξ. (4.14)

In this case, we consider the following three cases:

• When a+3b = 0: In this case, b = −a
3 and equation (4.14) can be integrated

and obtain the following class of solutions

ln
(

tan (
u

4
)
)

− cot(
u

2
) csc(

u

2
) =

4

3
aνξ. (4.15)

•When a+3b 6= 0: In this case, integrating equation (4.14) implies the following
class of solutions

ln

(

tan (
u

4
)

)

+
2b√

ab− b2
tan−1

(

(a+ 3b) tan2(u4 ) + a− 5b

4
√
ab− b2

)

=
1

2
(a+ 3b)νξ.

(4.16)
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• When a = b: In this case, equation (4.14) can be integrated and obtain the
following class of solutions

ln
(

tan (
u

4
)
)

+ sec (
u

2
) = 2aνξ. (4.17)

Let us turn our attention to the MTSG equation (4.4). Inserting (2.5) into
(4.4), we obtain the following ODE of the MTSG model

−(1 − ω2)u′′ + α sin u + 2β sin 2u + 3γ sin 3u
+6θω2 u′2 u′′

(

a sin (u2 ) + b sin (3u2 )
)

+ 3
4 θω

2 u′4
(

a cos (u2 ) + 3b cos (3u2 )
)

− 5
2 k
(

a sin (u2 ) + b sin (3u2 )
)4(

a cos (u2 ) + 3b cos (3u2 )
)

= 0.

(4.18)

If we now consider that u(ξ) satisfies the same variable separated ODE
(4.6), we find that equation (4.18) is satisfied with α, β and γ are given by
equation (4.8) and ν is given by equation (4.9) and such that

ν4 ω2 =
2k

3θ
= c, (4.19)

where c is a constant fixed by the parameters of the model. This means that the
ansatz (4.6) also satisfies the MTSG equation (4.18) when an extra condition
given by (4.19) imposed on ν given by (4.9). In other words, all the solutions of
the usual TSG model presented before are also solutions for the MTSG model
with the extra condition (4.19). These solutions are kink and double-kink like
solutions.

5. Properties of the MTSG Model

Let us study some properties of the constructed MTSG model. First, from (4.9)
and (4.19), we see that the velocity of the MTSG kink is given by the same
form of ω given by (3.1). Therefore, as in the MDSG model, we see that the
velocity of the kink is determined in terms of the ratio of θ and k too.

The dependence of the properties of the model upon θ and k separately is
also reflected in the shape of the total potential energy of the MTSG model,
which is given by

V (u) = 1 − α cos u − β cos 2u − γ cos 3u

− k
(

a sin (u2 ) + b sin (3u2 )
)5
.

(5.1)
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This potential energy can be shown in Fig. 4 for different values of a and b.
Full line is for k = 0.0, dash-dotted line is for k = 0.04, dash line is for k = 0.06,
and dotted line is for k = 0.09. Clearly, the potential is periodic with its period
being equal to 4π for plots (a), (c) and (d), whereas its equal to 4π/3 for plot
(b), and the TSG-kink interpolates between the minima situated at a half of the
period. The shape of the potential suggests the existence of kink and double-
kink solutions as can be observed in plots (a), (b) and (c), (d), respectively.

Let us seek localized solutions of equation (4.18) which depend only on the
variable ξ, and use equations (4.6)-(4.9) into equation (4.18), then multiply it
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by u′ and integrating to get

(

du
dξ

)4[3
2θω

2
(

a sin (u2 ) + b sin (3u2 )
)]

− 1
2(1− ω2)

(

du
dξ

)2
+ 1

2

(

a sin (u2 ) + b sin (3u2 )
)2

− k
(

a sin (u2 ) + b sin (3u2 )
)5

= 0.

(5.2)

This equation has special solutions if we require that u satisfies the variable
separated ODE (4.6) with the conditions (4.8) and (4.9), as then terms two
and three cancel each other. If we imposed the extra condition (4.19), the first
and last terms cancel too. As we showed, these special solutions are the TSG
kink and double-kink type found before.

General solutions of (5.2) can be found by solving it for (du/dξ)2. This
equation has real solutions if

∆ = (1− ω2)2 − 12θω2
(

a sin (u2 ) + b sin (3u2 )
)3

×
[

1− 2k
(

a sin (u2 ) + b sin (3u2 )
)3]

≥ 0.

(5.3)

Therefore, these general solutions are given by

du

dξ
= ±

[

1 − ω2 −
√
∆

6θω2
(

a sin (u/2) + b sin (3u/2)
)

]
1

2

. (5.4)

This equation cannot be solved analytically, but as it is a one variable first
order differential equation, its solutions can be computed numerically, using,
e.g., MATHEMATICA.

In Fig. 5, we have plotted some of the exact solutions presented before (solid
line) and the corresponding general solutions (dashed line), for fixed values of
k and θ. As in the MDSG model, we notice from each plot in this figure that
the exact and general solutions of the equation of motion of the MTSG model
are coincides.
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The property of the maximum velocity for the solitary wave discussed be-
fore in the MDSG model can also be discussed in the same manner here in the
MTSG model and see that the variation of the maximum velocity and of the
velocity of the TSG-kink has the same behaviour as for the MDSG case.

In conclusion, we have presented two modified models of the sine-Gordon
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type model; namely, the MDSG and the MTSG models. For each model, we
have obtained soliton solutions of both the usual and modified models and
found that in both of them, the modified model possesses the same solutions of
the unmodified model with some extra conditions imposed on the parameters
of the models.

We studied some properties of the MDSG model. In particular, plotting
the potential energy of the model, we observed that the potential is periodic
with its period equal to 2π and the DSG-kink appears at the ends or at the
middle of the period. The shape of the potential suggests the existence of
other solutions which we called general solutions. Moreover, we found that the
governing equation of the MDSG model has special solutions which are the exact
solutions of the model as well as general solutions. Using MATHEMATICA
programme, we computed and plotted these general solutions beside the exact
solutions and found that they are coincides. Similar behaviours are also found
for the above properties in the MTSG model.

As in the modified combined sine-cosine model [15], the additional kinetic
and potential terms to the usual Lagrangian of the DSG or TSG model, rep-
resented by the θ- and k-terms, respectively, are not unique. However, they
are related to the form used for du/dξ in the variable separated ODE method.
To illustrate this in some more details, if the θ- and k-terms are considered as
θu2xu

2
t f(u) and kg(u), for some functions f and g, then the functions f(u) and

g(u) should be given, respectively, by
(

du
dξ

)
1

n

and
(

du
dξ

)(4+ 1

n
)
, for some integer

n.
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