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Abstract: Recently, Asaad, Ahmad and Omar [1] introduced the notion of γ-extremally

disconnected spaces and studied some of its properties. In this paper, we introduce further

characterizations of γ-extremally disconnected spaces by utilizing γ- sets. Moreover, some

relations of functions of γ-extremally disconnected spaces has been defined.
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1. Introduction

Kasahara [8] defined the concept of an operation α on τ and introduced the
concept of α-closed graphs of functions. The operation α had been renamed
as γ operation on τ by Ogata [11]. He defined the notion of γ-open sets in
a topological space. Since that, γ operation on τ has attracted the atten-
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tion of many researchers. Among them are γ-regular-open sets [1], γ-δ-open
sets [4], α-γ-open sets [6], γ-preopen sets [9], γ-semiopen sets [10], γ-b-open
sets [3] and γ-β-open sets [2]. Using some of these sets, several γ- functions
such as γ-precontinuous [5], γ-β-continuous [2], α-(γ, β)-continuous [7], (γ, β)-
precontinuous [9], (γ, β)-semi-continuous [10], (γ, β)-b-continuous [3] and (γ, β)-
β-irresolute [2] were defined. Recently, Asaad, Ahmad and Omar [1] introduced
the notion of γ-extremally disconnected spaces. The purpose of this paper is
to give further characterizations of γ-extremally disconnected spaces and some
relations of functions of γ-extremally disconnected spaces has been defined.

2. Preliminaries

Throughout this paper, (X, τ) and (Y, σ) (or simply X and Y ) denote topolog-
ical spaces. An operation γ on the topology τ on X is a mapping γ : τ → P (X)
such that U ⊆ γ(U) for each U ∈ τ , where P (X) is the power set of X and
γ(U) denotes the value of γ at U [11]. A nonempty subset A of a topological
space (X, τ) with an operation γ on τ is said to be γ-open [11] if for each x ∈ A,
there exists an open set U containing x such that γ(U) ⊆ A. The complement
of γ-open set is called γ-closed. The class of all γ-open subsets of X is denoted
by τγ . The τγ-closure of a subset A of X with an operation γ on τ is defined
as the intersection of all γ-closed sets of X containing A and it is denoted by
τγ-Cl(A) [11], and the τγ-interior of a subset A of X with an operation γ on τ
is defined as the union of all γ-open sets of X contained in A and it is denoted
by τγ-Int(A) [10].

Let’s recall some known notions which are useful in the sequel.

Lemma 2.1. [1] Let A and B be any subsets of a topological space (X, τ)
and γ be an operation on τ . If A ∩ B = φ, then τγ-Int(A) ∩ τγ-Cl(B) = φ and
τγ-Cl(A) ∩ τγ-Int(B) = φ.

Definition 2.2. A subset A of a topological space (X, τ) is called:

1. γ-regular-open [1] if A = τγ-Int(τγ-Cl(A)).

2. γ-preopen [9] if A ⊆ τγ-Int(τγ-Cl(A)).

3. γ-semiopen [10] if A ⊆ τγ-Cl(τγ-Int(A)).

4. α-γ-open [6] if A ⊆ τγ-Int(τγ-Cl(τγ-Int(A))).

5. γ-b-open [3] if A ⊆ τγ-Cl(τγ-Int(A)) ∪ τγ-Int(τγ-Cl(A)).
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6. γ-β-open [2] if A ⊆ τγ-Cl(τγ-Int(τγ-Cl(A))).

The complement of a γ-regular-open (resp. γ-preopen, γ-semiopen, α-γ-
open, γ-b-open and γ-β-open) set is said to be γ-regular-closed [1] (resp. γ-
preclosed [9], γ-semiclosed [10], α-γ-closed [6], γ-b-closed [3] and γ-β-closed
[2]). For any topological space (X, τ) and any operation γ on τ , we denote
the class of all α-γ-open (resp. γ-preopen, γ-semiopen, γ-b-open, γ-β-open, γ-
closed, γ-preclosed, γ-semiclosed, γ-b-closed and γ-β-closed) sets of X by τα−γ

(resp. τγ-PO(X), τγ-SO(X), τγ-BO(X), τγ-βO(X), τγ-C(X), τγ-PC(X), τγ-
SC(X), τγ-BC(X) and τγ-βC(X)). The intersection of all α-γ-closed (resp.
γ-preclosed, γ-semiclosed, γ-b-closed and γ-β-closed) sets of (X, τ) containing
A is called the τα−γ-closure [6] (resp. τγ-preclosure [9], τγ-semiclosure [10],
τγ-b-closure [3] and τγ-β-closure [2]) of A and is denoted by τα−γ-Cl(A) (resp.
τγ-pCl(A), τγ-sCl(A), τγ-bCl(A) and τγ-βCl(A)). The τα−γ-interior [6] (resp.
τγ-preinterior [9], τγ-semi-interior[10], τγ-b-interior [3] and τγ-β-interior [2]) of
A is the union of all α-γ-open (resp. γ-preopen, γ-semiopen, γ-b-open and
γ-β-open) sets of X contained in A and is denoted by τα−γ-Int(A) (resp. τγ-
pInt(A), τγ-sInt(A), τγ-bInt(A) and τγ-βInt(A)).

Definition 2.3. [4] Let A be a subset of a space (X, τ) and let x ∈ X.
Then x is said to be γ-δ-cluster point of A if A ∩ τγ-Int(τγ-Cl(U)) 6= φ for
each γ-open set U of X containing x. The set of all γ-δ-cluster point of A is
called γ-δ-closure of A and is denoted by τγ-Clδ(A). A subset A is said to be
γ-δ-closed if τγ-Clδ(A) = A. The complement of an γ-δ-closed set is said to be
γ-δ-open.

Remark 2.4. [4] Every γ-regular-open set is γ-δ-open, and every γ-δ-open
set is the union of a family of γ-regular-open sets.

Definition 2.5. [11] Let (X, τ) be any topological space. An operation γ
on τ is said to be regular if for every open neighborhood U and V of each x ∈ X,
there exists an open neighborhood W of x such that γ(W ) ⊆ γ(U) ∩ γ(V ).

Lemma 2.6. [1] Let (X, τ) be any topological space and γ be a regular
operation on τ and let A ⊆ X. Then A ∈ τγ-PO(X) if and only if τγ-sCl(A) =
τγ-Int(τγ-Cl(A)).

Theorem 2.7. Let A be any subset of a topological space (X, τ) and γ
be a regular operation on τ . Then the following statements hold:

1. τγ-pCl(A) = A ∪ τγ-Cl(τγ-Int(A)) [9].

2. τγ-sCl(A) = A ∪ τγ-Int(τγ-Cl(A)) [3].
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3. τγ-bCl(A) = τγ-pCl(A) ∩ τγ-sCl(A) [3].

4. τγ-βCl(A) = A ∪ τγ-Int(τγ-Cl(τγ-Int(A))) [2].

A function f : (X, τ) → (Y, σ) with an operation γ on τ is said to be
γ-precontinuous [5] (resp. γ-β-continuous [2]) if for each open set V of Y
containing f(x), there exists a γ-preopen (resp. γ-β-open) set U of X con-
taining x such that f(U) ⊆ V . A function f : (X, τ) → (Y, σ) with the
operations γ : τ → P (X) on τ and β : σ → P (Y ) on σ is said to be α-
(γ, β)-continuous [7] (resp. (γ, β)-precontinuous [9], (γ, β)-semi-continuous [10],
(γ, β)-b-continuous [3] and (γ, β)-β-irresolute [2]) if for each α-β-open (resp.
β-preopen, β-semiopen, β-b-open and β-β-open) set V of Y containing f(x),
there exists a α-γ-open (resp. γ-preopen, γ-semiopen, γ-b-open and γ-β-open)
set U of X containing x such that f(U) ⊆ V . A function f : (X, τ) → (Y, σ)
with the operations γ on τ and β on σ is said to be α-(γ, β)-closed [7] (resp.
(γ, β)-preclosed [9], (γ, β)-semiclosed [10] and (γ, β)-b-closed [3]) if for every
α-γ-closed (resp. γ-preclosed, γ-semiclosed and γ-b-closed) set F of X, f(F ) is
α-β-closed (resp. β-preclosed, β-semiclosed and β-b-closed) set in Y .

3. More Relations on the Notions of τγ-Cl Operators

In this section, we obtain more relations on the notions of τγ-Cl operators.

Remark 3.1. Let A be any subset of a topological space (X, τ) and γ be
an operation on τ . Then:

1. τγ-Intδ(A) ⊆ τγ-Int(A) ⊆ τα−γ-Int(A) ⊆ τγ-pInt(A) ⊆ τγ-bInt(A) ⊆ τγ-
βInt(A) ⊆ A.

2. τγ-Intδ(A) ⊆ τγ-Int(A) ⊆ τα−γ-Int(A) ⊆ τγ-sInt(A) ⊆ τγ-bInt(A) ⊆ τγ-
βInt(A) ⊆ A.

3. A ⊆ τγ-βCl(A) ⊆ τγ-bCl(A) ⊆ τγ-pCl(A) ⊆ τα−γ-Cl(A) ⊆ τγ-Cl(A) ⊆
τγ-Clδ(A).

4. A ⊆ τγ-βCl(A) ⊆ τγ-bCl(A) ⊆ τγ-sCl(A) ⊆ τα−γ-Cl(A) ⊆ τγ-Cl(A) ⊆
τγ-Clδ(A).

Lemma 3.2. [4] If A is any γ-β-open subset of a topological space (X, τ),
then τγ-Clδ(A) = τγ-Cl(A).

Lemma 3.3. If A is any γ-β-open subset of a topological space (X, τ),
then τγ-Cl(A) = τα−γ-Cl(A).
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Proof. Let A ∈ τγ-βO(X) and x /∈ τα−γ-Cl(A), then there exists an α-γ-
open set U containing x such that A ∩ U = φ. So by using Lemma 2.1, we
have

τγ-Cl(τγ-Int(τγ-Cl(A))) ∩ τγ-Int(τγ-Cl(τγ-Int(U))) = φ.

Since A is γ-β-open, then A ∩ τγ-Int(τγ-Cl(τγ-Int(U)) = φ. Since U is α-γ-
open set containing x, then x ∈ τγ-Int(τγ-Cl(τγ-Int(U)) and τγ-Int(τγ-Cl(τγ-
Int(U)) is γ-open set. So x /∈ τγ-Cl(A). Hence τγ-Cl(A) ⊆ τα−γ-Cl(A). But
τα−γ-Cl(A) ⊆ τγ-Cl(A) in general. Thus, τγ-Cl(A) = τα−γ-Cl(A).

From Lemma 3.2 and Lemma 3.3, we have the following corollary.

Corollary 3.4. For each γ-β-open set A in (X, τ), we have

τγ-Clδ(A) = τγ-Cl(A) = τα−γ-Cl(A).

Definition 3.5. A point x in a space X is is said to γ-θ-cluster point of
a subset A of X if A ∩ τγ-Cl(U) 6= φ for each γ-open set U of X containing x.
The set of all γ-θ-cluster point of A is called τγ-θ-closure of A and is denoted by
τγ-Clθ(A). A subset A is called γ-θ-closed if τγ-Clθ(A) = A. The complement
of a γ-θ-closed set is said to be γ-θ-open. It is obvious that every γ-θ-open set
is γ-δ-open.

Lemma 3.6. If A is any γ-preopen subset of a topological space (X, τ),
then τγ-Clθ(A) = τγ-Cl(A).

Proof. It is enough to show that τγ-Clθ(A) ⊆ τγ-Cl(A) for every γ-preopen
set A in X since, in general τγ-Cl(A) ⊆ τγ-Clθ(A) for every subset A ⊆ X.
Suppose that x /∈ τγ-Cl(A), then there exists a γ-open set U containing x such
that

A ∩ U = φ implies that τγ-Int(τγ-Cl(A)) ∩ τγ-Cl(U) = φ.

Since A is γ-preopen, then we have A ∩ τγ-Cl(U) 6= φ. Hence x /∈ τγ-Clθ(A).
Thus, τγ-Clθ(A) ⊆ τγ-Cl(A). This implies that τγ-Clθ(A) = τγ-Cl(A).

Corollary 3.7. For each γ-preopen set A in (X, τ), we have

τγ-Clθ(A) = τγ-Clδ(A) = τγ-Cl(A) = τα−γ-Cl(A).

Proof. This is shown in Lemma 3.6 and Corollary 3.4 by the fact that every
γ-preopen set is γ-β-open.
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Lemma 3.8. Let A be any subset of a topological space (X, τ). Then
x ∈ τγ-Clδ(A) if and only if A ∩ U 6= φ for every γ-regular-open set U of X
containing x.

Proof. Follows directly from Definition 2.3.

Lemma 3.9. [4] If A is any γ-semiopen subset of a topological space
(X, τ), then τγ-Clδ(A) = τγ-Cl(A).

Lemma 3.10. If A is any γ-semiopen subset of a topological space (X, τ),
then τγ-Clδ(A) = τγ-pCl(A).

Proof. In general, we have τγ-pCl(S) ⊆ τγ-Clδ(S) for every subset S of
(X, τ). Thus, we shall show that τγ-Clδ(A) ⊆ τγ-pCl(A) for each γ-semiopen
set A in (X, τ). Let A ∈ τγ-SO(X) and x /∈ τγ-pCl(A), then there exists a
γ-preopen set U containing x such that A ∩ U = φ. So by using Lemma 2.1,
we have τγ-Int(A) ∩ τγ-Cl(U) = φ implies that τγ-Cl(τγ-Int(A)) ∩ τγ-Int(τγ-
Cl(U)) = φ. Since A is γ-semiopen, then A ∩ τγ-Int(τγ-Cl(U)) = φ. Since
U is γ-preopen set containing x, then x ∈ τγ-Int(τγ-Cl(U)) and τγ-Int(τγ-
Cl(U)) is γ-regular-open set. Thus, by Lemma 3.8, x /∈ τγ-Clδ(A). Hence
τγ-Clδ(A) ⊆ τγ-pCl(A). Therefore, τγ-Clδ(A) = τγ-pCl(A).

By using Remark 3.1 (3) with Lemma 3.10, we have the following corollary.

Corollary 3.11. For each γ-semiopen set A in (X, τ), we have

τγ-Clδ(A) = τγ-Cl(A) = τα−γ-Cl(A) = τγ-pCl(A).

Lemma 3.12. [1] For any subset A of a space (X, τ), we have

A ∈ τγ-SO(X) if and only if τγ-Cl(A) = τγ-Cl(τγ-Int(A)).

Lemma 3.13. Let A be a subset of a space (X, τ) and γ be a regular
operation on τ . Then the following statements hold:

1. τγ-sCl(A) = τγ-bCl(A) = τγ-βCl(A) for each A ∈ τγ-SO(X).

2. τγ-sInt(A) = τγ-bInt(A) = τγ-βInt(A) for each A ∈ τγ-SC(X).

Proof. (1) Let A ∈ τγ-SO(X), then by applying Lemma 3.12 and Theo-
rem 2.7, we obtain that

τγ − bCl(A) = τγ − pCl(A) ∩ τγ − sCl(A)

= [A ∪ τγ − Cl(τγ − Int(A))] ∩ [A ∪ τγ − Int(τγ − Cl(A))]
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= A ∪ [τγ − Cl(τγ − Int(A)) ∩ τγ − Int(τγ − Cl(A))]

= A ∪ [τγ − Cl(A) ∩ τγ − Int(τγ − Cl(A))]

= A ∪ τγ − Int(τγ − Cl(A)) = τγ − sCl(A).

On the other hand

τγ − bCl(A) = A ∪ [τγ − Cl(τγ − Int(A)) ∩ τγ − Int(τγ − Cl(A))]

= A ∪ [τγ − Cl(τγ − Int(A)) ∩ τγ − Int(τγ − Cl(τγ − Int(A)))]

= A ∪ τγ − Int(τγ −Cl(τγ − Int(A))) = τγ − βCl(A).

Which completes the proof.

(2) Follows immediately by (1).

4. Characterizations of γ-Extremally Disconnected Spaces

Definition 4.1. [1] A topological space (X, τ) with an operation γ on τ
is said to be γ-extremally disconnected if the τγ-closure of every γ-open set of
X is γ-open in X, or equivalently, if the τγ-interior of every γ-closed set of X
is γ-closed in X.

Now, we give further characterizations of γ-extremally disconnected spaces
by utilizing γ- sets.

Theorem 4.2. The following conditions are equivalent for any topological
space (X, τ).

1. (X, τ) is γ-extremally disconnected.

2. The τγ-closure of every γ-semiopen set of (X, τ) is γ-open.

3. The γ-δ-closure of every γ-semiopen set of (X, τ) is γ-open.

4. The τα−γ-closure of every γ-semiopen set of (X, τ) is γ-open.

5. The τγ-preclosure of every γ-semiopen set of (X, τ) is γ-open.

6. The τγ-closure of every γ-semiopen set of (X, τ) is γ-δ-open.

7. The γ-δ-closure of every γ-semiopen set of (X, τ) is γ-δ-open.

8. The τα−γ-closure of every γ-semiopen set of (X, τ) is γ-δ-open.
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9. The τγ-preclosure of every γ-semiopen set of (X, τ) is γ-δ-open.

10. The γ-δ-closure of every γ-semiopen set of (X, τ) is γ-regular-open.

11. The τα−γ-closure of every γ-semiopen set of (X, τ) is γ-regular-open.

12. The τγ-preclosure of every γ-semiopen set of (X, τ) is γ-regular-open.

Proof. (1) ⇒ (2): Let A be any γ-semiopen set in a γ-extremally discon-
nected space (X, τ). Then by Lemma 3.12, we have τγ-Cl(A) = τγ-Cl(τγ-
Int(A)). Hence τγ-Cl(τγ-Int(A)) is γ-open and thus τγ-Cl(A) is γ-open.

(2) ⇒ (1): Clear.
(2) ⇔ (3) ⇔ (4) ⇔ (5) and (6) ⇔ (7) ⇔ (8) ⇔ (9): These follow easily

from Corollary 3.11.

(1) ⇔ (10) ⇔ (11) ⇔ (12): Directly follow from Corollary 3.11 and [1,
Theorem 4.11 (4)].

(6) ⇒ (2), (10) ⇒ (7) ⇒ (3), (11) ⇒ (8) ⇒ (4) and (12) ⇒ (9) ⇒ (5):
are clear since every γ-regular-open set is γ-δ-open, and every γ-δ-open set is
γ-open.

Theorem 4.3. Let (X, τ) be any space and γ be a regular operation on
τ . Then the following statements are equivalent:

1. X is γ-extremally disconnected.

2. τγ-sCl(A) = τγ-Cl(A) for each γ-semiopen set A in X.

3. The τγ-semi-closure of every γ-semiopen set in X is γ-closed.

4. τγ-sInt(A) = τγ-Int(A) for each γ-semiclosed set A in X.

5. The τγ-semi-interior of every γ-semiclosed set in X is γ-open.

Proof. (1) ⇒ (2): In general, we have τγ-sCl(S) ⊆ τγ-Cl(S) for every subset
S of X. Thus, it is sufficient to show that τγ-Cl(A) ⊆ τγ-sCl(A) for each γ-
semiopen set A of X. Let A ∈ τγ-SO(X) and x /∈ τγ-sCl(A), then there exists
a γ-semiopen set U containing x such that A ∩ U = φ and hence τγ-Int(A) ∩
τγ-Int(U) = φ. Since X is γ-extremally disconnected, then we have

τγ-Cl(τγ-Int(A)) ∩ τγ-Cl(τγ-Int(U)) = φ.

Since A is γ-semiopen, then A ∩ τγ-Cl(τγ-Int(U)) = φ. Since τγ-Cl(τγ-Int(U))
is γ-open set containing x. Thus, x /∈ τγ-Cl(A) and hence τγ-Cl(A) ⊆ τγ-
sCl(A). Therefore, τγ-sCl(A) ⊆ τγ-Cl(A).
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(2) ⇒ (3) and (4) ⇒ (5): Obvious.

(3) ⇒ (1): Let G be any γ-open set in X. Then G is γ-semiopen. By (3),
τγ-sCl(G) is γ-closed. This means that τγ-Cl(τγ-sCl(G)) = τγ-sCl(G). Since
S ⊆ τγ-sCl(S) ⊆ τγ-Cl(S) for any subset S of X, in general. So τγ-Cl(τγ-
sCl(S)) = τγ-Cl(S). Then, we get τγ-sCl(S) = τγ-Cl(S). Now, since G is
γ-open, then G is γ-preopen. Then by Lemma 2.6, τγ-sCl(A) = τγ-Int(τγ-
Cl(A)). Therefore, τγ-Cl(A) = τγ-Int(τγ-Cl(A)). Consequently, τγ-Cl(A) is
γ-open and hence X is γ-extremally disconnected.

(2) ⇔ (4) and (3) ⇔ (5): These are clear by using complements.

(5) ⇒ (4): For any subset S of X, we have τγ-Int(S) ⊆ τγ-sInt(S) ⊆ S.
Then τγ-Int(τγ-sInt(S)) = τγ-Int(S). Since A is γ-semiclosed set in X. Then
by (5), τγ-sInt(A) is γ-open. Therefore, τγ-sInt(A) = τγ-Int(A).

Theorem 4.4. Let (X, τ) be any space and γ be a regular operation on
τ . Then the following statements are equivalent:

1. X is γ-extremally disconnected.

2. The τγ-semi-closure of every γ-semiopen set in X is γ-open.

3. The τγ-b-closure of every γ-semiopen set in X is γ-open.

4. The τγ-b-closure of every γ-semiopen set in X is γ-closed.

5. The τγ-β-closure of every γ-semiopen set in X is γ-open.

6. The τγ-β-closure of every γ-semiopen set in X is γ-closed.

Proof. (1) ⇔ (2): This is an immediate consequence of Theorem 4.2 (2)
and Theorem 4.3 (2).

(2) ⇔ (3) ⇔ (5): These follow from Lemma 3.13 (1).

(1)⇔ (4) and (1)⇔ (6): Directly follow from Theorem 4.3 (3) and Lemma 3.13
(1).

The proof of the following theorem follows directly from Theorem 4.3 (2),
Corollary 3.11 and Lemma 3.13 (1).

Theorem 4.5. The following statements are equivalent for any topological
space (X, τ) with a regular operation γ on τ .

1. X is γ-extremally disconnected.

2. τγ-sCl(A) = τγ-Clδ(A) for each A ∈ τγ-SO(X).
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3. τγ-sCl(A) = τα−γ-Cl(A) for each A ∈ τγ-SO(X).

4. τγ-sCl(A) = τγ-pCl(A) for each A ∈ τγ-SO(X).

5. τγ-bCl(A) = τγ-Cl(A) for each A ∈ τγ-SO(X).

6. τγ-bCl(A) = τγ-Clδ(A) for each A ∈ τγ-SO(X).

7. τγ-bCl(A) = τα−γ-Cl(A) for each A ∈ τγ-SO(X).

8. τγ-bCl(A) = τγ-pCl(A) for each A ∈ τγ-SO(X).

9. τγ-βCl(A) = τγ-Cl(A) for each A ∈ τγ-SO(X).

10. τγ-βCl(A) = τγ-Clδ(A) for each A ∈ τγ-SO(X).

11. τγ-βCl(A) = τα−γ-Cl(A) for each A ∈ τγ-SO(X).

12. τγ-βCl(A) = τγ-pCl(A) for each A ∈ τγ-SO(X).

Theorem 4.6. Let (X, τ) be any space and γ be a regular operation on
τ . Then the following statements are equivalent:

1. X is γ-extremally disconnected.

2. τγ-sCl(τγ-sInt(A)) ∈ τγ for every A ⊆ X.

3. τγ-bCl(τγ-sInt(A)) ∈ τγ for every A ⊆ X.

Proof. This is an immediate consequence of Theorem 4.4 (2) and (3), and
[3, Theorem 11 (4)].

Lemma 4.7. [1] For any subset A of a topological space (X, τ), then
A ∈ τγ-βO(X) if and only if τγ-Cl(A) = τγ-Cl(τγ-Int(τγ-Cl(A))).

Theorem 4.8. The following statements are equivalent for any topological
space (X, τ).

1. X is γ-extremally disconnected.

2. The τγ-closure of every γ-β-open set of X is γ-open.

3. The γ-δ-closure of every γ-β-open set of X is γ-open.

4. The τα−γ-closure of every γ-β-open set of X is γ-open.

5. The τγ-closure of every γ-preopen set of X is γ-open.
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6. The τγ-θ-closure of every γ-preopen set of X is γ-open.

7. The γ-δ-closure of every γ-preopen set of X is γ-open.

8. The τα−γ-closure of every γ-preopen set of X is γ-open.

Proof. It follows from Corollary 3.4, Corollary 3.7 and Lemma 4.7 since
every γ-preopen set is γ-β-open.

Theorem 4.9. Let (X, τ) be any space and γ be a regular operation on
τ . Then the following statements are equivalent:

1. X is γ-extremally disconnected.

2. τγ-Cl(τγ-bInt(A)) ∈ τγ for every A ∈ βO(X).

3. τγ-bInt(τγ-Cl(A)) ∈ τγ for every A ∈ βO(X).

4. τγ-Int(τγ-bCl(A)) ∈ τγ-C(X) for every A ∈ βC(X).

5. τγ-bCl(τγ-Int(A)) ∈ τγ-C(X) for every A ∈ βC(X).

Proof. This follows directly from Theorem 4.8 (2), Lemma 4.7 and [3, The-
orem 11 (1), (2) and (3)].

Lemma 4.10. [1] Let (X, τ) be a topological space and γ be a regular
operation on τ . Then the following statements are equivalent:

1. X is γ-extremally disconnected.

2. τγ-Cl(U) ∩ τγ-Cl(V ) = φ for every U, V ∈ τγ such that U ∩ V = φ.

3. τγ-Cl(U) ∩ τγ-Cl(V ) = φ for every U, V ∈ τγ-RO(X) such that U ∩
V = φ.

Theorem 4.11. Let (X, τ) be any space and γ be a regular operation on
τ . Then the following are equivalent:

1. (X, τ) is γ-extremally disconnected.

2. τγ-sCl(A) = τγ-Clθ(A) for every γ-preopen (or γ-semiopen) set A in X.

3. τγ-sCl(A) = τγ-Cl(A) for every γ-β-open set A in X.

4. τγ-sCl(A) = τγ-Clδ(A) for each γ-β-open set A in X.
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5. τγ-sCl(A) = τα−γ-Cl(A) for each γ-β-open set A in X.

Proof. (1) ⇒ (2): Since (X, τ) is γ-extremally disconnected space, then
by [1, Theorem 4.10 (5)], we have τγ-SO(X) = τα−γ . This means that τγ-
sCl(S) = τα−γ-Cl(S) for each S ⊆ X. Now, if A is γ-preopen set, then by
Corollary 3.7, τγ-sCl(A) = τγ-Clθ(A). If A is γ-semiopen set, then by the
hypothesis and [1, Theorem 4.10 (8)], A is γ-preopen and hence we get the
proof.

(2) ⇒ (1): First, let A ⊆ X be any γ-preopen set. Then by (2), Lemma 2.6
and Lemma 3.6, we have

τγ-Int(τγ-Cl(A)) = τγ-sCl(A) = τγ-Clθ(A) = τγ-Cl(A).

Hence τγ-Cl(A) is γ-open in X. It follows from Theorem 4.8 that the space
(X, τ) is γ-extremally disconnected. Next, let A ⊆ X be any γ-semiopen set.
Then

τγ-sCl(A) ⊆ τγ-Cl(A) ⊆ τγ-Clθ(A) = τγ-sCl(A).

Thus, τγ-sCl(A) = τγ-Cl(A). Therefore, by Theorem 4.3, (X, τ) is γ-extremally
disconnected space.

(1) ⇒ (3): In general τγ-Int(τγ-Cl(S)) ⊆ τγ-sCl(S) ⊆ τγ-Cl(S) for any
subset S of X. Let X be a γ-extremally disconnected and A be a γ-β-open
set of X, then by Theorem 4.8 (2), τγ-Cl(A) is γ-open in X. This means
τγ-sCl(A) = τγ-Cl(A) for every γ-β-open set A of X.

(3) ⇒ (1): Let U and V be γ-open subsets of X such that U ∩ V = φ.
Then we have τγ-sCl(U) ∩ V = φ. Since τγ-sCl(U) is γ-semiopen set in X.
So τγ-sCl(U) ∩ τγ-sCl(V ) = φ. By using the part (3), we have τγ-Cl(U) ∩
τγ-Cl(V ) = φ. Therefore, by Lemma 4.10, (X, τ) is γ-extremally disconnected.

(3) ⇔ (4) ⇔ (5): These follow easily from Corollary 3.4.

Theorem 4.12. Let (X, τ) be a topological space and γ be a regular
operation on τ . Then the following statements are equivalent:

1. X is γ-extremally disconnected.

2. If U ∈ τγ-SO(X) and V ∈ τγ-βO(X) such that U ∩ V = φ, then τγ-Cl(U)
∩ τγ-Cl(V ) = φ.

3. If U ∈ τγ-SO(X) and V ∈ τγ-BO(X) such that U ∩ V = φ, then τγ-Cl(U)
∩ τγ-Cl(V ) = φ.

4. If U ∈ τγ-SO(X) and V ∈ τγ-SO(X) such that U ∩ V = φ, then τγ-Cl(U)
∩ τγ-Cl(V ) = φ.
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5. If U ∈ τγ-SO(X) and V ∈ τγ-PO(X) such that U ∩ V = φ, then τγ-Cl(U)
∩ τγ-Cl(V ) = φ.

6. If U ∈ τγ-SO(X) and V ∈ τγ-PO(X) such that U ∩ V = φ, then τγ-Cl(U)
∩ τγ-Clθ(V ) = φ.

7. If U ∈ τγ-SO(X) and V ∈ τα−γ such that U ∩ V = φ, then τγ-Cl(U) ∩
τγ-Cl(V ) = φ.

8. If U ∈ τγ-SO(X) and V ∈ τγ such that U ∩ V = φ, then τγ-Cl(U) ∩
τγ-Cl(V ) = φ.

9. If U ∈ τγ-SO(X) and V ⊆ X is γ-δ-open set such that U ∩ V = φ, then
τγ-Cl(U) ∩ τγ-Cl(V ) = φ.

10. If U ∈ τγ-SO(X) and V ∈ τγ-RO(X) such that U ∩ V = φ, then τγ-Cl(U)
∩ τγ-Cl(V ) = φ.

Proof. (1) ⇒ (2): Suppose that U ∈ τγ-SO(X) and V ∈ τγ-βO(X) such
that U ∩ V = φ. Then τγ-Int(U) ∩ τγ-Cl(V ) = φ. By (1) and Theorem 4.8
(2), τγ-Cl(V ) is γ-open in X. Hence τγ-Cl(τγ-Int(U)) ∩ τγ-Cl(V ) = φ. Since
U ∈ τγ-SO(X), then by Lemma 3.12, we obtain that τγ-Cl(U) ∩ τγ-Cl(V ) = φ.

The implications (2) ⇒ (3), (3) ⇒ (4), (4) ⇒ (7), (3) ⇒ (5), (5) ⇒ (7), (7)
⇒ (8), (8) ⇒ (9) and (9) ⇒ (10) are obvious.

(4) ⇒ (5): Let U ∈ τγ-SO(X) and V ∈ τγ-PO(X) such that U ∩ V = φ.
Then τγ-Cl(V ) = τγ-Cl(τγ-Int(τγ-Cl(V ))) and τγ-Int(τγ-Cl(V )) ∈ τγ-SO(X).
Thus, by (4), we have

τγ-Cl(U) ∩ τγ-Cl(τγ-Int(τγ-Cl(V ))) = φ.

This implies that τγ-Cl(U) ∩ τγ-Cl(V ) = φ.

(5) ⇔ (6): This is an immediate consequence of Lemma 3.6.

(10) ⇒ (1): Let U, V ∈ τγ-RO(X) such that U ∩ V = φ. Then U ∈ τγ-
SO(X) and hence by (10), τγ-Cl(U) ∩ τγ-Cl(V ) = φ. Therefore, by Lemma 4.10,
X is γ-extremally disconnected.

It should be noticed in Theorem 4.12 that:

i U, V ∈ {τα−γ , τγ , τγ-RO(X)} can be substitute to U, V ∈ τγ-SO(X).

ii The notions τα−γ-Cl and τγ-Clδ can be substitute to τγ-Cl.

iii τγ-pCl(S) can be substitute to τγ-Cl(S) for every S ∈ τγ-SO(X).
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Lemma 4.13. [9] Let (X, τ) be a topological space and γ be a regular
operation on τ . Then for every γ-open set U and every subset A of X, we have
τγ-Cl(A) ∩ U ⊆ τγ-Cl(A ∩ U).

Lemma 4.14. [1] A topological space (X, τ) with a regular operation γ on
τ is γ-extremally disconnected if and only if τγ-Cl(U) ∩ τγ-Cl(V ) = τγ-Cl(U
∩ V ) for every U, V ∈ τγ .

Proposition 4.15. A topological space (X, τ) with a regular operation γ
on τ is γ-extremally disconnected if and only if τγ-Cl(U) ∩ τγ-Cl(V ) = τγ-Cl(U
∩ V ) for every U ∈ τγ-SO(X) and V ∈ τγ-βO(X).

Proof. Clearly, τγ-Cl(A ∩ B) ⊆ τγ-Cl(A) ∩ τγ-Cl(B) for each A,B ⊆
X. Now, let U ∈ τγ-SO(X) and V ∈ τγ-βO(X). Since X is γ-extremally
disconnected, then by Theorem 4.8 (2), τγ-Cl(V ) ∈ τγ . Hence by applying
Lemmas 4.13 and 3.12, we obtain that

τγ − Cl(U) ∩ τγ − Cl(V ) = τγ − Cl(τγ − Int(U)) ∩ τγ − Cl(V )

⊆ τγ − Cl(τγ − Int(U) ∩ τγ − Cl(V ))

⊆ τγ − Cl(U ∩ V ).

Therefore, τγ-Cl(U) ∩ τγ-Cl(V ) = τγ-Cl(U ∩ V ).

Conversely, let U, V ∈ τγ . Then U ∈ τγ-SO(X) and V ∈ τγ-βO(X) and
hence by hypothesis, we have τγ-Cl(U) ∩ τγ-Cl(V ) = τγ-Cl(U ∩ V ). Conse-
quently, by Lemma 4.14, we have (X, τ) is γ-extremally disconnected space.

5. Functions of γ-Extremally Disconnected Spaces

Throughout this section, let (X, τ) and (Y, σ) be topological spaces, and let
γ : τ → P (X) and β : σ → P (Y ) be operations on τ and σ respectively.

Lemma 5.1. A function f : (X, τ) → (Y, σ) is:

1. α-(γ, β)-continuous if and only if f−1(V ) is α-γ-open set in X, for every
α-β-open set V in Y .

2. (γ, β)-semi-continuous if and only if f−1(V ) is γ-semiopen set in X, for
every β-semiopen set V in Y .

3. (γ, β)-precontinuous if and only if f−1(V ) is γ-preopen set in X, for every
β-preopen set V in Y .
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4. (γ, β)-b-continuous if and only if f−1(V ) is γ-b-open set in X, for every
β-b-open set V in Y .

5. (γ, β)-β-irresolute if and only if f−1(V ) is γ-β-open set in X, for every
β-β-open set V in Y .

Proof. Follows from their definitions.

Lemma 5.1 will help us to give some relations of functions by suing operation-
extremally disconnected spaces.

Theorem 5.2. Let f : (X, τ) → (Y, σ) be a function, the space (X, τ) be a
γ-extremally disconnected and the space (Y, σ) be a β-extremally disconnected.
Then the following statements are holds:

1. f is (γ, β)-semi-continuous if and only if f is α-(γ, β)-continuous.

2. f is (γ, β)-b-continuous if and only if f is (γ, β)-precontinuous.

3. f is (γ, β)-β-irresolute if and only if f is (γ, β)-precontinuous.

4. f is (γ, β)-semi-closed if and only if f is α-(γ, β)-closed.

5. f is (γ, β)-b-closed if and only if f is (γ, β)-preclosed.

Proof. We prove the first statement since the proof of the other statements
are similar.

(1) Suppose that f is (γ, β)-semi-continuous function and let V be an α-
β-open set in Y , then V is β-semiopen. Hence by Lemma 5.1 (2), f−1(V )
is γ-semiopen of X. Since (X, τ) is γ-extremally disconnected space, then by
[1, Theorem 4.10 (5)], f−1(V ) is α-γ-open of X. Therefore, f is α-(γ, β)-
continuous.

Conversely, let U be a β-semiopen in Y and let f be an α-(γ, β)-continuous.
Since (Y, σ) is β-extremally disconnected, then by [1, Theorem 4.10 (5)], U is
α-β-open of Y and hence by Lemma 5.1 (1), f−1(U) is α-γ-open of X. Thus,
f−1(U) is γ-semiopen. Consequently, f is (γ, β)-semi-continuous.

Proposition 5.3. For any function f : (X, τ) → (Y, σ) and any γ-extremally
disconnected space (X, τ). Then f is γ-precontinuous if and only if f is γ-β-
continuous.

Proof. Straightforward from Theorem 4.10 (9) of [1] and the fact that γ-
preopen set implies γ-β-open.
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Definition 5.4. Let γ and β be operations on τ and σ respectively. A
function f : (X, τ) → (Y, σ) is said to be (γ, β)-preopen if f(U) is β-preopen set
in Y , for every γ-preopen set U of X.

Theorem 5.5. If (X, τ) is γ-extremally disconnected space and f : (X, τ) →
(Y, σ) is a (γ, β)-semi-continuous (γ, β)-preopen surjective function, then (Y, σ)
is β-extremally disconnected.

Proof. Let U ∈ σβ-SO(Y ). Since f is (γ, β)-semi-continuous, then by
Lemma 5.1 (2), f−1(U) ∈ τγ-SO(X). Since (X, τ) is γ-extremally disconnected
space, this follows from [1, Theorem 4.10 (8)] that f−1(U) ∈ τγ-PO(X). Hence
U ∈ σβ-PO(Y ) because f is (γ, β)-preopen and surjective. So σβ-SO(Y ) ⊆ σβ-
PO(Y ). Therefore, by [1, Theorem 4.10 (8)], (Y, σ) is β-extremally discon-
nected.

By using [1, Theorem 4.10], the proof of the following theorem is similar to
Theorem 5.5.

Theorem 5.6. A space (Y, σ) is β-extremally disconnected if (X, τ) is
γ-extremally disconnected space and if a surjective function f : (X, τ) → (Y, σ)
satisfy one of the following conditions:

1. f is (γ, β)-semi-continuous and α-(γ, β)-open.

2. f is (γ, β)-β-irresolute and (γ, β)-preopen.

3. f is (γ, β)-b-continuous and (γ, β)-preopen.

Theorem 5.7. A space (X, τ) is γ-extremally disconnected if (Y, σ) is
β-extremally disconnected space and if an injective function f : (X, τ) → (Y, σ)
satisfy one of the following conditions:

1. f is (γ, β)-b-closed and (γ, β)-precontinuous.

2. f is (γ, β)-semiclosed and (γ, β)-precontinuous.

3. f is (γ, β)-semiclosed and α-(γ, β)-continuous.

Proof. It is enough to prove the first part since the proof of the others are
similar.

(1) Let f be a (γ, β)-b-closed and F ∈ τγ-BC(X). Then f(F ) ∈ σβ-
BC(Y ). Hence by [1, Theorem 4.10 (11)] f(F ) ∈ σβ-PC(Y ) because (Y, σ)
is β-extremally disconnected space. Since f is (γ, β)-precontinuous and injec-
tive, then by using Lemma 5.1 (3), f−1(f(F )) = F ∈ τγ-PC(X). Thus, by [1,
Theorem 4.10 (3)], (X, τ) is γ-extremally disconnected space.
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