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1. Introduction

Zadeh [35] introduced the type-2 fuzzy set concept as an extension of an or-
dinary fuzzy set, that is, a type-1 fuzzy set. A type-2 fuzzy set is a fuzzy set
whose membership values are type-1 fuzzy sets on [0, 1]. The membership func-
tion of type-2 fuzzy sets provides an additional degree of freedom that makes it
possible to directly model uncertainty. Type-2 fuzzy sets are relatively hard to
understand and clarify as compared to fuzzy sets. Type-2 fuzzy sets are three
dimensional and can better improve certain kind of interface with increasing
imprecision, uncertainty and fuzziness in information.

In order to rank fuzzy numbers, one fuzzy number needs to be evaluated
and compared to others but this may not be easy. As known, the real numbers
in R can be linearly ordered by ≥, however, fuzzy numbers cannot be done in
such a way. Since fuzzy numbers are represented by possibility distributions,
they can overlap with each other and it is difficult to determine clearly whether
one fuzzy number is larger or smaller than the other. To the task of comparing
fuzzy numbers, many authors proposed fuzzy ranking methods [1, 2, 3, 5, 7, 9,
13, 14, 15, 16, 17, 18, 25, 26, 27, 28].

Dubois and Prade [6], Hisdal [8], Mizumotto and Tanka [23, 24] and Yager
[34] has investigated many useful results and properties of type-2 fuzzy sets.
Type-2 fuzzy sets has gained more interest when , John [10], John and Czarnecki
[12], Mendel [19], Mental and John [20] and Turksen [29, 30] initiated the
research into type-2 fuzzy sets. Mitchell [22] considered the problem of ranking
a set of type-2 fuzzy numbers from the statistical viewpoint and interpret each
type-2 fuzzy number as an ensemble of ordinary fuzzy numbers. Wu and Mendel
[33] give a comprehensive study of ranking of interval type-2 fuzzy sets and
proposed the new ranking method based on the centroid of interval type-2
fuzzy sets. On the basis of reasonable properties they concluded that Mitchell
ranking method has some limitations. Also Wu and Mendel [33] satisfies four
reasonable properties whereas Michell ranking method [22] satisfies only one.

Wu and Mendel [33] proposed the method for ranking of interval type-2
fuzzy sets. Also interval type-2 fuzzy sets are comparatively easy to understand
and required less computation work.

In this paper, a new approach is proposed for the ranking of triangular
type-2 fuzzy sets. In the proposed approach we are considering both centroid
of secondary membership function and footprints of uncertainty as a union
of primary membership function. It is shown that proposed method satisfies
five reasonable properties for the ordering of fuzzy quantities, so it is more
reasonable than the existing ranking method [22, 33].
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The rest of the paper is organized as follows: Section 2, introduce some basic
definitions of type-2 fuzzy sets and a new representation of triangular type-2
fuzzy sets. In Section 3 a new approach is proposed for the ranking of triangular
type-2 fuzzy sets and some properties of centroid and footprint of uncertainty
of triangular type-2 fuzzy are discussed. For the validation of proposed ranking
approach, in Section 4 it is shown that the reasonable properties for the ordering
of fuzzy qualities are satisfied and also the proposed approach is compared with
some existing ranking approaches. Application of proposed ranking function
in multicriteria decision making problem is discussed in Section 5. Finally,
conclusions are drawn in Section 6.

2. Basic Definitions

A type-2 fuzzy set was first proposed by Zadeh [35] as an extension of fuzzy
sets. Many authors has applied type-2 fuzzy sets in different area, such as deci-
sion theory, signal processing, speech recognition, transport scheduling, pattern
recognition, correlation coefficient, etc. A brief review of type-2 fuzzy sets is as
follows:

Definition 2.1. ([35]) A type-2 fuzzy set is a set whose membership values
are type-1 fuzzy sets on [0, 1].

Definition 2.2. ([20]) A type-2 fuzzy set, denoted by Ã, is characterized
by a type-2 membership function ξ

Ã
(x, u), where x ∈ X and ξ ∈ Jx ⊆ [0, 1], that

is, Ã = {(x, u), ξ
Ã
(x, u)) | ∀x ∈ X,∀u ∈ Jx ⊆ [0, 1]} in which 0 ≤ ξ

Ã
(x, u) ≤ 1.

Ã can also be expressed as Ã =
∫
x∈X

∫
u∈Jx

ξ
Ã
(x,u)

(x,u) , Jx ⊆ [0, 1], where
∫ ∫

denoted the union over all admissible x and u. For a universe of discreet
discourse,

∫
is replaced by

∑
.

Definition 2.3. ([20]) The domain of secondary membership function
is called the primary membership of x. In the representation of Ã, Jx is the
primary membership of x, where Jx ⊆ [0, 1],∀x ∈ X.

Definition 2.4. ([20]) Uncertainty in the primary membership of type-2
fuzzy sets, Ã consists of a bounded region that we call the footprint of uncer-
tainty (FOU). It is the union of all primary membership, that is, FOU(Ã) =⋃

Jx,∀x ∈ X.
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2.1. Triangular Type-2 Fuzzy Sets

In this section, we discuss why the notion of Triangular type-2 fuzzy set is
needed and then, a new representation of triangular type-2 fuzzy set is pre-
sented.

The computational complexity of general type-2 fuzzy sets is very large
therefore, in the literature [4, 11, 21, 32] interval type-2 fuzzy sets was frequently
used. The computations associated with interval type-2 fuzzy sets are very
manageable, which make interval type-2 fuzzy sets quite practical. In interval
type-2 fuzzy sets that the secondary grades are equal to 1 means that the
membership degree of the element xi in the universe X is characterized by
interval [ξ

Ã
(x), ξ

Ã
(x)], as a subset of [0, 1]. It is different from type-1 fuzzy

sets, in which membership degrees are point values, any of the values in the
subinterval can be assigned as the membership degree and each value has the
same probability.

Now, we introduce the new representation of triangular type-2 fuzzy sets.

Definition 2.5. Let X be the universe of discourse. A triangular type-2
fuzzy sets, denoted as Ã = {(a, c, b; ξ(c)), (a′ , c′, b′; b)}, is characterized by a
linear function ξ

Ã
(u) as shown in Fig. 1. It is defined as follows:

ξ
Ã
(u) =





0, 0 ≤ u < a, b ≤ u < 1,
ξ(c)(u−a)
(c−a) , a ≤ u < c,

ξ(c)(u−b)
(c−b) , c ≤ u ≤ b,

where a < c < b and ξ(c) is the maximum value of the secondary membership
ξ(u), that is, max(ξ(u)) = ξ(c). u is the domain of secondary membership
function, called the primary membership function, is characteristic by a linear
function u

Ã
(x) as shown in Fig. 2. It is defined as follows:

u
Ã
(x) =





0, 0 ≤ x < a′, b′ ≤ x < 1,
b(x−a′)
(c′−a′) , a′ ≤ x < c′,
b(x−b′)
(c′−b′) , c′ ≤ x ≤ b′,

where 0 < a′ < c′ < b′ < 1 and b is the maximum value of the primary
membership u, that is, max(u) = b.
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The triangular type-2 fuzzy set Ãi = {(ai, ci, bi; ξ(ci)), (a
′

i, c
′

i, b
′

i; bi)}, to-
gether with primary and secondary membership function is shown in Fig. 3.

3. The Proposed Ranking Approach for Triangular Type-2 Fuzzy

Sets

In this section, we proposed a new method for the ranking of triangular type-2
fuzzy sets. The proposed method consider both expectation value of centroid
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of the secondary membership function and uncertainty in primary membership
function. Some properties of expectation value of centroid and uncertainty in
primary membership function of triangular type-2 fuzzy sets are also discussed.

Definition 3.1. For any triangular type-2 fuzzy set Ãi, the expectation
value of centroid of secondary membership function is defined as follows:

M(Ãi) =

∫ bi
ai

uξ
Ãi
(u)du

∫ bi
ai

ξ
Ãi
(u)du

. (3.1)

Since the secondary membership function of triangular type-2 fuzzy sets is
given by

ξ
Ãi
(u) =





0, 0 ≤ u < ai, bi ≤ u < 1,
ξ(ci)(u−ai)
(ci−ai)

, ai ≤ u < ci,
ξ(ci)(u−bi)
(ci−bi)

, ci ≤ u ≤ bi.

Now, ∫ bi

ai

uξ
Ãi
(u)du =

∫ ci

ai

uξ
Ãi
(u)du +

∫ bi

ci

uξ
Ãi
(u)du

implies ∫ ci

ai

ξ(ci)(u
2 − aiu)

(ci − ai)
du+

∫ bi

ci

ξ(ci)(u
2 − biu)

(ci − bi)
du,

and this implies

ξ(ci)

6(ci − ai)(ci − bi)
{c3i (bi − ai) + ci(b

3
i − a3i )− aibi(a

2
i + b2i )}.

Hence

∫ bi

ai

uξ
Ãi
(u)du

=
ξ(ci)

6(ci − ai)(ci − bi)
{c3i (bi − ai) + ci(b

3
i − a3i )− aibi(a

2
i − b2i )}.

(3.2)

Again, ∫ bi

ai

ξ
Ãi
(u)du =

∫ ci

ai

ξ
Ãi
(u)du+

∫ bi

ci

ξ
Ãi
(u)du

implies ∫ ci

ai

ξ(ci)(u− ai)

(ci − ai)
du+

∫ bi

ci

ξ(ci)(u− bi)

(ci − bi)
du,
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and this implies

ξ(ci)

2(ci − ai)(ci − bi)
{c2i (bi − ai) + ci(b

2
i − a2i ) + aibi(ai − bi)}.

Hence

∫ bi

ai

uξ
Ãi
(u)du

=
ξ(ci)

2(ci − ai)(ci − bi)
{c2i (bi − ai) + ci(b

2
i − a2i ) + aibi(ai − bi)}.

(3.3)

On substituting Eq.(3.2) and Eq.(3.3) in (3.1) we get

M(Ãi) =
1

3

c3i (bi − ai) + ci(b
3
i − a3i )− aibi(a

2
i − b2i )

c2i (bi − ai) + ci(b2i − a2i ) + aibi(ai − bi)
. (3.4)

Definition 3.2. According to Mendel and John [20] the uncertainty in the
primary membership of type-2 fuzzy sets, Ãi consists of a bounded region that
we call the footprint of uncertainty (FOU). Consider the primary membership
function of triangular type-2 fuzzy sets Ãi:

u
Ãi
(x) =





0, 0 ≤ x < a′i, b
′

i ≤ x < 1,
bi(x−a′i)
(c′i−a′i)

, a′i ≤ x < c′i,
bi(x−b′i)
(c′i−b′i)

, c′i ≤ x ≤ b′i.

The uncertainty in primary membership function (that is, FOU) of a trian-
gular type-2 fuzzy set can be obtained by calculating the area under primary
membership function, thus FOU can be obtained by using integral value of

primary membership function. Assume that ϕL

Ãi
=

bi(x−a′i)
(c′−a′i)

is the left primary

membership function and ϕR

Ãi
=

bi(x−b′i)
(c′i−b′i)

is the right primary membership func-

tion function of triangular type-2 two fuzzy set. Suppose that ςL
Ãi

and ςR
Ãi

are

the inverse functions of ϕL

Ãi
and ϕR

Ãi
respectively, as shown in Fig. 4.
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Therefore the area under primary membership function, or footprint of
uncertainty is given by the equation

∫ bi
0 ςL

Ãi
(y)dy +

∫ bi
0 ςR

Ãi
(y)dy.

On solving above equation, we get

FOU(Ãi) =
bi(a

′

i + 2c′i + b′i)

2
. (3.5)

To compute the ranking function for triangular type-2 fuzzy sets, we con-
sider both FOU of the primary membership function and expectation value of
the centroid of secondary membership function. From Definitions 3.1 and 3.2,
we can propose ranking function for triangular type-2 fuzzy set Ãi as follows:

ℜ(Ãi) =
1

2
{M(Ãi) + FOU(Ãi)}.

From Eqs.(3.4) and (3.5) we get

ℜ(Ãi) =
1

2

{
1

3

c3i (bi − ai) + ci(b
3
i − a3i )− aibi(a

2
i − b2i )

c2i (bi − ai) + ci(b2i − a2i ) + aibi(ai − bi)
+

bi(a
′

i + 2b′i + c′i)

2

}
.

(3.6)

3.1. Algorithms

Now, we will propose algorithms for the comparison of triangular type-2 fuzzy
sets.
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Consider n type-2 fuzzy sets Ãi, i = 1, 2, ..., n, each with a triangular mem-
bership function. The proposed method performs pairwise comparison on the
n triangular type-2 fuzzy sets. For each pair of fuzzy sets, say Ã1 and Ã2, the
pair wise comparison is proceeds as follows:

Let Ã1 = {(a1, c1, b1; ξ(c1)), (a
′

1, c
′

1, b
′

1; b1)} and Ã2 = {(a2, c2, b2; ξ(c2)),
(a′2, c

′

2, b
′

2; b2)} be two type-2 fuzzy sets with triangular secondary and primary
memberships

ξ
Ã1

(u) =





0, 0 ≤ u < a1, b1 ≤ u < 1,
ξ(c1)(u−a1)

(c−a1)
, a1 ≤ u < c1,

ξ(c1)(u−b1)
(c1−b1)

, c1 ≤ u ≤ b1,

ξ
Ã2

(u) =





0, 0 ≤ u < a2, b2 ≤ u < 1,
ξ(c2)(u−a2)

(c−a2)
, a2 ≤ u < c2,

ξ(c2)(u−b2)
(c1−b2)

, c2 ≤ u ≤ b2,

and

u
Ã1

(x) =





0, 0 ≤ x < a′1, b
′

1 ≤ x < 1,
b1(x−a′

1
)

(c′
1
−a′

1
)
, a′1 ≤ x < c′1,

b1(x−b′
1
)

(c′
1
−b′

1
) , c′1 ≤ x ≤ b′1,

u
Ã2

(x) =





0, 0 ≤ x < a′2, b
′

2 ≤ x < 1,
b2(x−a′

2
)

(c′
2
−a′

2
)
, a′2 ≤ x < c′2,

b2(x−b′
2
)

(c′
2
−b′

2
) , c′2 ≤ x ≤ b′2,

respectively.

Use the following steps to compare Ã1 and Ã2:

Step 1: Standardize each triangular type-2 fuzzy sets by transforming
Ã1, Ã2 into Ã∗

1, Ã∗

2, where Ã∗

1 = {(a1, c1, b1; ξ(c)), (a
′

1, c
′

1, b
′

1; b)} and Ã∗

2 =
{(a2, c2, b2; ξ(c)), (a

′

2, c
′

2, b
′

2; b2)}.

The secondary and primary membership function of Ã∗

1 and Ã∗

2 are given
as:

ξ
Ã∗

1

(u) =





0, 0 ≤ u < a1, b1 ≤ u < 1,
ξ(c)(u−a1)
(c−a1)

, a1 ≤ u < c1,
ξ(c)(u−b1)
(c1−b1)

, c1 ≤ u ≤ b1,
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ξ
Ã∗

2

(u) =





0, 0 ≤ u < a2, b2 ≤ u < 1,
ξ(c)(u−a2)
(c−a2)

, a2 ≤ u < c2,
ξ(c)(u−b2)
(c1−b2)

, c2 ≤ u ≤ b2,

and

u
Ã∗

1

(x) =





0, 0 ≤ x < a′1, b
′

1 ≤ x < 1,
b(x−a′

1
)

(c′
1
−a′

1
) , a′1 ≤ x < c′1,

b(x−b′
1
)

(c′
1
−b′

1
)
, c′1 ≤ x ≤ b′1,

u
Ã∗

2

(x) =





0, 0 ≤ x < a′2, b
′

2 ≤ x < 1,
b(x−a′

2
)

(c′
2
−a′

2
) , a′2 ≤ x < c′2,

b(x−b′
2
)

(c′
2
−b′

2
) , c′2 ≤ x ≤ b′2,

respectively, where ξ(c) = min(ξ(c1), ξ(c2)) and b = min(b1, b2).
Step 2: Using Eq.(3.4) and Eq.(3.5) calculateM1(Ã

∗

1), M2(Ã
∗

2) and FOU(Ã∗

1),

FOU(Ã∗

2).

Step 3: Using Eq.(3.6) calculate ℜ(Ã∗

1) and ℜ(Ã∗

2). Then, Ã1 and Ã2 can
be compared as follows:

Case 1. Ã1 � Ã2 if ℜ(Ã∗

1) � ℜ(Ã∗

2).

Case 2. Ã1 � Ã2 if ℜ(Ã∗

1) � ℜ(Ã∗

2).

Case 3. Ã1 ∼ Ã2 if ℜ(Ã∗

1) ∼ ℜ(Ã∗

2).

Definition 3.3. Two triangular type-2 fuzzy sets Ã1 and Ã2 are said
to have the same shape if their secondary and primary membership function
satisfies the following relation:

ξ
Ã2

(v) = ξ
Ã1

(u) and v
Ã1

(x) = u
Ã2

(x), ∀v = au+ b,

where a 6= 0 and a, b ∈ R.

Theorem 3.4. If triangular type-2 fuzzy sets Ã1 and Ã2 with secondary

membership functions ξ
Ã2

(u) and ξ
Ã1

(u), respectively, satisfies the relation

ξ
Ã2

(v) = ξ
Ã1

(u), where v = au+ b, then M(Ã2) = aM(Ã1) + b.

Proof. Let v = au+ b.

∫ b1

a1

ξ
Ã2

(v)dv =

∫ b1

a1

aξ
Ã1

(u)du = |a|

∫ b1

a1

ξ
Ã1

(u)du if a > 0,

∫ b1

a1

ξ
Ã2

(v)dv =

∫ b1

a1

aξ
Ã1

(u)du = |a|

∫ b1

a1

ξ
Ã1

(u)du if a < 0.
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Thus, we have ∫ b1

a1

ξ
Ã2

(v)dv = |a|

∫ b1

a1

ξ
Ã1

(u)du.

Similarly, we obtain

∫ b1

a1

vξ
Ã2

(v)dv = |a|

∫ b1

a1

(au+ b)ξ
Ã1

(u)du.

Therefore, we get

M(Ã2) =

∫ b1
a1

vξ
Ã2

(v)dv
∫ b1
a1

ξ
Ã2

(v)dv
=

∫ b1
a1
(au+ b)ξ

Ã1
(u)du

∫ b1
a1

ξ
Ã1

(u)du

= a

∫ b1
a1
(u)ξ

Ã1
(u)du

∫ b1
a1

ξ
Ã1

(u)du
+ b = aM(Ã2) + b.

Hence, M(Ã2) = aM(Ã1) + b.

Theorem 3.5. If Ã1 and Ã2 are triangular type-2 fuzzy sets with its

secondary membership function satisfying the condition ξ
Ã2

(u) = ξ(c)ξ
Ã1

(u),

where Ã1 is a assumed to be a triangular type-2 fuzzy sets with degree of

secondary membership unity and 0 < ξ(c) < 1, then M(Ã2) = M(Ã1).

Proof.

M(Ã2) =

∫ b1
a1

vξ
Ã2

(v)dv
∫ b1
a1

ξ
Ã2

(v)dv
=

ξ(c)
∫ b1
a1

vξ
Ã1

(v)dv

ξ(c)
∫ b1
a1

ξ
Ã1

(v)dv

= M(Ã1).

Hence, M(Ã2) = M(Ã1).

Theorem 3.6. Let Ã1 be triangular type-2 fuzzy set and −Ã1 be the

image of Ã1. Then M(Ã1) = −M(−Ã1).

Proof. From Eq.(3.4), we have

M(Ã1) =
1

3

c31(b1 − a1) + c1(b
3
1 − a31)− a1b1(a

2
1 − b21)

c21(b1 − a1) + c1(b21 − a21) + a1b1(a1 − b1)
.

On replacing a1, c1, b1 with −b1,−c1,−a1, respectively, in above equation we
get

M(Ã1) =
1

3

−c31(−a1 + b1)− c1(−a31 + b31)− b1a1(b
2
1 − a21)

−c21(−a1 + b1)− ci(−a21 + b21) + b1a1(−b1 + a1)
.
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Hence we have
M(Ã1) = −M(−Ã1).

Theorem 3.7. If Ã1 and Ã2 are two triangular type-2 fuzzy sets with

same degree of primary membership function, FOU(Ã1) and FOU(Ã2) are

their footprints of uncertainty, then FOU(Ã1 + Ã2) = FOU(Ã1) + FOU(Ã2).

Proof. Let Ã1 and Ã2 be two triangular type-2 fuzzy sets with primary
membership function

u
Ã1

(x) =





0, 0 ≤ x < a′1, b
′

1 ≤ x < 1,
b(x−a′

1
)

(c′
1
−a′

1
)
, a′1 ≤ x < c′1,

b(x−b′
1
)

(c′
1
−b′

1
) , c′1 ≤ x ≤ b′1,

and

u(x)
Ã2

=





0, 0 ≤ x < a′2, b
′

2 ≤ x < 1,
b(x−a′

2
)

(c′
2
−a′

2
) , a′2 ≤ x < c′2,

b(x−b′
2
)

(c′
2
−b′

2
) , c′2 ≤ x ≤ b′2.

Since primary membership functions are type-1, therefore Ã1 + Ã2 = (a′1 +
a′2, b

′

1 + b′2, c
′

1 + c′2; b) [13].
Now using Eq.(3.5) we have

FOU(Ã1 + Ã2) =
b(a′1 + a′2 + 2(c′1 + c′2) + b′1 + b′2)

2

=
b(a′1 + 2c′1 + b′1)

2
+

b(a′2 + 2c′2 + b′2)

2

= FOU(Ã1) + FOU(Ã2).

Hence FOU(Ã1 + Ã2) = FOU(Ã1) + FOU(Ã2).

4. Examples, Reasonable Properties for the Ordering of Fuzzy

Quantities and Comparative Study

In this section some illustrative examples for the comparison of triangular type-2
fuzzy sets are presented and it is shown that proposed ranking approach satisfies
the reasonable properties for the ordering of fuzzy quantities. Also comparison
with some existing ranking approaches has been given.
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Example 4.1. Let Ã1 = {(0.1, 0.4, 0.5; 0.3), (0.2, 0.3, 0.4; 0.4)} and Ã2 =
{(0.3, 0.4, 0.7, ; 0.2), (0.4, 0.5, 0.6; 0.6)} be triangular type-2 fuzzy sets. Use the
following steps to compare Ã1 and Ã2:

Step 1: Transform Ã1, Ã2 into Ã∗

1 and Ã∗

2, where Ã
∗

1 = {(0.1, 0.4, 0.5; 0.2),

(0.2, 0.3, 0.4; 0.4)} and Ã∗

2 = {(0.3, 0.4, 0.7, ; 0.2), (0.4, 0.5, 0.6; 0.4)}.

Step 2: Using Eq.(3.4) and (3.5), we get M(Ã∗

1) = 0.2076, M(Ã∗

2) = 0.5619

and FOU(Ã∗

1) = 0.24, FOU(Ã∗

2) = 0.6.

Step 3: Using Eq.(3.6), we get ℜ(Ã∗

1) = 0.2238 and ℜ(Ã∗

2) = 0.5809. Since

ℜ(Ã∗

1) < ℜ(Ã∗

2), Ã1 ≺ Ã2.

Example 4.2. Let Ã1 = {(0.3, 0.5, 0.8; 0.7), (0.4, 0.5, 0.6; 0.6)} and Ã2 =
{(0.2, 0.3, 0.6, ; 0.5), (0.3, 0.4, 0.5; 0.4)} be triangular type-2 fuzzy sets. Use the
following steps to compare Ã1 and Ã2:

Step 1: Transform Ã1, Ã2 into Ã∗

1 and Ã∗

2, where Ã
∗

1 = {(0.3, 0.5, 0.8; 0.5),

(0.4, 0.5, 0.6; 0.4)} and Ã∗

2 = {(0.2, 0.3, 0.6, ; 0.5), (0.3, 0.4, 0.5; 0.4)} are type-2
fuzzy sets.

Step 2: Using Eqs.(3.4) and (3.5), we get M1(Ã
∗

1) = 0.5202, M2(Ã
∗

2) =

0.4428 and FOU(Ã∗

1) = 0.6, FOU(Ã∗

2) = 0.32.

Step 3: Using Eq.(3.6), we get ℜ(Ã∗

1) = 0.5601 and ℜ(Ã∗

2) = 0.4428. Since

ℜ(Ã∗

1) > ℜ(Ã∗

2), Ã1 ≻ Ã2.

Wang and Kerre [31] proposed some axioms as a reasonable properties of
ordering fuzzy quantities for the ranking approach ℜ. These properties are:

(P1) For an arbitrary subset S of F2 and Ã ∈ S, Ã � Ã by ℜ on S, where
F2 is a set of triangular type-2 fuzzy sets.

(P2) For an arbitrary subset S of F2 and Ã, B̃ ∈ S, if Ã � B̃ and B̃ � Ã

by ℜ on S, then Ã ∼ B̃ by ℜ on S.

(P3) For an arbitrary subset S of F2 and Ã, B̃, C̃ ∈ S, if Ã � B̃ and B̃ � C̃

by ℜ on S, then Ã ∼ C̃ by ℜ on S.

(P4) If Ã ∩ B̃ = ∅ and Ã is on the right of B̃, then Ã � B̃.

(P5) Let S and S′ be two arbitrary finite sets of triangular type-2 fuzzy sets
in which proposed ranking function can be applied, and Ã, B̃ ∈ S ∩ S′. Then
we obtain the ranking order Ã � B̃ by ℜ in S if and only if Ã � B̃ by ℜ in S′.

(P6) If Ã � B̃ by ℜ, then Ã+ C̃ � B̃ + C̃ by ℜ when C̃ 6= 0.

(P7) Let Ã, B̃, ÃC̃, B̃C̃ be the elements of S and C̃ ≥ 0. Ã � B̃ by ℜ
implies ÃC̃ � B̃C̃ by ℜ.

Now, we prove that proposed ranking function satisfies some of the reason-
able properties.
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Proposition 4.3. For an arbitrary subset S of F2 and Ã ∈ S, Ã � Ã by

ℜ on S.

Proof. Since Ã ∈ S, Ã, Ã ∈ S and ℜ(Ã) ≥ ℜ(Ã), which implies that Ã � Ã

by proposed ranking function.

Proposition 4.4. For an arbitrary subset S of F2 and Ã, B̃ ∈ S, if Ã � B̃

and B̃ � Ã by ℜ on S, then Ã ∼ B̃ by ℜ on S.

Proof. By proposed ranking function, Ã � B̃ means ℜ(Ã) ≥ ℜ(B̃) and
Ã � B̃ means ℜ(Ã) ≤ ℜ(B̃), and hence ℜ(Ã) = ℜ(B̃). Thus Ã ∼ B̃.

Proposition 4.5. For an arbitrary subset S of F2 and Ã, B̃, C̃ ∈ S, Ã � B̃

and B̃ � C̃ by ℜ on S, then Ã ∼ C̃ by ℜ on S.

Proof. If Ã � B̃, then ℜ(Ã) ≥ ℜ(B̃) and if B̃ � C̃, then ℜ(B̃) ≥ ℜ(C̃).
Since Ranking of triangular type-2 fuzzy set is crisp number, that is, the ranking
function mapping each type-2 fuzzy set into a real line, therefore ℜ(Ã) ≥ ℜ(C̃)
hence Ã � C̃.

Proposition 4.6. If Ã ∩ B̃ = ∅ and Ã is on the right of B̃, then Ã � B̃.

Proof. If Ã∩ B̃ = ∅ and Ã is on the right of B̃, then ℜ(Ã) � ℜ(B̃), that is,
Ã � B̃.

Proposition 4.7. Let S and S′ be two arbitrary finite sets of triangular

type-2 fuzzy sets in which proposed ranking function can be applied, and Ã, B̃ ∈
S∩S′. Then we obtain the ranking order Ã � B̃ by ℜ in S if and only if Ã � B̃

by ℜ in S′.

Proof.

Given that Ã � B̃ in S′

⇔ ℜ(Ã) � ℜ(B̃) in S′

⇔ ℜ(Ã) � ℜ(B̃) in S ∩ S′ (∵ Ã, B̃ ∈ S ∩ S′)

⇔ ℜ(Ã) � ℜ(B̃) in S (∵ S ∩ S′ ⊂ S′)

⇔ Ã � B̃ in S.
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From the above discussion it is clear that the proposed ranking function
satisfies the more reasonable properties than the existing ranking methods.
Comparison with existing methods is shown in Table 1.

Table 1. Fulfillment of the axioms for the ordering approaches

Index (P1) (P2) (P3) (P4) (P5) (P6) (P7)
Mitchell’s method [22] N N N Y N N N
Wu and Mendel [33] Y Y Y Y N N N
Proposed Approach Y Y Y Y Y N N

5. Multicriteria Decision-Making Problem Based on the Proposed

Ranking Approach

Let Ã = {Ã1, Ã2, ..., Ãn} be a set of alternatives and let C̃ = {C̃1, C̃2, ..., C̃n}
be set of criteria. The values of an alternative on criteria C̃j(j = 1, 2, ..., n)

are type-2 fuzzy sets Sij, which indicates the degree that the alternative Ãi

satisfies or does not satisfy the criterion C̃j given by decision makers or experts
according to linguistic values of type-2 fuzzy sets for linguistic terms.

The weights of criterion C̃j(j = 1, 2, ..., n) are represented by type-2 fuzzy
sets. The ranking weight value wj for type-2 fuzzy set is obtained by Eq.(3.6).
The normalized weights are obtained using the following equation

wj =
ℜ(wj)∑n
j=1ℜ(wj)

. (5.1)

Therefore, the weighted ranking value for an alternative Ãi(i = 1, 2, ...,m) is
given by

ℜwj
(Ãi) =

n∑

j=1

wjℜ(Sij). (5.2)

Thus, the calculated weighted ranking value for an alternative is used to
rank alternatives and then to select the best one in all the alternatives.

The above method can be summarized as follows:
(1) Calculate the ranking weight value wj for criterion C̃j (j = 1, 2, ..., n)

by using Eqs.(3.6) and (5.1).
(2) Calculate the weighted ranking value for alternative Ãi (i = 1, 2, ...,m)

by using Eqs.(3.6) and (5.2).
(3) Rank the alternative and select the best one in accordance with weighted

ranking values ℜwj
(Ãi).
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5.1. A Illustrative Example

A numerical example has been taken to show the applicability of ranking func-
tion in multicriteria decision making problem.

Suppose that there is a panel with three alternative to invest the money:

(i) Ã1 is car company,

(ii) Ã2 is food company,

(iii) Ã3 is computer company.

The investment must take a decision according to the following three crite-
ria:

(i) C̃1 is the risk analysis,

(ii) C̃2 is the growth analysis,

(iii) C̃1 is the environmental impact analysis.

The three possible alternatives are to be evaluated under the above three
criteria by corresponding to linguistic values of type-2 fuzzy sets for linguistic
terms, as shown in Table 2.

Table 2: Linguistic vales of type-2 fuzzy sets for linguistic terms

Suppose that we called three experts (k = 3) to make the decision. They
give the linguistic values of type-2 fuzzy sets. The values of alternatives and
criteria weights based on the decision makers or experts knowledge are shown
in Table 3.

Table 3: Values of alternatives and criteria wights based

on the decision makers or experts knowledge
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Use the following steps to find the best alternative.

(i) Using Eqs.(3.6) and (5.1), we get the ranking weight value wj for cri-

terion C̃j(j = 1, 2, 3), w1 = 0.175, w2 = 0.39 and w3 = 0.435.

(ii) Using Eqs.(3.6) and (5.2), we get the weighted ranking value for alter-
native Ãi (i = 1, 2, 3), ℜw1

(Ã1) = 0.470, ℜw2
(Ã2) = 1.26 and ℜw3

(Ã3) = 1.38.

(iii) Rank the alternative as follows: Ã1 ≺ (Ã2) ≺ Ã3.

Thus according to above results the most desirable alternative is Ã3.

6. Conclusions

In this paper, we proposed a innovative method for ordering triangular type-2
fuzzy sets. In the proposed approach we considered both centroid of secondary
membership function and footprints of uncertainty as a union of primary mem-
bership function. It is shown that the proposed method satisfies five reasonable
properties for the ordering of fuzzy quantities, hence it is more reasonable than
the existing ranking method. [22, 33]. Some properties of expectation value of
the centroid and FOU of triangular type-2 fuzzy sets are discussed. Finally, the
proposed ranking approach is applied to multicriteria decision making problem
to find the best alternative for different criteria.
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