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Abstract: In this paper, we introduce the spaces called T0
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1. Introduction

In 1967, A. Wilansky [1] has introduced the concept of US spaces. In 1968, C. E.
Aull [2] studied some separation axioms between the T1 and T2 spaces, namely,
S1 and S2. Next, in 1982, S. P. Arya et al.[3] have introduced and studied
the concept of semi-US spaces and also they made study of s-convergence,
sequentially semi-closed sets, sequentially s-compact notions. G. B. Navlagi
studied P -Normal Almost-P -Normal and Mildly-P -Normal spaces. Closedness
are basic concept for the study and investigation in general topological spaces.
This concept has been generalized and studied by many authors from different
points of views.
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O. Njastad [4] introduced and defined an α-open and α-closed set. After
the works of O. Njastad on α-open sets, various mathematicians turned their
attention to the generalizations of various concepts in topology by considering
semi-open, α-open sets. The concept of g-closed [5], s-open [6] and α-open sets
has a significant role in the generalization of continuity in topological spaces.
The modified form of these sets and generalized continuity were further devel-
oped by many mathematicians ([7], [8], [9], [10], [11]).

In 1970, Levine generalized the concept of closed sets to generalized closed
sets. After that there is a vast progress occurred in the field of generalized
open sets (complement of respective closed sets). In topological spaces, it is
well known that normality is preserved under closed continuous surjections.
Many authors have tried to weaken the condition “closed” in this theorem. In
1978, Long and Herrington [12] used almost closedness due to Singal [13].

Quite recently, we have introduced the notion of αm-closed sets which are
strictly weaker than α-closed sets. We use αm-open sets to define a spaces called

Ti
α̃m

i=0,1,2-Spaces. Also we derive the properties of αm-interior in topological
spaces.

2. Preliminaries

Throughout this paper (X, τ) and (Y, σ) represent topological spaces on which
no separation axioms are assumed unless otherwise mentioned.

For a subset A of a space (X, τ), cl(A), int(A) and Ac denote the closure
of A, the interior of A and the complement of A in X, respectively.

Definition 2.1. A subset A of a topological space (X, τ) is called:
(a) a preopen set [14] if A ⊆ int(cl(A)) and pre-closed set if cl(int(A)) ⊆ A.
(b) a semiopen set [6] if A ⊆ cl(int(A)) and semi closed set if int(cl(A)) ⊆ A.
(c) an α-open set [4] ifA ⊆ int(cl(int(A))) and an α-closed set if cl(int(cl(A)))

⊆ A.
(d) a semi-preopen set [15] (β-open set) if A ⊆ cl(int(cl(A))) and semi-

preclosed set if int(cl(int(A))) ⊆ A.
(e) an αm-closed set [16] if int(cl(A)) ⊆ U , whenever A ⊆ U and U is

α-open. The complement of αm-closed set is called an αm-open set.

Definition 2.2. A function f : (X, τ) −→ (Y, σ) is called
(a) an αm-continuous [17] if f−1(V ) is αm-closed in (X, τ) for every closed

set V of (Y, σ).
(b) an αm-irresolute [17] if f−1(V ) is αm-closed in (X, τ) for every αm-

closed set V of (Y, σ).
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Definition 2.3. [18] (a) Let X be a topological space and let x ∈ X. A
subset N of X is said to be αm-nbbd of x if there exists an αm-open set G such
that x ∈ G ⊂ N .

The collection of all αm-nbhd of x ∈ X is called an αm-nbhd system at x
and shall be denoted by n#

α
m (x).

(b) Let X be a topological space and A be a subset of X, A subset N of X is
said to be αm-nbhd of A if there exists an αm-open set G such that A ∈ G ⊆ N .

(c) Let A be a subset of X. A point x ∈ A is said to be an αm-interior
point of A, if A is an n#

α
m (x). The set of all αm-interior points of A is called

an αm-interior of A and is denoted by Iαm(A).

Iαm(A) =
⋃
{G : G is αm-open, G ⊂ A}.

(d) Let A be a subset of X. A point x ∈ A is said to be an αm-closure of
A. Then

Cαm(A) =
⋂

{F : A ⊂ F ∈ αmC(X, τX)}.

3. On Ti
α̃m

i=0,1,2-Spaces

Definition 3.1. A topological space (X, τ) is said to be

(a) T0
α̃m if for each pair of distinct points x, y in X, there exists a αm-open

set U such that either x ∈ U and y /∈ U or x /∈ U and y ∈ U .

(b) T1
α̃m if for each pair of distinct points x, y inX, there exist two αm-open

sets U and V such that x ∈ U but y /∈ U and y ∈ V but x /∈ V .

(c) T2
α̃m

if for each distinct points x, y in X, there exist two disjoint αm-
open sets U and V containing x and y respectively.

Proposition 3.2. A topological space (X, τ) is T0
α̃m if and only if for

eachpair of distinct points x, y of X, Cαm({x}) 6= Cαm({y}).

Proof. Necessity. Let (X, τ) be a T0
α̃m-space and x, y be any two distinct

points of X. There exists a αm-open set U containing x or y, say x but not y.
Then X/U is a αm-closed set which does not contain x but contains y. Since
Cαm({y}) is the smallest αm-closed set containing y, Cαm({y}) ⊆ X/U and
therefore x /∈ Cαm({y}). Consequently Cαm({x}) 6= Cαm({y}).

Sufficiency. Suppose that x, y ∈ X, x 6= y and Cαm({x}) 6= Cαm({y}).
Let z be a point of X such that z ∈ Cαm({x}) but z /∈ Cαm({y}). We claim
that x /∈ Cαm({y}). For, if x ∈ Cαm({y}) then Cαm({x}) ⊆ Cαm({y}). This
contradicts the fact that z /∈ Cαm({y}). Consequently x belongs to the αm-open
set X/Cαm({y}) to which y does not belong.
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Proposition 3.3. A topological space (X, τ) is T1
α̃m if and only if the

singletons are αm-closed sets.

Proof. Let (X, τ) be T1
α̃m and x any point of X. Suppose y ∈ X/{x},then

x 6= y and so there exists a αm-open set U such that y ∈ U but x /∈ U .
Consequently y ∈ U ⊆ X/{x}, that is X/{x} = ∪{U : y ∈ X/{x}} which is
αm-open.

Conversely, suppose {p} is αm-closed for every p ∈ X. Let x, y ∈ X with
x 6= y. Now x 6= y implies y ∈ X/{x}. Hence X/{x} is a αm-open set contains y
but not x. Similarly X/{y} is a αm-open set contains x but not y. Accordingly

X is a T1
α̃m -space.

Theorem 3.4. Let A and B be subsets of X. Then

(a) Iαm(X) = X and Iαm(φ) = φ,

(b) Iαm(A) ⊂ A,

(c) If B is any αm-open set contained in A, then B ⊂ Iαm(A),

(d) If A ⊂ B, then Iαm(A) ⊂ Iαm(B).

Proof. (a) Since X and φ are αm-open sets, Iαm(X) =
⋃
{G : G is αm-

open, G ⊂ X} = X
⋃
{all αm-open sets} = X. That is Iαm(X) = X. Since φ

is the only αm-open set contained in φ, Iαm(φ) = φ.

(b) Let x ∈ Iαm(A) ⇒ x is an αm-interior point of A.

⇒ A is an n#
α
m (x).

⇒ x ∈ A.

Thus x ∈ Iαm(A) ⇒ x ∈ A. Hence Iαm(A) ⊂ A.

(c) Let B be any αm-open set such that B ⊂ A. Let x ∈ B, since B is
an αm-open set contained in A, then x is an αm-interior point of A. That is
x ∈ Iαm(A). Hence B ⊂ Iαm(A).

(d) Let A and B be subsets of X such that A ⊂ B. Let x ∈ Iαm(A). Then
x is an αm-interior point of A and so A is an n#

α
m (x). Since B ⊃ A, B is

also an n#
α
m (x). This implies that x ∈ Iαm(B). Thus we have shown that

x ∈ Iαm(A) ⇒ x ∈ Iαm(B). Hence Iαm(A) ⊂ Iαm(B).

Proposition 3.5. The following statements are equivalent for a topologi-
cal space (X, τ):

(a) X is T2
α̃m .

(b) Let x ∈ X. For each y 6= x, there exists a αm-open set U containing x
such that y /∈ Cαm(U).

(c) For each x ∈ X, ∩{Cαm(U) : U ∈ αmO(X) and x ∈ U} = {x}.
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Proof. (a) =⇒ (b) Since X is T2
α̃m , there exist disjoint αm-open sets U and

V containing x and y respectively. So, U ⊆ X/V . Therefore, Cαm(U) ⊆ X/V .
So y /∈ Cαm(U).

(b) =⇒ (c) If possible for some y 6= x, we have y ∈ Cαm(U) for every
αm-open set U containing x, which then contradicts (b).

(c) =⇒ (a) Let x, y ∈ X and x 6= y. Then there exists a αm-open set U
containing x such that y /∈ Cαm(U). Let V = X/Cαm(U), then y ∈ V and
x ∈ U and also U ∩ V = φ.

Theorem 3.6. If A and B are subsets of X, then Iαm(A) ∪ Iαm(B) ⊂
Iαm(A ∪B).

Proof. We know that A ⊂ A∪B and B ⊂ A∪B, Iαm(A) ⊂ Iαm(A∪B) and
Iαm(B) ⊂ Iαm(A ∪B). This implies that Iαm(A) ∪ Iαm(B) ⊂ Iαm(A ∪B).

Proposition 3.7. Let (X, τ) be a topological space, then every T2
α̃m

space is T1
α̃m .

Proof. The proof is straightforward from the definitions.

Theorem 3.8. If A and B are subsets of a space X, then Iαm(A ∩ B) =
Iαm(A) ∩ Iαm(B).

Proof. We know that A∩B ⊂ A and A∩B ⊂ B, Iαm(A∩B) ⊂ Iαm(A) and
Iαm(A∩B) ⊂ Iαm(B). This implies that Iαm(A∩B) ⊂ Iαm(A)∩Iαm(B) −→ (i).

Again, let x ∈ Iαm(A) ∩ Iαm(B), then x ∈ Iαm(A) and x ∈ Iαm(B). Hence
x is an αm-interior point of each sets A and B. It follows that A and B are
n#

α
m (x), so that their intersection A ∩ B is also an n#

α
m (x). Hence x ∈

Iαm(A ∩B). Thus x ∈ Iαm(A) ∩ Iαm(B) implies that x ∈ Iαm(A ∩B).
Therefore Iαm(A) ∩ Iαm(B) ⊂ Iαm(A ∩B) −→ (ii).
From (i) and (ii), we get Iαm(A ∩B) = Iαm(A) ∩ Iαm(B).
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