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Abstract: The approximate solution for the system of conservation laws of mass, momentum

and energy governing the motion of one-dimensional unsteady adiabatic flow of a perfect gas

in planar, cylindrical and spherical symmetry is obtained by applying the Homotopy analysis

method (HAM) under the variable initial conditions. The 6-th order approximate values of flow

variables for different values of position, time and the auxiliary parameter have been obtained

and compared. The variation of flow variables have been obtained in tabular and graphical

form. The existence of discontinuity or shock wave in the distribution of flow variables has

been found. This approximate solution of the system of conservation laws is convergent for

a range of values of position and time. The HAM solutions contain an auxiliary parameter

which provides a convenient way of controlling the convergence region of series solutions. The

main advantages of this method are to obtain the distribution of approximate velocity, density

and pressure directly as a function of position and time which was not possible in similarity

method and control the convergence region of the solution by the auxiliary parameter which is

not possible in other analytic methods like variational iteration method (VIM) and adomian

decomposition method (ADM).
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1. Introduction

The homotopy analysis method (HAM) was first proposed by Liao [1] in his
Ph.D. thesis. A systematic and clear exposition on HAM is given in [2], [3].
In recent years, this method has been successfully employed to solve many
types of nonlinear, homogeneous or nonhomogeneous, equations and systems of
equations as well as problems in science and engineering. Very recently, Ahmad
Bataineh et al. [4], [5] presented two modifications of HAM to solve linear and
nonlinear ODEs. Abbasbandy [6], [7] presented the application of homotopy
analysis method to nonlinear equations arising in heat transfer, heat radiation
equations. Jafari et. al [8] obtained the solution of gas dynamic equations in two
dimension for polytropic gas but the system of unsteady adiabatic flow of perfect
gas in one dimension under variable initial conditions for all three symmetry
by homotopy analysis method is not studied. The HAM contains a certain
auxiliary parameter ~ which provides us with a simple way to adjust and control
the convergence region and rate of convergence of the series solution. Moreover,
by means of the so called ~-curve, it is easy to determine the valid regions of ~ to
gain a convergent series solution. Homotopy analysis method avoids the need
for calculating the Adomian polynomials which may be complicated. Thus,
through HAM, explicit analytic solutions of nonlinear problems are possible.

In this paper, we have obtained the approximate solutions of the system
of gasdynamic conservation laws governing the motion of one-dimensional un-
steady adiabatic flow of a perfect gas for planar, cylindrical and spherical sym-
metry under the variable initial conditions by homotopy analysis method. We
have obtained the distribution of approximate velocity, density and pressure
directly as a function of position and time and try to control the convergence re-
gion through auxiliary parameter ~. We have computed 6-th order approximate
values of flow variables for different values of position, time and the auxiliary
parameter and compared those approximate values to choose proper value of ~.
The variation of the flow variables with position and time is presented in form
of tables and figures. We have found the existence of discontinuity or shock
wave in the distribution of flow variables. All the computations are performed
by using Mathematica 9.

2. Basic Ideas of Homotopy Analysis Method

We consider the following differential equations,

Ni[Zi(r, t)] = 0, i = 1, 2, ...n,
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where Ni are nonlinear operators that represent the whole equations, r and t

denote the independent variables and Zi(r, t) are unknown functions respec-
tively. By means of generalizing the traditional homotopy method, Liao [2]
constructed the so called zero order deformation equations

(1− q)L[φi(r, t; q) − Zi,0(r, t)] = q~Ni[φi(r, t; q)], (1)

where q ∈ [0, 1] is an embedding parameter, ~ is nonzero auxiliary parameter,
L is an auxiliary linear operator such that L[f ] = 0 implies that f = 0 with
any function f , Zi,0(r, t) are initial approximations of Zi(r, t) and φi(r, t, q)
are unknown functions. It is important to note that, we have great freedom
to choose auxiliary parameter ~, the initial approximations Zi,0(r, t) and the
auxiliary linear operator L in HAM. Obviously, when q = 0 and q = 1, both

φi(r, t; 0) = Zi,0(r, t) and φi(r, t; 1) = Zi(r, t),

hold. Thus as q increases from 0 to 1, the solutions φi(r, t; q) varies from the
initial approximations Zi,0(r, t) to the solutions Zi(r, t). Expanding φi(r, t; q)
in Taylor series with respect to q, one has

φi(r, t; q) = Zi,0(r, t) +
∞
∑

m=1

Zi,m(r, t)qm, (2)

where

Zi,m =
1

m!

∂mφi(r, t; q)

∂qm

∣

∣

∣

∣

q=0

, m = 1, 2, ...∞. (3)

If the auxiliary linear operator, the initial approximations, the auxiliary param-
eter ~ and the auxiliary functions are properly chosen, then the series equation
(2) converges at q = 1 and

φi(r, t; 1) = Zi,0(r, t) +
+∞
∑

m=1

Zi,m(r, t),

which must be one of solutions of the original nonlinear equations, as proved
by Liao [2]. As ~ = −1, Equation (1) becomes

(1− q)L[φi(r, t; q) − Zi,0(r, t)] + qNi[φi(r, t; q)] = 0 (4)

which are mostly used in the homotopy perturbation method [9].
According to Equation (3), the governing equations can be deduced from

the zero-order deformation equations (1). Define the vectors

~Zi,n = {Zi,0(r, t), Zi,1(r, t), ...........Zi,n(r, t)}
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differentiating equation (1) m times with respect to the embedding parameter
q and then setting q = 0 and finally dividing them by m!, we have the so-called
mth order deformation equations

L[Zi,m(r, t) − χmZi,m−1(r, t)] = ~Ri,m(~Zi,m−1), (5)

where

Ri,m(~Zi,m−1) =
1

(m− 1)!

∂m−1Ni[φi(r, t; q)]

∂qm−1

∣

∣

∣

∣

q=0

, (6)

and

χm =

{

0, m ≤ 1

1, m > 1.
(7)

It should be emphasized that Zi,m(r, t)(m ≥ 1) is governed by the linear equa-
tion (5) with the linear boundary conditions that come from the original prob-
lem, which can be easily solved by symbolic computation softwares such as
Maple and Mathematica.

3. Solution of a System of Gas Dynamic Conservation Laws

The fundamental equations governing the one-dimensional, unsteady, adiabatic
flow of a perfect gas are given by [10], [11]

∂ρ
′

∂t
′
+ v

′ ∂ρ
′

∂r
′
+ ρ

′ ∂v
′

∂r
′
+

(λ− 1)ρ
′

v
′

r
′

= 0, (8)

∂v
′

∂t
′
+ v

′ ∂v
′

∂r
′
+

1

ρ
′

∂p
′

∂r
′
= 0, (9)

∂p
′

∂t
′
+ v

′ ∂p
′

∂r
′
=

γp
′

ρ
′
[
∂ρ

′

∂t
′
+ v

′ ∂ρ
′

∂r
′
], (10)

where λ = 1, 2, 3 for planar, cylindrically and spherically symmetric flow
respectively; γ is the ratio of specific heats; ρ

′

, v
′

and p
′

are fluid density,
velocity and pressure at time t

′

and at distance r
′

from the plane, axis or
centre of symmetry.

The initial conditions are taken as

ρ
′

(r
′

, 0) = A
′

e
− r

′

τ

′ , v
′

(r
′

, 0) = B
′

, p
′

(r
′

, 0) = C
′

(11)

where A
′

, B
′

, C
′

and τ
′

are dimensional constants.
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We will change these dimensional equations and initial conditions into non-
dimensional equations and initial conditions by using following transformations

t
′

= t0t, r
′

= l0r, v
′

= v0v, ρ
′

= ρ0ρ, p
′

= ρ0v0
2p. (12)

where t0, l0, v0, ρ0 and ρ0v0
2 are characteristic time, length, velocity, density

and pressure respectively.

Under the transformation in equation (12), the equations (8)-(11) reduces
into non-dimensional form as

∂ρ

∂t
+ v

∂ρ

∂r
+ ρ

∂v

∂r
+

(λ− 1)ρv

r
= 0, (13)

δ
∂v

∂t
+ v

∂v

∂r
+

1

ρ

∂p

∂r
= 0, (14)

δ
∂p

∂t
+ v

∂p

∂r
=

γp

ρ

[

δ
∂ρ

∂t
+ v

∂ρ

∂r

]

, (15)

where δ = l0
v0t0

is a Strouhal Number. This number can be used to study the
extreme cases of transient and steady process.

We consider the transient process in our study, so taking Strouhal No. δ = 1,
the non-dimensional equations takes the form

∂ρ

∂t
+ v

∂ρ

∂r
+ ρ

∂v

∂r
+

(λ− 1)ρv

r
= 0, (16)

∂v

∂t
+ v

∂v

∂r
+

1

ρ

∂p

∂r
= 0, (17)

∂p

∂t
+ v

∂p

∂r
=

γp

ρ

[

∂ρ

∂t
+ v

∂ρ

∂r

]

, (18)

and

ρ(r, 0) = Ae− r

τ , u(r, 0) = B, p(r, 0) = C. (19)

where A, B, C and τ are non-dimensional constants.

To solve system (16)-(18) by means of homotopy analysis method (HAM),
we choose the initial approximations

ρ0(r, t) = Ae− r

τ , v0(r, t) = B, p0(r, t) = C,

and the linear operator

L[φi(r, t; q)] =
∂φi(r, t; q)

∂t
, i = 1, 2, 3, (20)



678 R. Bajargaan, A. Patel, M. Singh

with the property

L[Ci] = 0, (21)

where Ci(i = 1, 2, 3) are integral constants and φi correspond with density,
velocity and pressure for i = 1, 2, 3 respectively. Furthermore, systems (16),
(17) and (18) suggest that we define a system of nonlinear operators as

N1[φi(r, t; q)] =
∂φ1(r, t; q)

∂t
+ φ2(r, t; q)

∂φ1(r, t; q)

∂r

+ φ1(r, t; q)
∂φ2(r, t; q)

∂r
+ (λ− 1)

×
φ1(r, t; q)φ2(r, t; q)

r
, (22)

N2[φi(r, t; q)] =
∂φ2(r, t; q)

∂t
+ φ2(r, t; q)

∂φ2(r, t; q)

∂r

+
1

φ1(r, t; q)

∂φ3(r, t; q)

∂r
, (23)

N3[φi(r, t; q)] =
∂φ3(r, t; q)

∂t
+ φ2(r, t; q)

∂φ3(r, t; q)

∂r

− γ
φ3(r, t; q)

φ1(r, t; q)

[

∂φ1(r, t; q)

∂t
+ φ2(r, t; q)

×
∂φ1(r, t; q)

∂r

]

. (24)

Using the above definitions of linear operator L and non-linear operator Ni,
we construct the zeroth-order deformation equations

(1− q)L[φi(r, t; q) − Zi,0(r, t)] = q~Ni[φi(r, t; q)], i = 1, 2, 3. (25)

Obviously, when q = 0 and q = 1,

φ1(r, t; 0) = Z1,0(r, t) = ρ0(r, t),

φ1(r, t; 1) = ρ(r, t) = Z1(r, t),

φ2(r, t; 0) = Z2,0(r, t) = v0(r, t),

φ2(r, t; 1) = v(r, t) = Z2(r, t),

φ3(r, t; 0) = Z3,0(r, t) = p0(r, t),

φ3(r, t; 1) = p(r, t) = Z3(r, t).
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Therefore, as the embedding parameter q increases from 0 to 1, φi(r, t; q) deform
from the initial approximations Zi,0(r, t) to the solution Zi(r, t) for i = 1, 2, 3.
Expanding φi(r, t, q) in Taylor series with respect to q one has

φi(r, t, q) = φi(r, t, 0) +

+∞
∑

m=1

1

m!

∂mφi(r, t; q)

∂qm
qm,

φi(r, t, q) = Zi,0(r, t) +

+∞
∑

m=1

Zi,m(r, t)qm,

where

Zi,m(r, t) =
1

m!

∂mφi(r, t; q)

∂qm

∣

∣

∣

∣

q=0

, m = 1, 2, ...∞.

If the auxiliary linear operator L, the initial approximations Zi,0 and the aux-
iliary parameter ~ are properly chosen, the above series is convergent at q = 1
[2], then we have

ρ(r, t) =Z1,0(r, t) +
+∞
∑

m=1

Z1,m(r, t), (26)

u(r, t) =Z2,0(r, t) +
+∞
∑

m=1

Z2,m(r, t), (27)

p(r, t) =Z3,0(r, t) +
+∞
∑

m=1

Z3,m(r, t), (28)

which must be one of the solutions of the original nonlinear equations (16),
(17), (18). Now we define the vector

~Zi,n = Zi,0(r, t), Zi,1(r, t), .......Zi,n(r, t).

So the mth-order deformation equation is

L[Zi,m(r, t) − χmZi,m−1(r, t)] = ~Ri,m(~Zi,m−1), (29)

with the initial conditions
Zi,m(r, 0) = 0, (30)

where from (22)-(24), we have

R1,m(~Zi,m−1) = (Z1,m−1)t +
m−1
∑

i=0

(Z2,i)(Z1,m−1−i)r
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+
m−1
∑

i=0

(Z1,i)(Z2,m−1−i)r +
λ− 1

r

×

m−1
∑

i=0

(Z1,i)(Z2,m−1−i),

R2,m(~Zi,m−1) =

m−1
∑

i=0

(Z2,m−1−i)t

+

m−1
∑

i=0

[ i
∑

j=0

(Z1,j)(Z2,i−j)

]

(Z2,m−1−i)r

+ (Z3,m−1)r,

R3,m(~Zi,m−1) =

m−1
∑

i=0

(Z1,i)(Z3,m−1−i)t

+

m−1
∑

i=0

[ i
∑

j=0

(Z2,j)(Z3,i−j)

]

(Z1,m−1−i)r

− γ

m−1
∑

i=0

(Z3,i)(Z1,m−1−i)t

− γ

m−1
∑

i=0

[ i
∑

j=0

(Z2,j)(Z1,i−j)r

]

(Z3,m−1−i).

Now, the solution of the mth-order deformation equation (29) for m ≥ 1 be-
comes

Zi,m(r, t) = χmZi,m−1(r, t) + ~

∫ t

0
Ri,m

~Zi,m−1dτ + Ci,

where the integration constants Ci(i = 1, 2, 3) are determined by the initial
conditions (30). Taking arbitrary constants A, B, C and τ each equal to one,
we have obtained the density components

Z1,0 = e−r,

Z1,1 = ~t(−e−r +
e−r(λ− 1)

r
),

Z1,2 = ~
2e−rt(−1−

1

r
+

t

2
+

t

r2
+

t

r
+

λ

r
−

3tλ

2r2
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−
tλ

r
+

tλ2

2r2
),

the velocity components

Z2,0 = 1,

Z2,1 = 0,

Z2,2 = −
1

2
e−r

~
2t2γ

and the pressure components

Z3,0 = 1,

Z3,1 = e−r
~tγ,

Z3,2 = e−r
~tγ(1 + ~(e−r + 1 +

1

r
−

1

2
e−rt−

t

2r2

−
t

2r
+

1

2
e−rtγ −

λ

r
+

tλ

2r2
+

tλ

2r
)).

Similarly, we have also obtained Z1,3, Z1,4, Z1,5, Z1,6; Z2,3, Z2,4, Z2,5, Z2,6;
Z3,3, Z3,4, Z3,5, Z3,6. Then the approximate solution of 6th order (upto the
seven components) by HAM can be given in the form

ρ(r, t) = Z1,0 + Z1,1 + Z1,2 + Z1,3 + Z1,4 + Z1,5 + Z1,6, (31)

u(r, t) = Z2,0 + Z2,1 + Z2,2 + Z2,3 + Z2,4 + Z2,5 + Z2,6, (32)

p(r, t) = Z3,0 + Z3,1 + Z3,2 + Z3,3 + Z3,4 + Z3,5 + Z3,6. (33)

4. Convergence of Solution

In this section, we have discussed the convergence of approximate solution for
density, velocity and pressure given by Eqs. (31)-(33)in term of Liao’s [2] aux-
iliary parameter ~. The sixth order approximate solution for density, velocity
and pressure for r = 0.5 and t = 4.0 is plotted as function of ~ in Fig. 1(a), 1(b)
and 1(c) respectively. The numerical approximate solution is computed in form
of tables 1(a)-3(c) for different values of auxiliary parameter ~, postion r and
time t. The figures show that the sixth order approximate solutions for planar
and cylindrical symmetry are convergent for −1.0 ≤ ~ ≤ 1.0 when t = 4 (see
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Figure 1: Distribution of flow variables (a) approximate density (b)
approximate velocity (c) approximate pressure, in flow field for all the
three symmetry in case of r=0.5, t=4

figs. 1(a)-1(c)) and for spherical symmetry −1.0 ≤ ~ ≤ 1.0 when t = 2. This
show that convergence region and rate of convergence of series solution can be
controlled by auxiliary parameter ~. It is also found that with an increase in
numerical value of ~, the value of approximate density, velocity and pressure
increases in magnitude. Range of ~ for the convergence of approximate solution
decreases as we increase the value of time t. From tables 1(a)-3(c), we found
that approximate solutions are convergent for −1.5 ≤ ~ ≤ 1.0 for all three sym-
metry when r > 0 and 0 < t ≤ 2. We also found that with increase in value of
r, the approximate solution decrease for ~ = −1.

5. Results and Discussion

The approximate numerical values of flow variables are calculated from Eqs.
(31)-(33) for γ = 1.4, ~ = −1.5,−1,
− 0.5, 1, 1.5 and λ = 1, 2, 3 for planar, cylindrical and spherical symmetry re-
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Figure 2: Distribution of flow variables (a) approximate density (b)
approximate velocity (c) approximate pressure, in flow field for planar
symmetry in case of ~ = −1

spectively. For the each case of symmetry, the seven components of the flow
variables are computed and approximate density, velocity and pressure are given
in form of tables and figures. The approximate density for planar symmetry
λ = 1 and ~ = −1 is computed as follows

ρ = e−r + 6e−rt+ e−2rt3(0.3333 − 2.4e−r + 0.8e−2r

+ 3.3333e−3r +
3.55271 × 10−15

r3
−

8.88178 × 10−16

r2

−
1.77636 × 10−15

r
+

1.77636 × 10−15e−2r

r

−
4.44089 × 10−16e−3r

r
) + ..............

The 6th order approximate density for λ = 1 is presented in the table 1(a)
and the Fig. 2(a). Similarly, we have computed 6th order approximate density
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for λ = 2, λ = 3 for different values of r and t which are given in tables 2(a),
3(a) and Figs. 3(a), 4(a) respectively.

The 6th order approximate velocity for planar symmetry λ = 1 and ~ = −1
is given as follows

u =1 + e−rt2(−0.5− 3.9e−r + 5.4e−2r + e−3r − 3e−4r

+
1.77636 × 10−15

r
) + e−rt3(1.66667 − 1.03333e−r

− 0.78e−2r − 0.9e−3r −
1.77636 × 10−15e−2r

r3

−
1.42109 × 10−14e−r

r3
−

5.32907 × 10−15

r3

−
1.77636 × 10−15e−3r

r2
−

7.10543 × 10−15e−r

r2

−
7.10543 × 10−15

r2
+

3.55271 × 10−15e−3r

r

+
3.55271 × 10−15e−r

r
+

8.88178 × 10−16

r
) + ........

The 6th order approximate velocity for λ = 1, λ = 2 and λ = 3 is presented
in the tables 1(b), 2(b), 3(b) and the Figs. 2(b), 3(b) and 4(b) respectively for
different values of r and t.

The approximate pressure for planar symmetry λ = 1 and ~ = −1 is com-
puted as follows

p = 1 + e−rt(−2.4− er + 2.6e−2r − 1.8e−3r − 0.2e−4r

+ 0.4e−5r) + e−rt2 × (−1.77636 × 10−15 + 0.4e−2r

− 0.96e−3r + 0.16e−4r + 0.4e−5r −
3.55271 × 10−15e−r

r2

+
1.42109 × 10−14

r2
−

3.55271 × 10−15e−3r

r

+
1.77636 × 10−14e−2r

r
−

3.55271 × 10−15

r
).

The numerical value of approximate pressure for λ = 1, λ = 2 and λ = 3
are given in the table 1(c), 2(c) and 3(c) and plotted in the Figs. 2(c), 3(c),
4(c) respectively for different values of position r and time t.

The variation of flow variables for planar symmetry λ = 1 and auxiliary
parameter ~ = −1 for a fixed value of time t with respect to position r > 0 are
as follows:
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(i) The approximate density decreases with respect to position r > 0 for any
fixed value of time t(see table 1(a) and fig. 2(a)),

(ii) The approximate velocity increases very rapidly for lower values of position
r > 0 and then gradually for any fixed value of time t (see table 1(b) and
fig. 2(b)),

(iii) The approximate pressure decreases uniformly with position for any fixed
value of time t (see table 1(c) and fig. 2(c)),

and variation with respect to time for a fixed value of position r > 0 are as
follows:

(iv) The approximate density increases rapidly for lower values of r and in-
creases gradually for higher values of r with time(see table 1(a) and fig.
2(a)),

(v) The approximate velocity decreases with time t in neighbourhood of initial
point r = 0 and increase outside it (see table 1(b) and fig. 2(b)),

(vi) The approximate pressure increases rapidly with time for lower values of
r and slowly for higher values of r.(see table 1(c) and fig. 2(c)).

Table(1a): Variation of the 6th order approximate density for different
values of r, t and auxiliary parameter ~ for γ = 1.4 and planar symmetry λ = 1

r t approximate density
~ = −1.5 ~ = −1 ~ = −0.5 ~ = 1 ~ = 1.5

0.5 0.5 0.726576 0.999843 0.985556 -8.48253 -22.4183
1 -1.56108 1.84475 1.58692 0.568832 41.8839
1.5 -4.30012 4.46609 2.52149 20.1416 134.137
2 11.5787 11.9784 3.9179 38.8923 170.209

1 0.5 0.572852 0.621112 0.596676 -5.67614 -17.3637
1 1.00064 1.20378 0.950942 -2.8129 4.70169
1.5 4.17624 2.69469 1.48036 4.72684 38.0427
2 17.6493 6.12495 2.23646 12.1797 51.6833

1.5 0.5 0.379692 0.376298 0.361491 -3.57164 -11.384
1 0.88 0.704225 0.573055 -2.4504 -1.60372
1.5 2.93001 1.43893 0.884239 1.18001 14.5978
2 9.24081 2.93731 1.32271 5.02333 23.6505

Table(1b): Variation of the 6-th order approximate value of velocity for
different values of r, t and auxiliary parameter ~ with γ = 1.4 and planar
symmetry λ = 1
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r t approximate velocity

~ = −1.5 ~ = −1 ~ = −0.5 ~ = 1 ~ = 1.5
0.5 0.5 0.951942 1.03057 1.04962 -10.5768 -60.9243

1 -0.202914 1.0534 1.21546 -38.2219 -197.207
1.5 -5.23756 1.07146 1.52837 -73.5297 -352.551
2 -17.2175 1.31576 2.02607 -110.76 -493.928

1 0.5 1.0488 1.12831 1.03725 -3.8275 -22.8501
1 0.981189 1.57319 1.15759 -15.453 -75.5963
1.5 0.398 2.47213 1.37419 -30.3573 -135.29
2 -1.05934 4.0278 1.70004 -45.9756 -187.684

1.5 0.5 1.20246 1.13563 1.02467 -1.29874 -9.76179
1 1.88044 1.60671 1.10292 -6.84409 -33.5169
1.5 3.18324 2.53055 1.24062 -13.9476 -60.1519
2 5.34452 4.05 1.44276 -21.3452 -82.8851

Table(1c): Variation of the 6-th order approximate pressure for different
values of r, t and auxiliary parameter ~ with γ = 1.4 and planar symmetry
λ = 1

r t approximate pressure

~ = −1.5 ~ = −1 ~ = −0.5 ~ = 1 ~ = 1.5
0.5 0.5 1.58298 1.66072 1.37642 34.1332 135.632

1 4.91886 2.93173 1.83168 47.7695 157.955
1.5 18.177 5.18968 2.35515 43.5902 84.5937
2 47.9768 8.42326 2.92412 26.5147 -40.8427

1 0.5 1.71116 1.56062 1.26686 16.127 58.3158
1 3.7646 2.44903 1.59144 21.1597 61.9241
1.5 8.70653 3.73404 1.97214 18.2342 27.7248
2 16.9116 5.30866 2.40407 10.2102 -22.7231

1.5 0.5 1.59422 1.42867 1.17752 8.77195 29.3374
1 2.81059 2.06637 1.39486 10.989 29.4236
1.5 5.01887 2.9509 1.65339 9.19794 11.8611
2 8.04516 4.06169 1.95358 5.02473 -12.2455

The variation of flow variables for cylindrical symmetry λ = 2 and auxiliary
parameter ~ = −1, for a fixed value of t with respect to position r > 0 are as
follows:

(i) The approximate density firstly increases and then decreases with respect
to position r > 0 (see table 2(a) and fig. 3(a)),

(ii) The approximate velocity increases uniformly with respect to position for
all values of t and there exist shock wave in the neighbourhood of r = 0
(see table 2(b) and fig. 3(b)),

(iii) The approximate pressure increases uniformly with respect to position for
all values of t(see table 2(c) and fig. 4(c)),

and variation with respect to time for a fixed value of position r > 0 are as
follows:
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Figure 3: Distribution of flow variables (a) approximate density (b) ap-
proximate velocity (c) approximate pressure, in flow field for cylindrical
symmetry in case of ~ = −1

Figure 4: Distribution of flow variables (a) approximate density (b)
approximate velocity (c) approximate pressure, in flow field for spherical
symmetry in case of ~ = −1

(iv) The approximate density increases with time for r < 1 and then decreases
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with time for r > 1 (see table 2(a) and fig. 3(a)),

(v) The approximate velocity decreases with time for r > 0 (see table 2(b) and
fig. 3(b)),

(vi) The approximate pressure decreases with time for r > 0 (see table 2(c)
and fig. 4(b)).

Table(2a): Variation of the 6-th order approximate density for different
values of r, t and the auxiliary parameter ~ with γ = 1.4 and cylindrical sym-
metry λ = 2

r t approximate density
~ = −1.5 ~ = −1 ~ = −0.5 ~ = 1 ~ = 1.5

0.5 0.5 1.18904 -0.230519 -0.006882 -8.9825 -72.5218
1 32.2053 -1.20643 -1.54942 -53.2625 -288.037
1.5 201.864 8.71598 -3.8791 -71.0108 -220.607
2 680.6 58.0432 -5.6761 -0.839081 485.931

1 0.5 0.256212 0.248833 0.307891 -4.2856 -21.4344
1 -0.684341 -0.524845 0.0447471 -12.8597 -54.4885
1.5 -4.63733 -2.73737 -0.553049 -17.471 -51.82
2 -14.5898 -7.03151 -1.60752 -11.7953 19.828

1.5 0.5 0.217578 0.233241 0.246464 -2.8469 -11.9177
1 -0.197155 0.0780395 0.219568 -5.7169 -20.6842
1.5 -2.05853 -0.498015 0.990336 -6.4867 -16.0111
2 -7.01433 -1.84133 -0.167849 -4.1045 5.80495

Table(2b): Variation of the 6-th order approximate velocity for different
values of r, t and the auxiliary parameter ~ with γ = 1.4 and cylindrical sym-
metry λ = 2

r t approximate velocity

~ = −1.5 ~ = −1 ~ = −0.5 ~ = 1 ~ = 1.5
0.5 0.5 -3.49833 -1.11199 0.427618 17.855 81.506

1 -28.8075 -10.8033 1.28747 4.48001 -63.9751
1.5 -66.0846 -27.1953 -3.43289 -78.7435 -606.807
2 -141.306 -42.8949 -4.14705 -226.536 -1461.7

1 0.5 0.213538 0.545193 0.882449 1.84775 4.69784
1 -4.18808 -1.40948 0.509332 -2.0796 -22.7798
1.5 -15.9129 -5.77956 -0.122366 -16.3706 -108.439
2 -38.5516 -13.2366 -0.965009 -42.0297 -246.21

1.5 0.5 0.711171 0.85899 0.963807 0.408339 -10.83661
1 -0.743941 0.277173 0.848174 -2.45288 -16.5928
1.5 -4.6734 -1.02655 0.646492 -8.436841 -46.8434
2 -12.9295 -3.3549 0.35959 -17.5281 -89.9471

Table(2c): Variation of the 6-th order approximate pressure for different
values of r, t and the auxiliary parameter ~ with γ = 1.4 and cylindrical sym-
metry λ = 2
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r t approximate pressure

~ = −1.5 ~ = −1 ~ = −0.5 ~ = 1 ~ = 1.5
0.5 0.5 -0.969907 -0.480348 0.270705 2.76717 38.0653

1 -20.0171 -5.02217 -0.54647 58.3423 346.992
1.5 -91.5485 -15.0579 -1.33398 135.295 703.189
2 -251.377 -32.0715 -1.84027 207.931 925.601

1 0.5 0.440517 0.658884 0.831076 7.73155 33.0307
1 -2.33441 -0.240285 0.603708 20.7151 91.9993
1.5 -9.32252 -1.97802 0.325294 33.1002 134.349
2 -20.7932 -4.63662 0.0166979 39.2662 126.084

1.5 0.5 0.91442 0.960831 0.974211 5.80598 20.9433
1 0.304042 0.746874 0.924776 10.7861 39.8511
1.5 -1.21934 0.250222 0.851149 14.1695 47.1042
2 -3.84253 -0.623969 0.756163 14.7681 36.6136

Table(3a): Variation of the 6-th order approximate density for different
values of r, t and the auxiliary parameter ~ with γ = 1.4 and spherical symmetry
λ = 3

r t approximate density

~ = −1.5 ~ = −1 ~ = −0.5 ~ = 1 ~ = 1.5
0.5 0.5 -0.758977 0.79676 -0.0759664 40.8797 86.7307

1 41.0756 15.0516 0.839668 -27.3953 -593.682
1.5 277.409 65.0556 5.66841 -184.253 -1729.85
2 545.355 118.99 15.5598 -166.008 -1068.16

1 0.5 0.267873 1.150206 0.146378 4.55563 6.04436
1 3.79589 0.396332 -0.113222 -9.20661 -85.681
1.5 25.0406 3.17108 -0.253428 -39.1913 -255.521
2 88.1843 12.0344 0.002733 -75.019 -419.748

1.5 0.5 0.155795 0.151964 0.164399 -0.13528 -4.00715
1 0.251675 0.0050073 0.0547606 -5.11735 -29.815
1.5 1.6076 0.0870796 -0.103372 -12.8054 -64.3838
2 6.54361 0.267574 -0.287448 -20.5285 -89.9351

Table(3b): Variation of the 6-th order approximate velocity for different
values of r, t and the auxiliary parameter ~ with γ = 1.4 and spherical symmetry
λ = 3

r t approximate velocity

~ = −1.5 ~ = −1 ~ = −0.5 ~ = 1 ~ = 1.5
0.5 0.5 -4.90507 -1.16878 0.092457 64.5023 349.465

1 -21.3402 -0.837753 -1.63988 106.682 391.446
1.5 -6.73899 11.7883 -2.93711 -77.1352 -1199.75
2 -249.258 -13.8429 -4.99894 -570.732 -4704.23

1 0.5 -0.243178 0.185651 0.757552 9.40197 45.195
1 -4.07215 -2.07368 0.103024 21.4925 95.1623
1.5 -5.30057 -4.78316 -0.82191 18.3252 32.3669
2 9.23376 -6.38433 -1.86057 -15.6464 -232.212

1.5 0.5 0.34922 0.641317 0.909903 2.49819 8.67677
1 -1.83516 -0.48242 0.64994 4.24861 15.08
1.5 -5.29648 -2.35246 0.242815 2.65117 -0.8924
2 -8.68264 -4.83335 -0.280577 -5.03533 -53.6112

Table(3c): Variation of the 6-th order approximate pressure for different
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values of r, t and the auxiliary parameter ~ with γ = 1.4 and spherical symmetry
λ = 3

r t approximate pressure

~ = −1.5 ~ = −1 ~ = −0.5 ~ = 1 ~ = 1.5
0.5 0.5 6.74928 0.0472244 -0.132784 -73.4914 -301.221

1 54.68 1.55515 -0.530309 -3.7107 274.046
1.5 148.7 0.513855 -0.993699 312.499 2417.47
2 288.569 -15.268 -2.756 1010.99 7126.01

1 0.5 0.304645 0.250432 0.527773 -7.5942 -28.8694
1 0.0797088 -0.386268 0.15054 4.16475 51.0505
1.5 -1.12823 -0.978408 -0.142549 34.5745 226.279
2 -8.22921 -1.88178 -0.384029 78.6787 456.354

1.5 0.5 0.542639 0.64537 0.810105 1.02209 3.10163
1 -0.217803 0.215145 0.621045 6.13812 30.7484
1.5 -1.44653 -0.282716 0.438554 14.4416 71.3544
2 -3.12013 -0.824169 0.266512 23.7117 110.012

The variation of flow variables for spherical symmetry λ = 3 and auxiliary
parameter ~ = −1, for a fixed value of t with respect to position r > 0 are as
follows:

(i) The approximate density has sudden discontinuity with respect to position
r in neighbourhood of r = 0 for any fixed time t. After discontinuity, the
density decreases with position rapidly for all values of time t(see table
3(a) and fig. 4(a)),

(ii) The approximate velocity generally increases with position r for fixed value
of time t (see table 3(b) and fig. 4(b)),

(iii) The approximate pressure generally increases with position for fixed value
of time t (see table 3(c) and fig. 4(c)),

and variation of flow variables with respect to time for a fixed value of r > 0,
is as follows

(iv) With time t, the approximate density increases rapidly for lower values
of position r < 1 but slowly for higher values of position r > 1(see table
3(a) and fig. 4(a)),

(v) With time t, the approximate velocity decreases with position r(see table
3(b) and fig. 4(b)),

(vi) With time t, the approximate pressure decreases for all values of position
r > 0 except in region 0 < r < 0.8 and 1.5 < t < 2(see table 3(c) and fig.
4(c)).
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The above variations show the existence of shock wave in the distribution
of velocity, density and pressure with respect to position(see figs. 2, 3, 4). The
main advantages of this method are to obtain the distribution of approximate
velocity, density and pressure directly as a function of position and time which
is not possible in similarity method and control the convergence region which
is not possible in other analytic methods like VIM and ADM.

6. Conclusions

In present work, it is shown that the homotopy analysis method can be applied
successfully for the solution of the system of gasdynamic conservation laws
governing the motion of one-dimensional unsteady adiabatic flow of a perfect
gas under the variable initial conditions for all the three types of symmetry. On
the basis of this work, one may draw the following conclusions:

(i) The existence of discontinuities or shock waves in the distribution of flow
variables have been found. In planar symmetry, approximate velocity has
discontinuity at r=0. In cylindrical and spherical symmetry, the posi-
tions of discontinuities in approximate density, approximate velocity and
approximate pressure can be identified.

(ii) The range of ~ for the convergence of approximate solution decreases as we
increase the value of time t. The valid region of auxiliary parameter for
the convergence of solution in case of planar and cylindrical symmetry is
−1 ≤ ~ ≤ 1 when t = 4 and for spherical symmetry is −1 ≤ ~ ≤ 1 when
t = 2.

(iii) The convergence of approximate solution for density, velocity and pressure
can be controlled by auxiliary parameter.

(iv) The flow variables have different variations in different symmetries.

(v) This work show that the homotopy analysis method can be used in study
of more realistic gasdynamic problems.
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