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STABILITY OF THE FUNCTIONAL EQUATION

RELATED TO MEASURES: A FIXED POINT APPROACH
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Abstract: We investigate the stability of the following functional equations by using a fixed
point theorem :

f(pr, qs)± g(ps, qr) = θ(p, q, r, s)h(p, q)f(r, s)

f(pr, qs)± g(ps, qr) = θ(p, q, r, s)h(p, q)g(r, s)

f(pr, qs)− g(ps, qr) = θ(p, q, r, s)f(p, q)h(r, s)

f(pr, qs)− g(ps, qr) = θ(p, q, r, s)g(p, q)h(r, s),

where θ : G4 → Rk a function and f, g, h are functionals on G2.
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1. Introduction

Let R and C be a set of real and complex numbers, respectively. Let R+ =
{x ∈ R |x > 0} and Rk = {x ∈ R |x > k > 1} be a set of positive real numbers.
Let (G, ·) be a noncommutative semigroup.

In [1], Chung, Kannappan, Ng and Sahoo characterized the following func-
tional equation

f(pr, qs) + f(ps, qr) = f(p, q) f(r, s), (FE)

which is a symmetrically compositive sum-form distance measure with a mea-
surable generating function that holds for all p, q, r, s ∈ I = (0, 1). They
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investigated that the general solution of (FE) is represented by f(p, q) =
M1(p)M2(q) + M1(q)M2(p), where M1,M2 : R → C are multiplicative func-
tions. Furthermore, either M1 and M2 are both real or M2 is the complex
conjugate of M1. The converse is also true.

For other equations similar to (FE), the interested reader should refer to
papers ([11] ,[12] [13] [14], [16], and [17]).

The superstability of the functional equation (FE) and its generalizations

f(pr, qs) + g(ps, qr) = h(r, s)k(r, s) (FEfghk)

were studied by Kim and Sahoo ([12], [13], [14]).
From the functional equation (FEfghk), well-known functional equations

such as d’Alembert, Wilson, Jensen, and trigonometric functional equation can
be obtained. Their superstability are shown in papers ([5], [7], [8], [9], [10]).

The functional equation (FE) characterized by distance measures have been
considered information measurable functional equation in papers ([3],[4], [6],
[20]).

In paper [16], Lee and Kim obtained that the superstability of the equations

n−1
∑

i=0

f(P · σi(Q)) = f(P )f(Q), (IM)

and its generalized equation
∑n−1

i=0 f(P · σi(Q)) = g(P )h(Q), which are related
to information measures. The above P and Q are in a set of n-ary discrete
complete probability and σi is a permutation for each i = 0, 1, · · · , n− 1.

A mapping θ is a cocycle which satisfies θ(a, bc)+ θ(b, c) = θ(ab, c)+ θ(a, b),
which introduced by J. Tabor [19].

Kim and Lee([11], [15]) investigated the superstability of the generalized
characterization of symmetrically compositive sum-form related to distance
measures with a cocycle θ:

f(pr, qs) + f(ps, qr) = θ(pq, rs) g(r, s)h(r, s). (CDM)

Lastly, we constructed the generalized functional equation that added the
general mapping into (FE). Namely, which is replaced the cocycle condition of
θ in (CDM) by general mapping. Shin and Kim ([18]) investigated the stability
of the following equations:

f(pr, qs) + g(ps, qr) = θ(p, q, r, s)f(p, q)h(r, s), (FEfgfh)

f(pr, qs) + g(ps, qr) = θ(p, q, r, s)g(p, q)h(r, s), (FEfggh)
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In this paper, by using of the fixed point theorem, we investigate the sta-
bility of the following alternative equations and its difference type equations
:

f(pr, qs) + g(ps, qr) = θ(p, q, r, s)h(p, q)f(r, s) (FEfghf )

f(pr, qs) + g(ps, qr) = θ(p, q, r, s)h(p, q)g(r, s) (FEfghg)

f(pr, qs)− g(ps, qr) = θ(p, q, r, s)h(p, q)f(r, s) (FEf−ghf )

f(pr, qs)− g(ps, qr) = θ(p, q, r, s)h(p, q)g(r, s) (FEf−ghg)

f(pr, qs)− g(ps, qr) = θ(p, q, r, s)f(p, q)h(r, s) (FEf−gfh)

f(pr, qs)− g(ps, qr) = θ(p, q, r, s)g(p, q)h(r, s). (FEf−ggh)

We will introduce one of the fundamental results of the fixed-point theorem
by Diaz and Margolis [2] as the main tool for the proof of stability.

Fixed Point Theorem 1. Suppose we are given a complete general-
ized metric space (X, d) and a strictly contractive mapping J : X → X,
with the Lipschitz constant L. Then, for each given element x ∈ X, either
d(Jnx, Jn+1x) = ∞ for all nonnegative integers n or there exists a positive
integer n0 such that

(a) d(Jnx, Jn+1x) < ∞, for all n ≥ n0;

(b) the sequence (Jnx) is convergent to a fixed point y∗ of J ;

(c) y∗ is the unique fixed point of J
in the set Y = {y ∈ X | d(Jn0y, y) < ∞};

(d) d(y, y∗) ≤
1

1− L
d(y, Jy) for all y ∈ Y.

2. Stability of the Equations (FEfghf , FEfghg)

We will construct a strictly contractive mapping with the Lipschitz constant,
which satisfies a Fixed Point Theorem 1.

Theorem 1. Let h, φ : G2 → R be functions and p, q ∈ G be arbitrary

fixed elements such that |h(p, q)| ≥ M >
L

k
> 0 and φ(pr, qs) ≤ Lφ(r, s) for all

r, s ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs) + g(ps, qr)− θ(p, q, r, s)h(p, q)f(r, s)| ≤ φ(r, s) ∀ p, q, r, s ∈ G, (1)
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then there exists a unique function f0 satisfying

f0(pr, qs) + g(ps, qr) = θ(p, q, r, s)h(p, q)f0(r, s)

and

|f(r, s)− f0(r, s)| ≤
φ(r, s)

kM − L

for all r, s ∈ G.

Proof. First, we define a set

X = {y : G2 → R}

and introduce a generalized metric on X as follows:

d(y1, y2) = inf{C ∈ [0,∞)||y1(r, s) − y2(r, s)| ≤ Cφ(r, s),∀r, s ∈ G} (2)

Let us check that d defined on X is metric. For the triangle inequality,
assume that d(y1, y2) + d(y2, y3) < d(y1, y3) would hold for some y1, y2, y3 ∈ X.
Then, there should exist an (r0, s0) ∈ G2 with

d(y1, y2)φ(r0, s0) + d(y2, y3)φ(r0, s0) = {d(y1, y2) + d(y2, y3)}φ(r0, s0)

< |y1(r0, s0)− y3(r0, s0)|

In view of (2), this inequality would yield

|y1(r0, s0)− y2(r0, s0)|+ |y2(r0, s0)− y3(r0, s0)| < |y1(r0, s0)− y3(r0, s0)|.

It meet a contradiction.
Our aim is to show that (X, d) is complete. Let {yn} be a Cauchy sequence

in (X, d). Then, for any ε > 0 there exists an integer Nε > 0 such that
d(ym, yn) ≤ ε for all m,n ≥ Nε. In view of (2), we have

∀ε > 0 ∃Nε ∈ N ∀m,n ≥ Nε

∀(r, s) ∈ G2 : |ym(r, s) − yn(r, s)| ≤ εφ(r, s). (3)

If (r, s) is fixed, then (3) implies that {yn(r, s)} is a Cauchy sequence in R.
Since R is complete, {yn(r, s)} converges for each (r, s) ∈ G2. Thus, we can
define a function y : G2 → R by

y(r, s) = lim
n→∞

yn(r, s).
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Since this definition is well defined, we have y ∈ X.
If we let m increase to infinity, then it follows from (3) that

∀ε > 0 ∃Nε ∈ N ∀m,n ≥ Nε

∀(r, s) ∈ G2 : |y(r, s) − yn(r, s)| ≤ εφ(r, s). (4)

By considering (2), we obtain

∀ε > 0 ∃Nε ∈ N ∀n ≥ Nε : d(y, yn) ≤ ε.

This means that the Cauchy sequence {yn} converges to y in (X, d). Hence,
(X, d) is complete.

Let (p, q) ∈ G2 be an arbitrary fixed element. We now define an operator
Λ : X → X

(Λy)(r, s) :=
y(pr, qs) + g(ps, qr)

θ(p, q, r, s)h(p, q)
(5)

for y ∈ X and all (r, s) ∈ G2. We obtain Λy ∈ X.
We assert that Λ is strictly contractive on X. Given any y1, y2 ∈ X, let

Cy1y2 ∈ [0,∞] be an arbitrary constant with d(y1, y2) ≤ Cy1y2 , that is,

|y1(r, s) − y2(r, s)| ≤ Cy1y2φ(r, s)

for any (r, s) ∈ G2. Then we obtain the following inequality

|(Λy1)(r, s) − (Λy2)(r, s)| =
|y1(pr, qs)− y2(pr, qs)|

θ(p, q, r, s)|h(p, q)|

≤
Cy1y2φ(pr, qs)

kM
≤

L

kM
Cy1,y2φ(r, s)

for all (r, s) ∈ G2, that is, d(Λy1,Λy2) ≤
L

kM
Cy1y2 . Hence, we may conclude

that d(Λy1,Λy2) ≤
L

kM
d(y1, y2) for any y1, y2 ∈ X , and from assumption, it

note that 0 <
L

kM
< 1. Therefor, it holds that Λ is strictly contractive on X.

By (16), we obtain the following inequality

|(Λf)(r, s) − f(r, s)| =
∣

∣

∣

f(pr, qs) + g(ps, qr)

θ(p, q, r, s)h(p, q)
− f(r, s)

∣

∣

∣

≤
φ(r, s)

kM
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for all r, s ∈ G. This implies that

d(Λf, f) ≤
1

kM
< ∞.

Therefore, it follows from Fixed Point Theorem (b) that there exists a
unique function f0 : G2 → R such that Λnf → f0 in (X, d) and Λf0 = f0.
Hence, the required equation satisfies from the equation (5).

Lastly, Fixed Point Theorem (d) implies that

d(f, f0) ≤
1

1− L
kM

d(Λf, f) ≤
1

kM − L
.

Therefore,

|f(r, s)− f0(r, s)| ≤
1

kM − L
φ(r, s)

for all (r, s) ∈ G2.

Theorem 2. Let h, φ : G2 → R be functions and p, q ∈ G be arbitrary

fixed elements such that |h(p, q)| ≥ M >
L

k
> 0 and φ(ps, qr) ≤ Lφ(r, s) for

r, s ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs) + g(ps, qr)− θ(p, q, r, s)h(p, q)g(r, s)| ≤ φ(r, s) ∀ p, q, r, s ∈ G, (6)

then there exists a unique function g0 satisfying

f(pr, qs) + g0(ps, qr) = θ(p, q, r, s)h(p, q)g0(r, s)

and

|g(r, s) − g0(r, s)| ≤
φ(r, s)

kM − L
(7)

for all r, s ∈ G.

Proof. We can consider the same complete metric functional space (X, d)
with Theorem 1. Corresponding to (5) in Theorem 1, let us define a mapping,
for arbitrary fixed element (p, q) ∈ G2, Λ : X → X

(Λy)(r, s) :=
f(pr, qs) + y(ps, qr)

θ(p, q, r, s)h(p, q)

for y ∈ X and all (r, s) ∈ G2. Then an obvious slight change in the steps
applied in Theorem 1 implies the defined mapping Λ a strictly contractive.
The remainder process also goes through the similar procedure as Theorem 1.
Accordingly, we arrive at the desired result..
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We have following two corollaries from Theorems 1 and 2.

Corollary 3. Let h, φ : G2 → R be functions and p, q ∈ G be arbitrary

fixed elements such that |g(p, q)| ≥ M >
L

k
> 0 and φ(pr, qs) ≤ Lφ(r, s) for all

r, s ∈ G. If f, g : G2 → R be functions such that

|f(pr, qs) + g(ps, qr)− θ(p, q, r, s)g(p, q)f(r, s)| ≤ φ(r, s) ∀ p, q, r, s ∈ G,

then there exists a unique function f0 satisfying

f0(pr, qs) + g(ps, qr) = θ(p, q, r, s)g(p, q)f0(r, s)

and

|f(r, s)− f0(r, s)| ≤
φ(r, s)

kM − L

for all r, s ∈ G.

Corollary 4. Let h, φ : G2 → R be functions and p, q ∈ G be arbitrary

fixed elements such that |f(p, q)| ≥ M >
L

k
> 0 and φ(ps, qr) ≤ Lφ(r, s) for

r, s ∈ G. If f, g : G2 → R be functions such that

|f(pr, qs) + g(ps, qr)− θ(p, q, r, s)f(p, q)g(r, s)| ≤ φ(r, s) ∀ p, q, r, s ∈ G,

then there exists a unique function g0 satisfying

f(pr, qs) + g0(ps, qr) = θ(p, q, r, s)f(p, q)g0(r, s)

and

|g(r, s) − g0(r, s)| ≤
φ(r, s)

kM − L

for all r, s ∈ G.

3. Stability of the Difference Equations

In this section, we will investigate the stability of the difference type’s equations.
By the way, their proof process is similar to that of Theorem 1. Thus even
though we will illustrate the proof’s procedure, it is enough that the required
results holds.
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3.1. Stability of the Equations (FEf−ghf , FEf−ghg)

From (FEfghf ) and (FEfghg), we can consider the difference type equation
(FEf−gfh) and (FEf−ggh).

Theorem 5. Let h, φ : G2 → R be functions and p, q ∈ G be arbitrary

fixed elements such that |h(p, q)| ≥ M >
L

k
> 0 and φ(pr, qs) ≤ Lφ(r, s) for all

r, s ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs)− g(ps, qr)− θ(p, q, r, s)h(p, q)f(r, s)| ≤ φ(r, s) ∀ p, q, r, s ∈ G, (8)

then there exists a unique function f0 satisfying

f0(pr, qs)− g(ps, qr) = θ(p, q, r, s)h(p, q)f0(r, s)

and

|f(r, s)− f0(r, s)| ≤
φ(r, s)

kM − L

for all r, s ∈ G.

Proof. As like Theorem 2, we can consider the same complete metric func-
tional space (X, d) as Theorem 1. Corresponding to (5) in Theorem 1, let us a
define a mapping, for arbitrary fixed element (p, q) ∈ G2, Λ : X → X

(Λy)(r, s) :=
y(pr, qs)− g(ps, qr)

θ(p, q, r, s)h(p, q)

for y ∈ X and all (r, s) ∈ G2. Then an obvious slight change in the steps applied
in Theorem 1 implies that the defined mapping Λ is a strictly contractive. The
remaining process also goes through a similar procedure as Theorem 1, then we
arrive at the desired result.

Theorem 6. Let h, φ : G2 → R be functions and p, q ∈ G be arbitrary

fixed elements such that |h(p, q)| ≥ M >
L

k
> 0 and φ(ps, qr) ≤ Lφ(r, s) for

r, s ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs)− g(ps, qr)− θ(p, q, r, s)h(p, q)g(r, s)| ≤ φ(r, s) ∀ p, q, r, s ∈ G, (9)

then there exists a unique function g0 satisfying

f(pr, qs)− g0(ps, qr) = θ(p, q, r, s)h(p, q)g0(r, s)
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and

|g(r, s) − g0(r, s)| ≤
φ(r, s)

kM − L
(10)

for all r, s ∈ G.

Proof. As like Theorem 5, define a mapping Λ : X → X, for arbitrary fixed
element (p, q) ∈ G2,

(Λy)(r, s) :=
f(pr, qs)− y(ps, qr)

θ(p, q, r, s)h(p, q)

for y ∈ X and all (r, s) ∈ G2. The remaining process also goes through a similar
procedure.

We have following two corollaries from Theorems 5 and 6.

Corollary 7. Let h, φ : G2 → R be functions and p, q ∈ G be arbitrary

fixed elements such that |g(p, q)| ≥ M >
L

k
> 0 and φ(pr, qs) ≤ Lφ(r, s) for all

r, s ∈ G. If f, g : G2 → R be functions such that

|f(pr, qs)− g(ps, qr)− θ(p, q, r, s)g(p, q)f(r, s)| ≤ φ(r, s) ∀ p, q, r, s ∈ G,

then there exists a unique function f0 satisfying

f0(pr, qs)− g(ps, qr) = θ(p, q, r, s)g(p, q)f0(r, s)

and

|f(r, s)− f0(r, s)| ≤
φ(r, s)

kM − L

for all r, s ∈ G.

Corollary 8. Let h, φ : G2 → R be functions and p, q ∈ G be arbitrary

fixed elements such that |f(p, q)| ≥ M >
L

k
> 0 and φ(ps, qr) ≤ Lφ(r, s) for

r, s ∈ G. If f, g : G2 → R be functions such that

|f(pr, qs)− g(ps, qr)− θ(p, q, r, s)f(p, q)g(r, s)| ≤ φ(r, s) ∀ p, q, r, s ∈ G,

then there exists a unique function g0 satisfying

f(pr, qs)− g0(ps, qr) = θ(p, q, r, s)f(p, q)g0(r, s)

and

|g(r, s) − g0(r, s)| ≤
φ(r, s)

kM − L

for all r, s ∈ G.
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3.2. Stability of the Equations (FEf−ggh), (FEf−gfh)

In this subsection, we will investigate the stability of the difference type’s equa-
tions (FEf−ggh) and (FEf−gfh) for the equations (FEfggh) and (FEfgfh),
respectively.

Theorem 9. Let h, φ : G2 → R be functions and r, s ∈ G be arbitrary

fixed elements such that |h(r, s)| ≥ M >
L

k
> 0 and φ(pr, qs) ≤ Lφ(p, q) for

p, q ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs)− g(ps, qr)− θ(p, q, r, s)g(p, q)h(r, s)| ≤ φ(p, q) ∀ p, q, r, s ∈ G, (11)

then there exists a unique function g0 satisfying

f(pr, qs)− g0(ps, qr) = θ(p, q, r, s)g0(p, q)h(r, s)

and

|g(p, q)− g0(p, q)| ≤
φ(p, q)

kM − L
(12)

for all p, q ∈ G.

Proof. As like Theorem 2, we can consider the same complete metric func-
tional space (X, d) as Theorem 1. Corresponding to (5) in Theorem 1, let us
define mapping, for the arbitrary fixed element (r, s) ∈ G2, Λ : X → X

(Λy)(p, q) :=
f(pr, qs)− y(ps, qr)

θ(p, q, r, s)h(r, s)
(13)

for all y ∈ X and (p, q) ∈ G2. Then an obvious slight change in the steps applied
in Theorem 1 implies that the defined mapping Λ is a strictly contractive. The
remainng process also goes through a similar procedure as Theorem 1.

Theorem 10. Let h, φ : G2 → R be functions and r, s ∈ G be arbitrary

fixed elements such that |h(r, s)| ≥ M >
L

k
> 0 and φ(pr, qs) ≤ Lφ(p, q) for all

p, q ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs)− g(ps, qr)− θ(p, q, r, s)f(p, q)h(r, s)| ≤ φ(p, q) ∀ p, q, r, s ∈ G,

then there exists a unique function f0 satisfying

f0(pr, qs)− g(ps, qr) = θ(p, q, r, s)f0(p, q)h(r, s)
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for each fixed p, q ∈ G such that

|f(p, q)− f0(p, q)| ≤
φ(p, q)

kM − L
(14)

for all p, q ∈ G.

Proof. In the proof of Theorem 1, we define a contractive mapping Λ : X →
X

(Λy)(p, q) =
y(pr, qs)− g(ps, qr)

θ(p, q, r, s)h(r, s)
, ∀p, q ∈ G. (15)

for some fixed elements r, s ∈ G. By a similar proof of Theorem 2, one can
obtain the desired result.

Corollary 11. Let h, φ : G2 → R be functions and r, s ∈ G be arbitrary

fixed elements such that |h(r, s)| ≥ M >
L

k
> 0 and φ(pr, qs) ≤ Lφ(p, q) for

p, q ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs)− g(ps, qr)− θ(p, q, r, s)g(p, q)f(r, s)| ≤ φ(p, q) ∀ p, q, r, s ∈ G, (16)

then there exists a unique function g0 satisfying

f(pr, qs)− g0(ps, qr) = θ(p, q, r, s)g0(p, q)f(r, s)

and

|g(p, q)− g0(p, q)| ≤
φ(p, q)

kM − L
(17)

for all p, q ∈ G.

Remark 1. For all results,

(1) Replacing φ(p, q) = φ(r, s) = δ : constant, then we obtain the same
types of results.

(2) θ(p, q, r, s) = k > 1 : constant, we will obtain similar types of results.
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