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Abstract: We compare (s,Q) and (s, S) inventory models with different service rates. The

arrival of customers constitutes Poisson process and the service time for each customer follows

an exponential distribution with parameter µ, until the inventory level reaches to s. When the

inventory level depletes to s due to service an order for replenishment is placed and the service

rate is given at a reduced rate. The optimum value of α corresponding to minimum customers’

lost is an important evaluation. The lead time follows an exponential distribution with rate

β. If there is no item in the inventory or the server is busy, then the arriving customer goes

to an orbit of infinite capacity. The inter-retrial times are exponentially distributed with

linear rate iθ, when there are i customers in the orbit. We analyze these models using Matrix

Analytic Method. Some important performance measures in the steady state are obtained. A

suitable cost function for the expected total cost is constructed and analyzed numerically and

graphically. The optimum values of s and Q are obtained for the best model.
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1. Introduction

Retrial inventory system with positive service time has been received with little
attention in the literature of inventory models. Berman et.al. [1] were the first
attempt to introduce positive service time in inventory, where it was assumed
that service time was a constant. Berman and Sapna [2] studied inventory
control at a service facility, where exactly one item from the inventory was used
for each service provided. Using Markov renewal theory, they analyzed a finite
state space process.

Kalpakam and Shanthi [4] analyzed a lost sales (S−1, S) perishable system,
under Poisson demands and exponential lifetimes, in which the reorders were
placed at every demand epoch so as to take the inventory position back to its
maximum level S. They considered that the items were replenished one at a
time and the resupply time has arbitrary distribution. Krishnamoorthy and
Jose [6] studied a retrial inventory system and calculated the expected number
of departures after receiving service, the expected number of customers lost
without getting service and the expected total cost using Matrix Analytical
Method.

Schwarz et al. [16] developed some stochastic networks which are the inte-
grated models for networks of service stations and inventories. They discussed
the advantages and disadvantages of product form modeling in the context of
service inventory systems. Viswanath et al. [11] discussed the vacation to
sever and correlated lead time in an (s, S) inventory system with positive ser-
vice time. In that work, the authors assumed Poisson arrivals, exponential
lead time and exponential retrial time. They obtained system performance
measures for the system and analyzed numerical illustrations of the cost func-
tion.Krishnamoorthy and Jose [7] compared three inventory system with pos-
itive service time and retrial of customers. They assumed positive lead time
and obtained the best model algorithmically.

Manuel et al. [10] discussed about a continuous review perishable (s, S)
inventory system with a service facility consisting of finite waiting room and
a single server. They considered the arrival of customers who finds that the
waiting room is full and enter into the orbit of infinite space. These orbiting
customers compete for service by sending out signals, the duration between two
successive attempts are exponentially distributed.

Sivakumar [17] analysed a continuous review of a two commodity inventory
system and derived the joint probability distribution for both commodities and
the number of demands in the orbit. The author obtained the joint probabil-
ity distribution for the commodities and the number of demands in the orbit.
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Rajkumar et al. [15] considered a multi-server (s, S) inventory system at a
service facility. They derived joint distribution of the number of busy servers,
number of customers in the queue and the inventory level. They also obtained
the Laplace-Stieltjes Transforms of the first passage time and of the waiting
time of a tagged customer.

Vijaya Laxmi and Sourjanya [9] analyzed a single server queueing system
in which demands arrived according to a Poisson process. They considered the
idea of an orbit of infinite size for sending the demands that occur in the server
breakdown period. Matrix geometric solution is obtained for the steady state
probability distribution of this model. The system performance measures and
cost analysis are also carried out. Padmavathi et al. [14] discussed postponed
demands and server vacation in an (s, S) inventory system with finite source.
They used the idea of modified M vacation policy in which the server goes to
an inactive period if there is no inventory in the system. They derived joint
distribution of the mode of the server, server status, the inventory level and the
number of demands in the pool.

Krishnamoorthy et al. [8] studied Queuing-inventory retrial system with
reservation, cancellation and common lifetime by the stocking of inventory
through cancellation of purchased items until the expiry time. They computed
expected sojourn time of the system in a cycle with ‘no inventory’ and also
‘maximum inventory’ in addition to several performance measures. Krenzler
and Daduna [5] proposed a single server system with infinite waiting room in
a random environment. They studied a classical loss system, where the ser-
vice process is completely blocked; service is interrupted and freshly arriving
customers are lost.

In this paper, we compare (s,Q) and (s, S) inventory models with different
service rates. Arrival of customers forms a Poisson process with rate λ. The
initial inventory level is S. The service time for each customer follows an ex-
ponential distribution with parameter µ, until the inventory level depletes to
s. When the inventory level reaches to s due to service, an order for replenish-
ment is placed and the service rate changes to αµ, where 0 < α < 1 . The lead
time follows an exponential distribution with rate β. An arriving customer who
finds an inventory level zero or server busy, proceeds to an orbit with proba-
bility γand is lost forever with probability (1 − γ) . A retrial customer in the
orbit, who finds the inventory level dry or server busy, returns to the orbit
with probability δ and is lost forever with probability (1− δ). The inter-retrial
time follows an exponential distribution with linear rate iθ when there are i

customers in the orbit. A suitable cost function is defined to compare the mod-
els. For the best model we calculate an optimum (s,Q) pair. The models are
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analyzed using Matrix Analytic Method.

This article is organized as follows. Section 2 describes the mathematical
analysis of models, which includes the steady state analysis and derivation
of system performance measures. Section 3 presents cost analysis, numerical
result and interpretations, graphical illustrations, interpretation of the graphs
and calculation of optimum (s,Q) pair. Finally, concluding remarks and future
research are included in section 4.

2. Mathematical Analysis of the Models

We consider two inventory models; one in (s,Q) policy and other in (s, S) policy.
Define (s,Q) model and (s, S) model as model 1 and model 2 respectively. In
model 1, when the inventory level depletes to s due to service, a replenishment
order for Q(= S − s) units is placed. But, in model 2, the inventory is raised
to the maximum level S when the replenishment occurred. Notations used in
this model are:

• I(t): Inventory level in the system at any time t.

• N(t): Number of customers in the orbit at any time t.

• C(t): Status of the server, which is equal to 1, if the server is busy and it
is equal to 0, if the server is idle.

Now {X(t), t ≥ 0}, whereX(t) = (N(t), C(t), I(t)), is a Level Dependent Quasi
Birth-Death process with state space {(i, 0, j); i ≥ 0, 0 ≤ j ≤ S} ∪ {(i, 1, j); i ≥
0, 1 ≤ j ≤ S}. The infinitesimal generator G of the process has the following
form:

G =















A1,0 A0

A2,1 A1,1 A0

A2,2 A1,2 A0

A2,3 A1,3 A0

. . .
. . .

. . .















(1)

It is a block tri-diagonal matrix with blocks A0, A1,i (i ≥ 0) and A2,i (i ≥ 1).
All these square matrices A0, A1,i (i ≥ 0) and A2,i (i ≥ 1) are of order (2S +1);
they are given by,

A0 =

(

B0 0
0 λγIS

)
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A1,i =

(

B1 B2

B3 B4

)

A2,i =

(

B5 B6

0 iθ(1− δ)IS

)

where B0, B1, B3 and B5 are square matrices of order (S + 1) and B2, B4 and
B6 are square matrices of order S. All the entries are same for both models
except for the matrices B1 and B4. The matrices in blocks are given by

[B0]pq =

{

λγ, p = q = 1

0, otherwise

[B1]pq =











































−(λγ + β + iθ(1− δ)), q = p = 1

−(λ+ β + iθ), q = p, 1 ≤ p ≤ s

−(λ+ iθ), q = p, s+ 1 ≤ p ≤ S + 1

β, q = S − s+ p, 1 ≤ p ≤ s for model 1

β, q = S + 1, 1 ≤ p ≤ s for model 2

0, otherwise

[B2]pq =

{

λ, q = p− 1, 2 ≤ p ≤ S + 1

0, otherwise

[B3]pq =











αµ, q = p, 1 ≤ p ≤ s

µ, q = p, s+ 1 ≤ p ≤ S

0, otherwise

[B4]pq =































−(αµ+ β + iθ(1− δ) + λγ), q = p, 1 ≤ p ≤ s

−(µ+ iθ(1− δ) + λγ), q = p, s+ 1 ≤ p ≤ S

β, q = S − s+ p, 1 ≤ p ≤ s for model 1

β, q = S, 1 ≤ p ≤ s for model 2

0, otherwise

[B5]pq =

{

iθ(1− δ), q = p = 1

0, otherwise

[B6]pq =

{

iθ, q = p− 1, 2 ≤ p ≤ S + 1

0, otherwise
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2.1. System Stability

Lyapunov test function is used to establish the stability condition. Define
φ(s) = i, if s is a state in the level i. The mean drift ys is given by,

ys =
∑

p 6=s

qsp(φ(p)− φ(s))

=
∑

u

qsu(φ(u)− φ(s)) +
∑

v

qsv(φ(v) − φ(s))

+
∑

w

qsw(φ(w) − φ(s))

where u, v and w varies over the states belonging to the levels (i − 1), i and
(i + 1) respectively. Then, by using the definition of φ , we can define φ(u) =
i− 1, φ(v) = i and φ(w) = i+ 1 so that

ys =
∑

u

qsu +
∑

w

qsw

=

{

−iθ, if the server is idle

−iθ(1− δ) + λγ, otherwise

Since (1−δ) > 0, for any ǫ > 0, we can find N ′ large enough so that ys < −ǫ

for any s belonging to the level i ≥ N ′. Hence, the system under consideration
is stable by Tweedie’s [18] result. For details of Lyapunov test function one can
refer Falin [3].

2.2. Computation of the Truncation Level N

The truncation level N is calculated by using Neuts-Rao method (see [12]). As
mentioned in Neuts [13], Elsner’s algorithm is used for evaluating the spectral
radius η(N) of R(N). Then the level N must be chosen such that the difference
between η(N) and η(N + 1) is less than some pre-assigned very small value.

2.3. System Performance Measures of Models

Let the steady state probability vector be x = (x0, x1, x2, ..., xN−1,

xN , ...). Now the (i+ 1)th component of the vector is

xi = (yi,0,0, yi,0,1, ..., yi,0,S , yi,1,1, yi,1,2, ..., yi,1,S). Then,
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a) Expected Inventory level, EI, is given by,

EI =

∞
∑

i=0

S
∑

j=0

jyi,0,j +

∞
∑

i=0

S
∑

j=1

jyi,1,j

b) Expected number of customers, EC, in the orbit is given by,

EC =

(

∞
∑

i=1

ixi

)

e

c) Expected reorder rate, ERO, is given by,

ERO = µ

∞
∑

i=0

yi,1,s+1

d) Expected number of departures, EDS, after completing service is given by,

EDS = αµ

∞
∑

i=0

s
∑

j=1

yi,1,j + µ

∞
∑

i=0

S
∑

j=s+1

yi,1,j

e) Expected number of customers lost, EL1, before entering the orbit per unit
time is given by,

EL1 = (1− γ)λ

∞
∑

i=0



yi,0,0 +

S
∑

j=1

yi,1,j





f) Expected number of customers lost, EL2, due to retrials per unit time is
given by,

EL2 = θ(1− δ)

∞
∑

i=1

i



yi,0,0 +

S
∑

j=1

yi,1,j





g) Overall retrial rate, ORR, is given by,

ORR = θ

(

∞
∑

i=0

ixi

)

e

h) Successful retrial rate, SRR, is given by,

SRR = θ

∞
∑

i=0

i





S
∑

j=1

yi,0,j
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3. Cost Analysis

Based on the system performance measures we define the expected total cost
(ETC) per unit time as

ETC = (C + (S − s)c1)ERO + c2EI + c3EC + c4(EL1 + EL2)

+ (c5 − c6)EDS

where C denotes fixed cost, c1 denotes procurement cost/unit/unit time, c2
denotes the holding cost of inventory/unit/unit time, c3 denotes holding cost of
customers/unit/unit time, c4 denotes cost due to loss of customers/unit/unit
time, c5 denotes cost due to service/unit/unit time and c6 denotes revenue from
service/unit/unit time.

3.1. Numerical Results and Interpretations

The following tables represent the overall and successful rate of retrials. From
table 1 it is seen that as α increases the overall rate of retrials from the orbit
decreases both in model 1 and model 2 and the successful rate of retrials in-
creases in model 1 and model 2. With the increases of δ, γ and λ, the overall
and the successful rate of retrials increases both in model 1 and model 2 (see in
table 2, table 3 and table 4). From table 5, it is observed that ORR decreases
and SRR increases for model 1 and model 2 with an increase in β. We can also
see the properties of ORR and SRR corresponding to different values of θ in
table 6.
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S = 100, s = 10, λ = 1.5, µ = 3,
β = 1.5, θ = 1.5, δ = 0.7, γ = 0.6

α model 1 model 2
ORR SRR ORR SRR

0.1 5.1048 1.1470 5.1048 1.1470

0.2 5.1027 1.1485 5.1027 1.1485

0.3 5.1008 1.1499 5.1008 1.1499

0.4 5.0990 1.1511 5.0990 1.1511

0.5 5.0973 1.1522 5.0973 1.1523

0.6 5.0958 1.1533 5.0958 1.1533

0.7 5.0943 1.1542 5.0943 1.1542

0.8 5.0929 1.1550 5.0929 1.1550

0.9 5.0916 1.1558 5.0916 1.1558

Table 1: Variation in α

S = 100, s = 10, λ = 1.5, µ = 3,
β = 1.5, θ = 1.5, α = 0.6, γ = 0.6.
δ model 1 model 2

ORR SRR ORR SRR

0.1 3.4755 0.9913 3.4755 0.9913

0.2 3.5977 1.0054 3.5977 1.0054

0.3 3.7492 1.0223 3.7492 1.0224

0.4 3.9425 1.0432 3.9425 1.0432

0.5 4.1986 1.0696 4.1986 1.0696

0.6 4.5561 1.1045 4.5561 1.1045

0.7 5.0958 1.1533 5.0958 1.1533

0.8 6.0222 1.2283 6.0222 1.2283

0.9 8.0805 1.3673 8.0805 1.3673

Table 2: Variation in δ
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S = 50, s = 20, λ = 1.5, µ = 3,
β = 1.5, θ = 1.5, α = 0.6, δ = 0.7.

γ model 1 model 2
ORR SRR ORR SRR

0.1 3.7657 0.9756 3.7653 0.9763

0.2 3.9997 1.0074 3.9992 1.0082

0.3 4.2498 1.0405 4.2491 1.0414

0.4 4.5169 1.0749 4.5160 1.0758

0.5 4.8020 1.1105 4.8008 1.1115

0.6 5.1059 1.1473 5.1044 1.1484

0.7 5.4294 1.1853 5.4275 1.1865

0.8 5.7732 1.2245 5.7708 1.2258

0.9 6.1381 1.2648 6.1351 1.2662

Table 3: Variation in γ

S = 50, s = 20, µ = 6, β = 1.5,
θ = 1.5, α = 0.6, δ = 0.7, γ = 0.6.

λ model 1 model 2
ORR SRR ORR SRR

1.1 4.3019 1.5719 4.2943 1.5769

1.2 4.3695 1.5737 4.3615 1.5788

1.3 4.4405 1.5765 4.4321 1.5817

1.4 4.5149 1.5801 4.5062 1.5854

1.5 4.5929 1.5846 4.5838 1.5900

1.6 4.6745 1.5900 4.6650 1.5954

1.7 4.7597 1.5962 4.7498 1.6017

1.8 4.8487 1.6032 4.8383 1.6088

1.9 4.9415 1.6111 4.9306 1.6168

Table 4: Variation in λ
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S = 20, s = 8, λ = 1.5, µ = 3,
θ = 1.5, α = 0.6, δ = 0.7, γ = 0.6.

β model 1 model 2
ORR SRR ORR SRR

1.1 5.1548 1.1165 5.1398 1.1242

1.2 5.1487 1.1205 5.1347 1.1275

1.3 5.1436 1.1238 5.1305 1.1302

1.4 5.1393 1.1265 5.1270 1.1325

1.5 5.1356 1.1289 5.1241 1.1344

1.6 5.1324 1.1309 5.1216 1.1360

1.7 5.1296 1.1327 5.1195 1.1374

1.8 5.1272 1.1342 5.1177 1.1387

1.9 5.1250 1.1356 5.1160 1.1398

Table 5: Variation in β

S = 100, s = 10, λ = 1.5, µ = 3,
β = 1.5, α = 0.6, δ = 0.7, γ = 0.6.
θ model 1 model 2

ORR SRR ORR SRR

1.1 4.0324 1.0201 4.0323 1.0201

1.2 4.3013 1.0555 4.3013 1.0555

1.3 4.5682 1.0894 4.5682 1.0894

1.4 4.8330 1.1219 4.8330 1.1219

1.5 5.0958 1.1533 5.0958 1.1533

1.6 5.3566 1.1834 5.3566 1.1834

1.7 5.6154 1.2125 5.6154 1.2125

1.8 5.8725 1.2405 5.8725 1.2405

1.9 6.1277 1.2675 6.1277 1.2675

Table 6: Variation in θ



940 K.P. Jose, K.R. Rejitha

3.2. Graphical Illustrations

S = 100, s = 10, λ = 1.5, β = 1.5, µ = 3, δ = 0.7, γ = 0.6, θ = 1.5,
C = 1500, c1 = 1.5, c2 = 0.95, c3 = 1, c4 = 0.95, c5 = 4.9, c6 = 1.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
94.5

94.6

94.7

94.8

Alpha

E
T

C

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
94.9125

94.913

94.9135

94.914

Alpha

E
T

C

Model 1

Model 2

Figure 1: α vs ETC
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S = 20, s = 8, λ = 1.5, µ = 3, θ = 1.5, δ = 0.7, γ = 0.6, α = 0.6,
C = 10, c1 = 1, c2 = 1, c3 = 1, c4 = 1, c5 = 2, c6 = 1.

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
23

23.2

23.4

23.6

23.8

24

Beta

E
T

C

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
23

23.2

23.4

23.6

23.8

24

Beta

E
T

C

Model 1

Model 2

Figure 2: β vs ETC
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S = 100, s = 10, λ = 1.5, µ = 3, θ = 1.5, β = 1.5, γ = 0.6,
α = 0.6, C = 10, c1 = 1, c2 = 1, c3 = 1, c4 = 2.2, c5 = 2, c6 = 1.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
65.5

66

66.5

67

Delta

E
T

C

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
66

66.5

67

67.5

Delta

E
T

C

Model 1

Model 2

Figure 3: δ vs ETC
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S = 50, s = 20, λ = 1.5, µ = 3, β = 1.5, θ = 1.5, δ = 0.7,
α = 0.6, C = 10, c1 = 1, c2 = 1, c3 = 1, c4 = 60, c5 = 2, c6 = 1.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
134

134.5

135

135.5

136

gamma

E
T

C

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
134

135

136

137

gamma

E
T

C

Model 1

Model 2

Figure 4: γ vs ETC
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S = 50, s = 20, θ = 1.5, µ = 6, β = 1.5, γ = 0.6, δ = 0.7,
α = 0.6, C = 20, c1 = 1, c2 = 6.91, c3 = 1, c4 = 1, c5 = 2, c6 = 1.

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
245.9

245.92

245.94

245.96

245.98

Lambda

E
T

C

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
249.8

250

250.2

250.4

Lambda

E
T

C

Model 1

Model 2

Figure 5: λ vs ETC
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S = 100, s = 10, λ = 1.5, µ = 3, β = 1.5, γ = 0.6, δ = 0.7,
α = 0.6, C = 13, c1 = 1, c2 = 1, c3 = 2.44, c4 = 1, c5 = 2, c6 = 1.

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
68.85

68.9

68.95

69

69.05

Theta

E
T

C

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
69.35

69.4

69.45

69.5

69.55

Theta

E
T

C

Model 1

Model 2

Figure 6: θ vs ETC

3.3. Interpretations of the Graphs

The main aim of this problem is to compare the two models and identify which
one is more profitable. For identifying this, we keep all parameters fixed except
one and evaluate the total expected cost per unit time corresponding to the
varying parameters. Corresponding to different values of α (keeping other pa-
rameters fixed), it is clear from fig.1,the cost function has the minimum value
94.5800 at α = 0.7 for model 1 and 94.9129 at α = 0.4 for model 2. By fixing all
parameters except β, it is clear from fig.2 the cost function has the minimum
value 23.0601 at β = 1.1 for model 1 and minimum value 23.1583 at β = 1.1 for
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model 2. For different values of δ (keeping other parameters fixed), it is clear
from fig. 3, the cost function has the minimum value 65.7811 at δ = 0.7 for
model 1 and 66.2637 at δ = 0.7 for model 2.

As γ increases, one can observe in fig.4 that the cost function attains the
minimum values 134.3575, 134.9666 at γ = 0.5, for models 1 and 2 respectively.
One can observe that the minimum value of ETC is 245.9033 at λ = 1.5 in
model 1 and 249.8049 at λ = 1.1 in model 2(fig.5) and the minimum value
of ETC is 68.8834 at θ = 1.5 in model 1 and 69.3658 at θ = 1.5 in model 2
(fig.6). In all the cases considered here, the cost function attained its optimum
(minimum) values for model 1. Therefore in a specified range of parameter
values, (s,Q) model performs better than (s, S) model.

3.4. Optimum (s,Q) Pair

The calculation of the optimum values of s and Q for the efficient model is
an important section of this paper. The optimum pairs of the efficient model
are obtained by considering suitable parameter values and cost values. They
are given by the following table. We fix λ = 1.5,µ = 3,β = 1.5,γ = 0.6,
δ = 0.7,α = 0.6,C = 20, c1 = 0.8, c2 = 0.3, c3 = 150, c4 = 1, c5 = 2, c6 = 1
and for different values of s and Q, expected total costs are calculated. The
minimum values of the cost function are 522.4524, 522.2633, 522.1232, 522.0214
and 521.9510. They are obtained at the pairs (4, 16),(4, 17),(4, 18),(4, 19) and
(4, 20).

sQ 16 17 18 19 20

2 523.0494 522.8209 522.6431 522.5021 522.3917

3 522.5270 522.3344 522.1879 522.0777 521.9973

4 522.4524 522.2633 522.1232 522.0214 521.9510

5 522.6034 522.4006 522.2526 522.1465 522.0748

6 522.8813 522.6524 522.4873 522.3685 522.2880

7 523.2204 522.9749 522.7868 522.6492 522.5543

Table 7: Effects of s on Q on expected total cost ETC
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4. Concluding Remarks and Future Research

In this paper, we compared two inventory systems (s,Q) and (s, S) by consider-
ing different service rates and derived several important performance measures
of the systems. A suitable cost function is constructed and analysed numeri-
cally and graphically. Obtained an optimum (s,Q) pair. We found that (s,Q)
model is better than (s, S) model for practical applications. The models consid-
ered in this paper have many applications in different fields, such as hospitals,
petrol pumps, banks etc.For a particular application, consider the situation in
a petrol pump. The petrol stored in a petrol pump can be considered as an
inventory. When the storage level of petrol reduces to a particular level (pre-
assigned level), an order for replenishment is placed. As the arrival of demands
(vehicles) increases, the storage level of petrol decreases and approaches to zero.
Then there is a possibility of loss of demands in the absence of petrol. In order
to avoid this situation, the service rate is to be reduced to a particular value.
In future research, one can modify these models by considering Phase-Type
arrivals or Phase-Type service time distributions or both.
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