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1. Introduction

One of the most important problems is to find the values of x which satisfy the
equation

f(x) = 0.

The solution of these problems has many applications in applied sciences. In
order to solve these problems, various numerical methods have been devel-
oped using different techniques such as adomian decomposition, Taylor’s series,
perturbation method, quadrature formulas and variational iteration technique
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 15, 16, 17, 19, 20, 21, 22, 23, 24] and the references
therein.

One of the most famous and oldest method for solving non linear equations
is classical Newton’s method which can be written as:

xn+1 = xn −
f(xn)

f ′(xn)
, n = 0, 1, 2, .... (1.1)

This is an important and basic method, which converges quadratically [2].

Modifications of Newton’s method gave various iterative methods with bet-
ter convergence order. Some of them are given in [1, 4, 5, 6, 9, 15, 22], and the
references therein.

In this paper, we develop three new iterative methods using variational
iteration technique. The variational iteration technique was developed by He
[8]. Using this technique, Noor and Shah [20] has suggested and analyzed some
iterative methods for solving the nonlinear equations. The purpose of this
technique was to solve a variety of diverse problems [7, 8]. Now we have applied
the described technique to obtain higher-order iterative methods. Our methods
are of sixth order convergence. We also discuss the convergence criteria of these
new iterative methods. Several examples are given to show the performance of
our proposed methods as compare to the other similar existing methods. Via
our generated methods, Polynomiographs of different complex polynomials is
also presented which are quiet new and reflects the dynamical behavior of our
methods.
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2. Construction of Iterative Methods using Variational Technique

In this section, we develop some new sixth order iterative methods for solving
non linear equations. By using variational iteration technique, we develop the
main recurrence relation from which we derive the new iterative methods for
solving non linear equations by considering some special cases of the auxiliary
functions g. These are multi-step methods consisting of predictor and corrector
steps. The convergence of our methods is better than the one-step methods.
Now consider the nonlinear equation of the form

f(x) = 0. (2.1)

Suppose that α is the simple root and γ is the initial guess sufficiently close to α.
Let g(x) be any arbitrary function and λ be a parameter which is usually called
the Lagrange’s multiplier and can be identified by the optimality condition.
Consider the auxiliary function

H(x) = ψ(x) + λ[f(ψ(x)g(ψ(x)], (2.2)

where ψ(x) is the arbitrary auxiliary function of order p with p ≥ 1.

Using the optimality criteria, we can obtain the value of λ from (2.2) as

λ = −
ψ(x)

g′(ψ(x))f(ψ(x)) + g(ψ(x))f ′(ψ(x))
. (2.3)

From (2.2) and (2.3), we get

H(x) = ψ(x)−
f(ψ(x))g(ψ(x))

[f ′(ψ(x))g(ψ(x)) + f(ψ(x))g′(ψ(x))]
. (2.4)

Now we are going to apply (2.4) for constructing a general iterative scheme
for iterative methods. For this, suppose that

ψ(x) = y = x−
f(x)

f ′(x)
−
f2(x)f ′′(x)

2f ′3(x)
, (2.5)

which is well known Halley’s method of third order of convergence. With the
help of (2.4) and (2.5), we can write

H(x) = y −
f(y)g(y)

[f ′(y)g(y) + f(y)g′(y)]
, (2.6)
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if α is the root of f(x), then for x = α, we can write

g(y)

g′(y)
= α−

g(α)

g′(α)
−
g2(α)g′′(α)

2g′3(α)
=
g(α)

g′(α)
. (2.7)

Also,
g(x)

g′(x)
=
g(α)

g′(α)
. (2.8)

With the help of (2.7) and (2.8), we get

g(y)

g′(y)
=
g(x)

g′(x)
. (2.9)

Using (2.9) in (2.6), we obtain

H(x) = y −
f(y)g(x)

[f ′(y)g(x) + f(y)g′(x)]
, (2.10)

which enable us to define the following iterative scheme

xn+1 = yn −
f(yn)g(xn)

[f ′(yn)g(xn) + f(yn)g′(xn)]
, (2.11)

where yn = xn − f(xn)
f ′(xn)

− f2(xn)f ′′(xn)
2f ′3(xn)

.

Relation (2.11) is the main and general iterative scheme, which we use to
deduce iterative methods for solving nonlinear equations by considering some
special cases of the auxiliary functions g.

2.1. Case 1

Let g(xn) = eβxn . Then g′(xn) = βg(xn). Using these values in (2.11), we
obtain the following algorithm.

Using these values in (2.11), we obtain the following algorithm.

Algorithm 2.1. For a given x0, compute the approximate solution xn+1

by the following iterative schemes:

yn = xn −
f(xn)

f ′(xn)
−
f2(xn)f

′′(xn)

2f ′3(xn)
, n = 0, 1, 2, ...,

xn+1 = yn −
f(yn)

[f ′(yn) + βf(yn)]
.



NEW ITERATIVE METHODS USING VARIATIONAL ITERATION... 1097

2.2. Case 2

Let g(xn) = eβf(xn). Then g′(xn) = βf ′(xn)g(xn). Using these values in (2.11),
we obtain the following algorithm.

Algorithm 2.2. For a given x0, compute the approximate solution xn+1

by the following iterative schemes:

yn = xn −
f(xn)

f ′(xn)
−
f2(xn)f

′′(xn)

2f ′3(xn)
, n = 0, 1, 2, ...,

xn+1 = yn −
f(yn)

[f ′(yn) + βf(yn)f ′(xn)]
.

2.3. Case 3

Let g(xn) = e
−

β

f(xn) . Then g′(xn) = β
f ′(xn)
f2(xn)

g(xn). Using these values in (2.11),

we obtain the following algorithm.

Algorithm 2.3. For a given x0, compute the approximate solution xn+1

by the following iterative schemes:

yn = xn −
f(xn)

f ′(xn)
−
f2(xn)f

′′(xn)

2f ′3(xn)
, n = 0, 1, 2, ...,

xn+1 = yn −
f2(xn)f(yn)

[f2(xn)f ′(yn) + βf ′(xn)f(yn)]
.

By assuming different values of β, we can obtain different iterative methods.
To obtain best results in all above algorithms, choose such values of β that make
the denominator non-zero and greatest in magnitude.

3. Convergence Analysis

In this section, we discuss the convergence order of the main and general iter-
ation scheme (2.11).

Theorem 3.1. Suppose that α is a root of the equation f(x) = 0. If f(x)
is sufficiently smooth in the neighborhood of α, then the convergence order of

the main and general iteration scheme, described in relation (2.11) is at least

six.

Proof. To analysis the convergence of the main and general iteration scheme,
described in relation (2.11), suppose that α is a root of the equation f(x) = 0



1098 Y.C. Kwun, Z. Majeed, A. Naseem, W. Nazeer, S.M. Kang

and en be the error at n-th iteration. Then en = xn − α and by using Taylor
series expansion, we have

f(x) = f ′(α)en +
1

2!
f ′′(α)e2n +

1

3!
f ′′′(α)e3n +

1

4!
f (iv)(α)e4n +

1

5!
f (v)(α)e5n

+
1

6!
f (vi)(α)e6n +O(e13n ),

f(x) = f ′(α)[en + c2e
2
n + c3e

3
n + c4e

4
n + c5e

5
n + c6e

6
n +O(e7n)], (3.1)

f ′(xn) = f ′(α)[1 + 2c2en + 3c3e
2
n + 4c4e

3
n + 5c5e

4
n + 6c6e

5
n

+ 7c7e
6
n +O(e7n)],

(3.2)

f ′′(xn) = f ′(α)[2c2 + 6c3en + 12c4e
2
n + 20c5e

3
n + 30c6e

4
n + 42c7e

5
n

+ 56c8e
6
n +O(e7n)],

(3.3)

where

cn =
1

n!

f (n)(α)

f ′(α)
.

With the help of (3.1), (3.2) and (3.3), we get

yn = α+ (−c3 + 2c22)e
3
n + (12c2c3 − 9c32 − 3c4)e

4
n

+ (15c23 − 63c3c
2
2 + 30c42 + 24c2c4 − 6c5)e

5
n

+ (−10c6 + 40c2c5 + 55c4c3 − 112c4c
2
2 − 136c2c

2
3

+ 251c3c
3
2 − 88c52)e

6
n +O(e7n),

(3.4)

f(yn) = f ′(α)[−c3 + 2c22)e
3
n + (12c2c3 − 9c32 − 3c4)e

4
n

+ (15c23 − 63c3c
2
2 + 30c42 + 24c2c4 − 6c5)e

5
n

+ (−10c6 + 40c2c5 + 55c4c3 − 112c4c
2
2 − 135c2c

2
3

+ 247c3c
3
2 − 84c52)e

6
n +O(e7n)],

(3.5)

f ′(yn) = f ′(α)[1 + (−2c2c3 + 4c32)e
3
n + (24c3c

2
2 − 18c42 − 6c2c4)e

4
n

+ (30c2c
2
3 − 126c3c

3
2 + 60c52 + 48c4c

2
2 − 12c2c5)e

5
n

+ (−20c2c6 + 80c22c5 + 110c2c4c3 − 224c4c
3
2 − 284c22c

2
3

+ 514c3c
4
2 − 176c62 + 3c33)e

6
n +O(e7n)],

(3.6)

g(xn) = g(α) + g′(α)en +
g′′(α)

2!
e2n +

g′′′(α)

3!
e3n +

g(4)(α)

4!
e4n

+
g(5)(α)

5!
e5n +

g(6)(α)

6!
e6n +O(e7n),

(3.7)
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g′(xn) = g′(α) + g′′(α)en +
g′′′(α)

2!
e2n +

g(4)(α)

3!
e3n +

g(5)(α)

4!
e4n

+
g(6)(α)

5!
e5n +

g(7)(α)

6!
e6n +O(e7n).

(3.8)

Using equations (3.1)-(3.8) in general iteration scheme (2.11), we get

xn+1 = α+
4(− c3

2 + c22)
2[g(α)c2 + g′(α)]

g(α)
e6n +O(e7n),

which implies that

en+1 =
4(− c3

2 + c22)
2[g(α)c2 + g′(α)]

g(α)
e6n +O(e7n).

The above relation shows that the main and general iteration scheme (2.11)
is of sixth order of convergence and all iterative methods deduce from it have
also convergence of order six.

4. Numerical Examples

In this section we included some nonlinear functions to illustrate the efficiency
of our developed algorithms for β = 1. We compare our developed algorithms
with Newton’s method (NM) [2], Ostrowski’s method (OM) [3], Traub’s method
(TM) [24], and modified Halley’s method (MHM) [18].We used ε = 10−15. The
following stopping criteria is used for computer programs:

1. |xn+1 − xn| < ε.

2. |f(xn+1)| < ε.

Table 1: Comparison of various iterative methods
(f1(x) = x10 − 1, x0 = 0.7)

Method N Nf |f(xn+1)| xn+1

NM 17 34 1.020203e− 25
OM 6 18 3.610418e− 20
TM 9 27 2.903022e− 44
MHM 5 15 7.301483e− 68 1.000000000000000000000000000000

Algorithm 2.1 3 9 6.816154e− 17
Algorithm 2.2 4 12 3.873651e− 18
Algorithm 2.3 3 9 1.569018e− 18
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Table 2: Comparison of various iterative methods
(f2(x) = (x− 1)3 − 1, x0 = −0.5)

Method N Nf |f(xn+1)| xn+1

NM 16 32 3.692382e− 21
OM 9 27 3.319738e− 43
TM 8 24 3.692382e− 21
MHM 7 21 2.178093e− 15 2.000000000000000000000000000000

Algorithm 2.1 4 12 1.829336e− 18
Algorithm 2.2 4 12 1.279762e− 65
Algorithm 2.3 3 9 2.042477e− 19

Table 3: Comparison of various iterative methods

(f3(x) = xex
2

− sin2 x+ 3 cosx+ 5, x0 = −2.5)

Method N Nf |f(xn+1)| xn+1

NM 11 22 5.818711e− 27
OM 5 15 5.139377e− 39
TM 6 18 2.504418e− 54
MHM 11 33 1.111535e− 38 −1.207647827130918927009416758360

Algorithm 2.1 4 12 5.630011e− 34
Algorithm 2.2 5 15 9.011081e− 41
Algorithm 2.3 4 12 4.225070e− 35

Table 4: Comparison of various iterative methods
(f4(x) = sin2 x− x2 + 1, x0 = 0.1)

Method N Nf |f(xn+1)| xn+1

NM 15 30 3.032691e− 22
OM 8 24 2.481593e− 57
TM 8 24 2.903022e− 44
MHM 7 21 7.771503e− 47 1.404491648215341226035086817790

Algorithm 2.1 4 12 4.670630e− 40
Algorithm 2.2 6 18 1.208844e− 45
Algorithm 2.3 3 9 1.401860e− 29

Table 5: Comparison of various iterative methods

(f5(x) = ex
2
+7x−30 − 1, x0 = 2.8)

Method N Nf |f(xn+1)| xn+1

NM 16 32 1.277036e− 16
OM 5 15 3.837830e− 24
TM 8 24 1.277036e− 16
MHM 5 15 8.373329e− 70 3.000000000000000000000000000000

Algorithm 2.1 3 9 7.348095e− 34
Algorithm 2.2 3 9 9.157220e− 32
Algorithm 2.3 3 9 4.858181e− 34
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Table 6: Comparison of various iterative methods
(f6(x) = xex − 1, x0 = 1)

Method N Nf |f(xn+1)| xn+1

NM 5 10 8.478184e− 17
OM 3 9 8.984315e− 40
TM 3 9 2.130596e− 33
MHM 3 9 1.116440e− 68 0.567143290409783872999968662210

Algorithm 2.1 2 6 2.082194e− 19
Algorithm 2.2 2 6 1.292777e− 17
Algorithm 2.3 2 6 2.468437e− 27

Table 7: Comparison of various iterative methods
(f7(x) = x3 + 4x2 − 15, x0 = −0.3)

Method N Nf |f(xn+1)| xn+1

NM 38 76 1.688878e− 22
OM 6 18 1.173790e− 16
TM 19 57 1.688878e− 22
MHM 16 48 3.742527e− 16 1.631980805566063517522106445540

Algorithm 2.1 4 12 4.389281e− 60
Algorithm 2.2 6 18 1.744284e− 38
Algorithm 2.3 4 12 1.639561e− 72

Tables 1-7. Shows the numerical comparisons of Newton’s method, Os-
trowski’s method, Traub’s method, modified Halley’s method and our developed
methods. The columns represent the number of iterations N and the number of
functions or derivatives evaluations Nf required to meet the stopping criteria,
and the magnitude |f(x)| of f(x) at the final estimate xn.

5. Polynomiography

Polynomials are one of the most significant objects in many fields of mathemat-
ics. Polynomial root-finding has played a key role in the history of mathematics.
It is one of the oldest and most deeply studied mathematical problems. The
last interesting contribution to the polynomials root finding history was made
by Kalantari [11], who introduced the polynomiography. As a method which
generates nice looking graphics, it was patented by Kalantari in 2005 [12]. Poly-
nomiography is defined to be “the art and science of visualization in approxi-
mation of the zeros of complex polynomials, via fractal and non fractal images
created using the mathematical convergence properties of iteration functions”.
[11]. An individual image is called a “polynomiograph”. Polynomiography
combines both art and science aspects.
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Polynomiography gives a new way to solve the ancient problem by using
new algorithms and computer technology. Polynomiography is based on the use
of one or an infinite number of iteration methods formulated for the purpose
of approximation of the root of polynomials e.g., Newton’s method, Halley’s
method, etc. The word “fractal”, which partially appeared in the definition of
polynomiography, was coined by the famous mathematician Benoit Mandelbrot
[13]. Both fractal images and polynomiographs can be obtained via different
iterative schemes. Fractals are self-similar has typical structure and indepen-
dent of scale. On the other hand, polynomiographs are quite different. The
“polynomiographer” can control the shape and designed in a more predictable
way by using different iteration methods to the infinite variety of complex poly-
nomials. Generally, fractals and polynomiographs belong to different classes of
graphical objects. Polynomiography has diverse applications in math, science,
education, art and design. According to Fundamental Theorem of Algebra, any
complex polynomial with complex coefficients {an, an−1, ..., a1, a0}:

p(z) = anz
n + an−1z

n−1 + · · ·+ a1z + a0

or by its zeros (roots) {r1, r2, ..., rn−1, rn} :

p(z) = (z − r1)(z − r2) · · · (z − rn)

of degree n has n roots (zeros) which may or may not be distinct. The degree
of polynomial describes the number of basins of attraction and placing roots on
the complex plane manually localization of basins can be controlled.

Usually, polynomiographs are colored based on the number of iterations
needed to obtain the approximation of some polynomial root with a given ac-
curacy and a chosen iteration method. The description of polynomiography, its
theoretical background and artistic applications are described in [11, 12, 14].

5.1. Iteration

During the last century, the different numerical techniques for solving nonlinear
equation f(x) = 0 have been successfully applied. Now we define our developed
algorithms as

yn = xn −
2f(xn)f

′(xn)

2f ′2(xn)− f(xn)f ′′(xn)
, n = 0, 1, 2, ...,

xn+1 = yn −
f2(xn)f(yn)

[f2(xn)f ′(yn)− 2βxnf(yn)]
,
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which we call Algorithm 2.1 for solving nonlinear equations.

yn = xn −
2f(xn)f

′(xn)

2f ′2(xn)− f(xn)f ′′(xn)
, n = 0, 1, 2, ...,

xn+1 = yn −
f(yn)

[f ′(yn)− βf(yn)f ′(xn)]
,

which we call Algorithm 2.2 for solving nonlinear equations.

yn = xn −
2f(xn)f

′(xn)

2f ′2(xn)− f(xn)f ′′(xn)
, n = 0, 1, 2, ...,

xn+1 = yn −
f(yn)

[f ′(yn)− βf(yn)]
,

which we call Algorithm 2.3 for solving nonlinear equations.
Let p(z) be the complex polynomial. Then

yn = zn −
2f(zn)f

′(zn)

2f ′2(zn)− f(zn)f ′′(zn)
, n = 0, 1, 2, ...,

zn+1 = yn −
f2(zn)f(yn)

[f2(zn)f ′(yn)− 2βznf(yn)]
,

which is Algorithm 2.1 for solving nonlinear complex equations.

yn = zn −
2f(zn)f

′(zn)

2f ′2(zn)− f(zn)f ′′(zn)
, n = 0, 1, 2, ...,

zn+1 = yn −
f(yn)

[f ′(yn)− βf(yn)f ′(zn)]
,

which is Algorithm 2.2 for solving nonlinear complex equations.

yn = zn −
2f(zn)f

′(zn)

2f ′2(zn)− f(zn)f ′′(zn)
, n = 0, 1, 2, ...,

zn+1 = yn −
f(yn)

[f ′(yn)− βf(yn)]
,

which is Algorithm 2.3 for solving nonlinear complex equations.
Where z0 ∈ C is a starting point. The sequence {zn}

∞
n=0 is called the orbit

of the point z0 converges to a root z∗ of p then, we say that z0 is attracted to
z∗. A set of all such starting points for which {zn}

∞
n=0 converges to root z∗ is

called the basin of attraction of z∗.
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6. Convergence Test

In the numerical algorithms that are based on iterative processes we need a
stop criterion for the process, that is, a test that tells us that the process
has converged or it is very near to the solution. This type of test is called a
convergence test. Usually, in the iterative process that use a feedback, like the
root finding methods, the standard convergence test has the following form:

|zn+1 − zn| < ε, (6.1)

where zn+1 and zn are two successive points in the iteration process and ε > 0
is a given accuracy. In this paper we also use the stop criterion (6.1).

7. Applications

In this section we present some examples of polynomiographs for different com-
plex polynomials equation p(z) = 0 and some special polynomials using our
developed algoritms.The different colors of a images depend upon number of
iterations to reach a root with given accuracy ε = 0.001. One can obtain in-
finitely many nice looking polynomiographs by changing parameter k, where k
is the upper bound of the number of iterations.

7.1. Polynomiographs of Different Complex Polynomial

In this section, we present polynomiographs of the following complex polyno-
mials, using our developed methods for β = 1. (Figures 1-13)

Example 7.1. Polynomiograph for z2 − 1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.
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Figure 1. Polynomiography for z2 − 1 = 0

Example 7.2. Polynomiograph for z2 + 1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.

Figure 2. Polynomiographs of z2 + 1 = 0

Example 7.3. Polynomiograph for z3 − 1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.
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Figure 3. Polynomiographs of z3 − 1 = 0

Example 7.4. Polynomiograph for z3 + 1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.

Figure 4. Polynomiographs of z3 + 1 = 0

Example 7.5. Polynomiograph for z4 − 1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.
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Figure 5. Polynomiographs of z4 − 1 = 0

Example 7.6. Polynomiograph for z4 + 1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.

Figure 6. Polynomiographs of z4 + 1 = 0

Example 7.7. Polynomiograph for z5 − 1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.
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Figure 7. Polynomiographs of z5 − 1 = 0

Example 7.8. Polynomiograph for z5 + 1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.

Figure 8. Polynomiographs of z5 + 1 = 0

Example 7.9. Polynomiograph for z6 − 1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.
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Figure 9. Polynomiographs of z6 − 1 = 0

Example 7.10. Polynomiograph for z7−1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.

Figure 10. Polynomiographs of z7 − 1 = 0

Example 7.11. Polynomiograph for z8−1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.



1110 Y.C. Kwun, Z. Majeed, A. Naseem, W. Nazeer, S.M. Kang

Figure 11. Polynomiographs of z8 − 1 = 0

Example 7.12. Polynomiograph for z9−1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.

Figure 12. Polynomiographs of z9 − 1 = 0

Example 7.13. Polynomiograph for z10−1 = 0 via Newton’s method (row
one, left figure), Ostrowski’s method (row one, middle (left) figure), Traub’s
method (row one, middle (right) figure), modified Halleys’s method (row one,
right figure), Algorithm 2.1 (row two, left figure), Algorithm 2.2 (row two,
middle figure) and Algorithm 2.3 (row two, right figure) are given below.
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Figure 13. Polynomiographs of z10 − 1 = 0

8. Conclusions

We have established three new sixth order methods for solving non linear func-
tions. Our developed methods are all free from second and higher derivatives
having efficiency index 6

1
3 ≈ 1.8171. We compared our methods with other

well known iterative methods and comparison Tables 1-7 show that our meth-
ods are quite fast and efficient from other similar methods. We also presented
polynomiographs of different complex polynomials via our developed methods.
The obtained polynomiographs are quite new, different from images by the
Newton’s method, Halley’s method, Traub’s method and interesting from the
aesthetic point of view.
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