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Abstract: In this paper, we prove a common fixed point theorem for commuting mappings

satisfying a generalized φ-weak contraction condition that involves cubic terms of d(x, y). At

the end, we provide an example in support of our result.
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1. Introduction

In 1922, the Polish mathematician Banach proved a fixed point theorem, which
is the basic tool to show the existence and uniqueness of a fixed point under
appropriate conditions. This result is known as Banach contraction principle,
which states that

Let (X, d) be a complete metric space. If T satisfies d(Tx, Ty) ≤ kd(x, y)
for each x, y ∈ X, where 0 ≤ k < 1, then T has a unique fixed point in X.

This theorem provides a technique for solving a variety of applied problems
in mathematical sciences and engineering. The generalizations of Banach con-
traction principle gave new direction to researchers in the field of fixed point
theory.
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In 1969, Boyd and Wong [2] replaced the constant k in Banach contractive
condition by an upper semi-continuous function as follows: Let (X, d) be a
complete metric space and ψ : [0,∞) → [0,∞) be upper semi continuous from
the right such that 0 ≤ ψ(t) < t for all t > 0. If T : X → X satisfies d(Tx, Ty) ≤
ψ(d(x, y)) for all x, y ∈ X, then it has a unique fixed point x ∈ X and {T nx}
converges to x for all x ∈ X.

In 1997, Alber and Gueree-Delabriere [1] introduced the concept of weak
contraction in Hilbert spaces.

Later on, Rhoades [5] has shown that the results of Alber and Gueree-
Delabriere [1] is also valid in complete metric spaces given below:

A mapping T : X → X is said to be weak contraction if for each x, y,∈ X,
there exists a function φ : [0,∞) → [0,∞), φ(t) > 0 for all t > 0 and φ(0) = 0
such that

d(Tx, Ty) ≤ d(x, y)− φ(d(x, y)).

In 2013, Murthy and Vara Prasad [4] introduced a new type of inequality
involving cubic terms of d(x, y) that extended and generalized the results of
Alber and Gueree-Delabriere [1] and others cited in the literature of fixed point
theory.

In this paper, we extend and generalize the result of Murthy and Vara
Prasad [4] for a pair of mappings satisfying generalized φ-weak contractive
condition involving various combination of d(x, y).

2. Main Results

For the last quarter of the 20th century, there has been a considerable interest to
study common fixed point theorems for a pair (or pairs) of mappings satisfying
contractive conditions in metric spaces. Several interesting and elegant results
were obtained in this direction by various authors. In particular, we have to look
first why we need such types of mappings in the context of common fixed point
theorems in metric spaces? Start with the following contraction conditions:

Let T be a mapping from a complete metric space (X, d) into itself. Consider
the following conditions:

(1) d(Tx, Ty) ≤ αd(x, y) for all x, y ∈ X, where 0 ≤ α < 1,

(2) d(Tx, Ty) ≤ β[d(x, Tx) + d(y, Ty)] for all x, y ∈ X, where 0 ≤ β < 1/2.

It is clear that every self-mapping T satisfying condition (1) is continuous
but it may fail to be continuous if it satisfies condition (2). In late 70’s many
generalizations of the condition (1) and (2) appeared. To focus such a pioneer
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problem mathematician generalizes the condition (1) for a pair of self-mappings
T and S in the following ways:

(3) d(Tx, Sy) ≤ αd(x, y) for all x, y ∈ X, where 0 ≤ α < 1,

(4) d(Tx, Ty) ≤ αd(Sx, Sy) for all x, y ∈ X, where 0 ≤ α < 1.

To prove the existence of common fixed points for the condition (3) one
can choose an arbitrary point x0 ∈ X and define a sequence {xn} of X by
x2n+1 = Tx2n and x2n+2 = Sx2n+1, n ∈ N0.

To find the common fixed points for the condition (4), it is necessary to add
some additional assumptions and one has to follow the following pattern:

(i) construction of the sequence {xn},

(ii) some mechanism to obtain common fixed point.

In 1976, Jungck [3] resolved this problem by imposing additional hypothesis
of commutativity of mappings

Most of the papers satisfying condition (4) followed the following criteria:

(i) contraction,

(ii) continuity of functions (either one or both) and

(iii) commutativity of mappings.

In some cases condition (ii) can be relaxed but condition (i) and (iii) are
unavoidable.

The answer of the Global problem, How to develop extensively this theory?
We affirmatively answered when mathematicians diverted their research in the
direction of conditions (i) and (iii).

In 2013, Murthy and Vara Prasad [4] proved the following result:

Theorem 2.1. Let T be a complete metric space (X, d) into itself satis-

fying (2.1) satisfying the following conditions:

[1 + pd(x, y)]d2(Tx, Ty)

≤ pmax{1/2[d2(x, Tx)d(y, Ty) + d(x, Tx)d2(y, Ty)],

d(x, Tx)d(x, Ty)d(y, Tx), d(x, Ty)d(y, Tx)d(y, Ty)}

+m(x, y)− φ(m(x, y)),

(2.1)

where

m(x, y) = max{d2(x, y), d(x, Tx)d(y, Ty), d(x, Ty)d(y, Tx),

1/2[d(x, Tx)d(x, Ty) + d(y, Tx)d(y, Ty)]},
(2.2)

p ≥ 0 is a real number and φ : [0,∞) → [0,∞) is a continuous function with

φ(t) = 0 ⇔ t = 0 and φ(t) > 0 for each t > 0.

Then T has a unique fixed point in X.
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Now, we extend and generalize Theorem 2.1 for commuting mappings as
follows:

Theorem 2.2. Let S and T be mappings of a complete metric space

(X, d) into itself satisfying the following conditions:

(C1) T (X) ⊂ S(X),

(C2) S is continuous,

[1 + pd(Sx, Sy)]d2(Tx, Ty)

≤ pmax{1/2[d2(Sx, Tx)d(Sy, Ty) + d(Sx, Tx)d2(Sy, Ty)],

d(Sx, Tx)d(Sx, Ty)d(Sy, Tx),

d(Sx, Ty)d(Sy, Tx)d(Sy, Ty))}

+m(Sx, Sy)− φ(m(Sx, Sy)),

(2.3)

where

m(Sx, Sy)

= max{d2(Sx, Sy), d(Sx, Tx)d(Sy, Ty), d(Sx, Ty)d(Sy, Tx),

1/2[d(Sx, Tx)d(Sx, Ty) + d(Sy, Tx)d(Sy, Ty)])},

(2.4)

p ≥ 0 is a real number and φ : [0,∞) → [0,∞) is a continuous function with

φ(t) = 0 ⇔ t = 0 and φ(t) > 0 for each t > 0.

Then S and T have a unique common fixed point in X provided S and T
commute on X.

Proof. Let x0 ∈ X be an arbitrary point. From (C1) we can find x1 such
that Sx1 = Tx0. for this x1 we can find x2 ∈ X such that Sx2 = Tx1. In
general, one can choose {xn} in X such that

Sxn+1 = Txn, n = 0, 1, 2, . . . . (2.5)

We may assume that Sxn 6= Sxn+1 for each n if there exist n such that
Sxn = Sxn+1, then Sxn = Sxn+1 = Txn, yields S and T have a fixed point.

Now we write αn = d(Sxn, Sxn+1).

Firstly we prove that αn is non increasing sequence and converges to 0.
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If n is even, taking x = x2n and y = x2n+1 in (2.3), we get

[1 + pd(Sx2n, Sx2n+1)]d
2(Tx2n, Tx2n+1)

≤ pmax{1/2[d2(Sx2n, Tx2n+1)d(Sx2n+1, Tx2n+1)

+ d(Sx2n, Tx2n)d
2(Sx2n+1, Tx2n+1)],

d(Sx2n, Tx2n)d(Sx2n, Tx2n+1)d(Sx2n+1, Tx2n),

d(Sx2n, Tx2n+1)d(Sx2n+1, Tx2n)d(Sx2n+1, Tx2n+1))}

+m(Sx2n, Sx2n+1)− φ(m(Sx2n, Sx2n+1)),

where

m(Sx2n, Sx2n+1)

= max{d2(Sx2n, Sx2n+1), d(Sx2n, Tx2n)d(Sx2n+1, Tx2n+1),

d(Sx2n, Tx2n+1)d(Sx2n+1, Tx2n),

1/2[d(Sx2n, Tx2n)d(Sx2n, Tx2n+1)

+ d(Sx2n+1, Tx2n)d(Sx2n+1, Tx2n+1))]}

Using (2.5) we get

[1 + pd(Sx2n, Sx2n+1)]d
2(Sx2n+1, Sx2n+2)

≤ pmax{1/2[d2(Sx2n, Sx2n+1)d(Sx2n+1, Sx2n+2)

+ d(Sx2n, Sx2n+1)d
2(Sx2n+1, Sx2n+2))],

d(Sx2n, Sx2n+1)d(Sx2n, Sx2n+2)d(Sx2n+1, Sx2n+1),

d(Sx2n, Sx2n+2)d(Sx2n+1, Sx2n+1)d(Sx2n+1, Sx2n+2))}

+m(Sx2n, Sx2n+1)− φ(m(Sx2n, Sx2n+1)),

where

m(Sx2n, Sx2n+1)

= max{d2(Sx2n, Sx2n+1), d(Sx2n, Sx2n+1)d(Sx2n+1, Sx2n+2),

d(Sx2n, Sx2n+2)d(Sx2n+1, Sx2n+1),

1/2[(d(Sx2n, Sx2n+1)d(Sx2n, Sx2n+2)

+ d(Sx2n+1, Sx2n+1)d(Sx2n+1, Sx2n+2))}

Now consider α2n = d(Sx2n, Sx2n+1). Then we have

[1 + pα2n]α
2
2n+1 ≤ pmax{1/2[α2

2nα2n+1 + α2nα
2
2n+1], 0, 0)}

+m(Sx2n, Sx2n+1)− φ(m(Sx2n, Sx2n+1)),
(2.6)
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where

m(Sx2n, Sx2n+1) = max{α2
2n, α2nα2n+1, 0, 1/2[α2nd(Sx2n, Sx2n+2) + 0]}.

By triangular inequality and using property of φ, we get

d(Sx2n, Sx2n+2) ≤ d(Sx2n, Sx2n+1) + d(Sx2n+1, Sx2n+2)

= α2n + α2n+1.

Then

d(Sx2n, Sx2n+1) ≤ m(x, y)

= max{α2
2n, α2nα2n+1, 0, 1/2[α2n(α2n + α2n+1), 0]}.

If α2n < α2n+1, then (2.6) reduces to pα2
2n+1 ≤ pα2

2n+1 − φα2
2n+1, which is

a contradiction. Therefore, α2
2n+1 ≤ α2

2n implies that α2n+1 ≤ α2n.

In a similar way, if n is odd, then we can obtain α2n+2 < α2n+1.

It follows that the sequence {αn} is decreasing.

Let limn→∞ αn = r for some r ≥ 0.

Suppose that r > 0. Then from inequality (2.3), we have

[1 + pd(Sxn, Sxn+1)]d
2(Txn, Txn+1)

≤ pmax{1/2[d2(Sxn, Txn)d(Sxn+1, Txn+1)

+ d(Sxn, Txn)d
2(Sxn+1, Txn+1)],

d(Sxn, Txn)d(Sxn, Txn+1)d(Sxn+1, Txn),

d(Sxn, Txn+1)d(Sxn+1, Txn)d(Sxn+1, Txn+1)}

+m(Sxn, Sxn+1)− φ(m(Sxn, Sxn+1)),

where

m(Sxn, Sxn+1)

= max{d2(Sxn, Sxn+1), d(Sxn, Txn)d(Sxn+1, Txn+1),

d(Sxn, Txn+1)d(Sxn+1, Txn),

1/2[d(Sxn, Txn)d(Sxn, Txn+1)

+ d(Sxn+1, Txn)d(Sxn+1, Txn+1))]}.
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Now by using (2.5) we get,

[1 + pd(Sxn, Sxn+1)]d
2(Sxn+1, Sxn+2)

≤ pmax{1/2[d2(Sxn, Sxn+1)d(Sxn+1, Sxn+2)

+ d(Sxn, Sxn+1)d
2(Sxn+1, Sxn+2)],

d(Sxn, Sxn+1)d(Sxn, Sxn+2)d(Sxn+1, Sxn+1),

d(Sxn, Sxn+2)d(Sxn+1, Sxn+1)d(Sxn+1, Sxn+2)}

+m(Sxn, Sxn+1)− φ(m(Sxn, Sxn+1)),

where
m(Sxn, Sxn+1)

= max{d2(Sxn, Sxn+1), d(Sxn, Sxn+1)d(Sxn+1, Sxn+2),

d(Sxn, Sxn+2)d(Sxn+1, Sxn+1),

1/2[d(Sxn, Sxn+1)d(Sxn, Sxn+2)

+ d(Sxn+1, Sxn+1)d(Sxn+1, Sxn+2)]}.

Using triangular inequality and property of φ and taking limits as n→ ∞,
we get

[1 + pr]r2 ≤ pr3 + r2 − φ(r2).

Then φ(r2) ≤ 0, since r is positive, then by property of φ, we get r = 0, we
conclude that

lim
n→∞

αn = lim
n→∞

d(Sxn, Sxn+1) = r = 0. (2.5)

Now we show that {Sxn} is a Cauchy sequence. For given ǫ > 0 we can
find two sequence of positive integers {m(k)} and {n(k)} such that

d(Sxm(k), Sxn(k)) ≥ ǫ, d(Sxm(k), Sxn(k)−1) < ǫ (2.6)

and n(k) > m(k) > k.
Now

ǫ ≤ d(Sxm(k), Sxn(k))

≤ d(Sxm(k), Sxn(k)−1) + d(Sxn(k)−1, Sxn(k)).
(2.7)

Letting k → ∞, we get

lim
n→∞

d(Sxm(k), Sxn(k)) = ǫ. (2.8)

Now from the triangular inequality we have,

(Sxn(k), Sxm(k)+1)− d(Sxm(k), Sxn(k))| ≤ d(Sxm(k), Sxm(k)+1). (2.9)
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Taking limits as → ∞ and using (2.5)and (2.8), we have

lim
k→∞

d(Sxn(k), Sxm(k)+1) = ǫ. (2.10)

Again from the triangular inequality, we have

|d(Sxm(k), Sxn(k)+1)− d(Sxm(k), Sxn(k))| ≤ d(Sxn(k), Sxn(k)+1). (2.11)

Taking limits as → ∞ and using (2.5) and (2.8), we have

lim
k→∞

d(Sxm(k), Sxn(k)+1) = ǫ. (2.12)

Similarly, on using triangular inequality, we have

|d(Sxm(k)+1, Sxn(k)+1)− d(Sxm(k), Sxn(k))|

≤ d(Sxm(k), Sxm(k)+1) + d(Sxn(k), Sxn(k)+1).
(2.13)

Taking limit as k → ∞ in the above inequality and using (2.5) and (2.8), we
have

lim
k→∞

d(Sxn(k)+1, Sxm(k)+1) = ǫ.

On putting x = xm(k) and y = xn(k) in (2.3), we get

[1 + pd(Sxm(k), Sxn(k))]d
2(Txm(k), Txn(k))

≤ pmax{1/2[d2(Sxm(k), Txm(k))d(Sxn(k), Txn(k))

+ d(Sxm(k), Txm(k))d
2(Sxn(k), Txn(k))],

d(Sxm(k), Txm(k))d(Sxm(k), Txn(k))d(Sxn(k), Txm(k)),

d(Sxm(k), Txn(k))d(Sxn(k), Txm(k))d(Sxn(k), Txn(k))}

+m(Sxm(k), Sxn(k))− φ(m(Sxm(k), Sxn(k))),

where

m(Sxm(k), Sxn(k))

= max{d2(Sxm(k), Sxn(k)), d(Sxm(k), Txm(k))d(Sxn(k), Txn(k)),

d(Sxm(k), Txn(k))d(Sx(n(k)), Tx(m(k))),

1/2[(d(Sxm(k), Txm(k))d(Sxm(k), Txn(k))

+ d(Sxn(k), Txm(k))d(Sxn(k), Txn(k))]}.
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Using (2.3) we obtain

[1 + pd(Sxm(k), Sxn(k))]d
2(Sxm(k)+1, Sxn(k)+1)

≤ pmax{1/2d2(Sxm(k), Sxm(k)+1)d(Sxn(k), Sxn(k)+1)

+ d(Sxm(k), Sxm(k)+1)d
2(Sxn(k), Sxn(k)+1)],

d(Sxm(k), Sxm(k)+1)d(Sxm(k), Sxn(k)+1)d(Sxn(k), Sxm(k)+1),

d(Sxm(k), Sxn(k)+1)d(Sxn(k), Sxm(k)+1)d(Sxn(k), Sxn(k)+1)}

+m(Sxm(k), Sxn(k))− φ(m(Sxm(k), Sxn(k))),

where

m(Sxm(k), Sxn(k))

= max{d2(Sxm(k), Sxn(k)), d(Sxm(k), Sxm(k)+1)d(Sxn(k), Sxn(k)+1),

d(Sxm(k), Sxn(k)+1)d(Sxn(k), Sxm(k)+1),

1/2[d(Sxm(k) , Sxm(k)+1)d(Sxm(k), Sxn(k)+1)

+ d(Sxn(k), Sxm(k)+1)d(Sxn(k), Sxn(k)+1)]}.

Letting k → ∞ and using (2.5)-(2.14), we get

[1 + pǫ]ǫ2 ≤ pmax{1/2[0 + 0], 0, 0} + ǫ2 − φ(ǫ2)

= ǫ2 − φ(ǫ2),

which is a contradiction. Thus {Sxn} is a Cauchy sequence in X. Since (X, d)
is a complete metric space. Therefore, {Sxn} converges to a point z and
{Sxn+1} = {Txn} also converges to the same point z.

Since {Sxn} converges to a point z, therefore {SSxn} converges to Sz as
S is continuous. Also {Txn} converges to z implies that {STxn} converges to
Sz as S is continuous. However, since S and T are commute on X therefore,
STxn = TSxn implies that {TSxn} converges to Sz.

Now we show that Sz = Tz.

Let us take

[1 + pd(SSxn, Sz)]d
2(TSxn, T z)

≤ pmax{1/2[d2(SSxn, TSxn)d(Sz, Tz) + d(SSxn, TSxn)d
2(Sz, Tz)],

d(SSxn, TSxn)d(SSxn, T z)d(Sz, TSxn),

d(SSxn, T z)d(Sz, TSxn)d(Sz, Tz))}

+m(SSxn, Sz)− φ(m(SSxn, Sz)),
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where

m(SSxn, Sz)

= max{d2(SSxn, Sz), d(SSxn, TSxn)d(Sz, Tz),

d(SSxn, T z)d(Sz, TSxn),

1/2[d(SSxn, TSxn)d(SSxn, T z) + d(Sz, TSxn)d(Sz, Tz)])}.

Letting n→ ∞, we have

m(SSz, Sz) = max{0, 0, 0} = 0.

Also we get

[1 + pd(Sz, Sz)]d2(Sz, Tz) ≤ pmax{0, 0, 0} + 0− φ(0).

Therefore, d2(Sz, Tz) ≤ 0 and hence Sz = Tz. This further implies that SSz =
STz.

Next put x = Sz and y = z in equation (2.3) we get

[1 + pd(SSz, Sz)]d2(TSz, Tz)

≤ pmax{1/2[d2(SSz, TSz)d(Sz, Tz) + d(SSz, TSz)d2(Sz, Tz))],

d(SSz, TSz)d(SSz, Tz)d(Sz, TSz),

d(SSz, Tz)d(Sz, TSz)d(Sz, Tz)}

+m(SSz, Sz) − φ(m(SSz, Sz)),

where

m(SSz, Sz)

= max{d2(SSz, Sz), d(SSz, TSz)d(Sz, Tz), d(SSz, Tz)d(Sz, TSz),

1/2[d(SSz, TSz)d(SSz, Tz) + d(Sz, TSz)d(Sz, Tz)]}.

Also by using SSz = STz = TSz and Sz = Tz. we have

[1 + pd(SSz, Sz)]d2(SSz, Sz)

≤ pmax{0, 0, 0} +m(SSz, Sz)− φ(m(SSz, Sz)),

which implies that

[1 + pd(SSz, Sz)]d2(SSz, Sz) ≤ d2(SSz, Sz) − φ(d2(SSz, Sz)).

Thus we get d2(SSz, Sz) = 0, implies that SSz = Sz. Hence we have

Sz = SSz = STz = TSz.
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Therefore, Sz is a common fixed point of S and T.

Fuinally, to prove the uniqueness of the fixed point, thus, S and T can have
only one common fixed point. Suppose that xand y (x 6= y) are two fixed point
of S and T. Therefore x = Sx = Tx and y = Sy = Ty from (2.3) we have

[1 + pd(x, y)]d2(x, y)

≤ pmax{0, 0, 0} +m(x, y)− φ(m(x, y)),

which implies that

[1 + pd(x, y)]d2(x, y) ≤ d2(x, y) − φ(d2(x, y)).

Thus we get d2(x, y) = 0. Hence we have x = y.

Therefore S and T have a unique common fixed point in X. This completes
the proof.

If we put p = 0 in Theorem 2.2, we have the following result.

Corollary 2.3. Let S and T be mappings of a complete metric space

(X, d) into itself satisfying (C1), (C2) and the following conditions:

d2(Tx, Ty) ≤ m(Sx, Sy)− φ(m(Sx, Sy)),

where

m(Sx, Sy) = max{d2(Sx, Sy), d(Sx, Tx)d(Sy, Ty), d(Sx, Ty)d(Sy, Tx),

1/2[d(Sx, Tx)d(Sx, Ty) + d(Sy, Tx)d(Sy, Ty)])},

p ≥ 0 is a real number and φ : [0,∞) → [0,∞) is a continuous function with

φ(t) = 0 ⇔ t = 0 and φ(t) > 0 for each t > 0.

Then S and T have a unique common fixed point in X provided S and T
commute on X.

Remark 2.4. If we put S = I (the identity mapping) in Theorem 2.2, we
get the required result (Theorem 2.1) of Murthy and Vara Prasad [4].

Example 2.5. Let X = {0, 1, 2} and d be the usual metric on X. Let
T : X → X and S : X → X be two self-mappings defined by T0 = T1 = 0 and
T2 = 1, S0 = 0, S1 = 1, S2 = 2 and define φ : [0,∞) → [0,∞) by φ(t) = t/3.
for any values of p > 0 and x, y ∈ X. Then it is easy to verify the inequality
(2.3) holds. Hence Theorem 2.2 holds well.
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