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Abstract: The maximum flow problem is one of the classic combinatorial optimization and

an NP-hard problem with many application in computer networks, communication networks

and logistic networks. The Fuzzy Maximum Flow Problem with Fuzzy Time-Windows in

Hyper Network (FMFPFTWHN) is an extension of the maximum flow problem. The goal

of the problem is to find the maximum amount of flow from the source to the sink in hyper

networks that satisfy a fuzzy time-windows constraint. In this paper, we consider a generalized

fuzzy version of the maximum flow problem in hyper networks. Finally, we propose a new

algorithm of the FMFPFTWHN, our algorithm is a class of genetic algorithms.
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1. Introduction

The field of network optimization flows has a rich and long history. The max-
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imum flow problem is one of the classic problems of network optimization and
an NP-hard problem. Harris and Ross in [11] formulated the maximum flow
problem finding in a general form. Ford and Fulkerson in [8] developed famous
algorithm for solving this problem, called ”augmented path” algorithm. The
maximum flow problem of the weighted graph is an important component of
graph theory and artificial intelligence. In recent years, many papers were pub-
lished in the field of the maximum flow of weighted graph, see [3], [9], [10], [16]
and [18].

Hyper-graph is a generalization of a graph in which an edge can join any
number of vertices, it’s a subset system for limited set, which is the most general
discrete structure, and it’s the generalization of the common graph. For many
application problems, adopting the concept of hyper-graph is more usefully
than adopting the concept of graph. At present, the model of hyper-graph
has been applied in many fields, such as topology analysis, electricity network
and intelligence algorithms on hyper-graph and it’s a computer applications are
studied by many researchers, see [15], [22], [23] and [24].

Let G = (V,E, s, τ) be a hyper-graph on V, where V is a limited set of
vertices, E is the set of hyper-edges which is a family of subset of V , s is the
source vertex and τ is the sink vertex. Let |V | be the order of G, |E| be
the scale of G and |e| is the basic number hyper-edge e. Each hyper-edge has
a nonnegative transit time tvi,vj ; i, j = 1, 2, ..., n; i 6= j. For each vertex
vi ∈ V, has a time-windows [avi , bvi ] within which the vertex may be served and
tvi ∈ [avi , bvi ], tvi ∈ T is a nonnegative service and leaving time of the vertex vi.
A source vertex s, with time-windows [as, bs], a sink vertex τ with time-windows
[aτ , bτ ] and ts is a departure time of the source vertex, see [4], [5], [6], [7] and
[20].

A hyper-graph G is called a simple hyper-graph, if any two hyper-edges are
not contained with each other. Let G∗ = (V,E∗, s, τ) is a hyper-graph on V, if
E∗ ⊂ E, then G∗ is a part-hyper-graph of G. For S ⊆ V, then, G[S] = {e ∈ E :
e ⊆ S} is called a sub-hyper-graph of G induced by S. A hyper-graph G can be
represented graph by using the set of vertices to represent the element of V. If
|ej | = 1, using a loop which ej to represent ej ; If |ej | = 2,using a continuous
curve which attach to the elements of ej to representing ej ; If |ej | ≥ 3, using a
simple close curve which contains all the elements of ej to represent ej .

The reminder of this paper consists of five sections including Introduction.
Section 2 presents the basic concepts and some definitions. In Section 3, we
presented a new version of the Maximum Flow Problem (MFP), a new version
is FMFPFTWHN, and we proposed the mathematical formulation model of the
FMFPFTWHN. In Section 4, we presented the algorithm of the FMFPFTWHN



ALGORITHM OF FUZZY MAXIMUM FLOW PROBLEM... 865

based on the main of genetic algorithm and the procedure for searching the
FMFPFTWHN can be stated. Finally, the conclusion is given in Section 5.

2. Basic Concepts and Definitions

Let G = (V,E, s, τ) be a weighted hyper-graph on V, where V is a limited set of
vertices vi, i = 1, 2, ..., n. E is the set of hyper-edges which is a family of subset
of V, s is the source vertex and τ is the sink vertex. Each edge has a weight
we. The degree of vertex vj, j = 1, 2, ..., n in hyper-graph G is given by:

dvj =
∑

e∈E

wehv,e, where hv,e =

{

1, v ∈ e,
0, v /∈ e.

(1)

A rank of hyper-graph e is defined by r(G) = max
j
|ej| and s(G) = min

j
|ej |

is a lower rank of hyper-graph e. If |e| = n for each hyper-graph e of E, that is
r(G) = s(G) = n, thenG is a uniform hyper-graph. If n = 2, then G is just a
normal graph.

Let G be a fixed directed weighted hyper-graph with n vertices, which
express a hyper-network. In many projects like large super-network research,
database system research, timing research, circuit design research and so on,
a directed hyper-graph models can represent a relationships between elements
there. Due to its good application background, directed a hyper-graph theory
has become a rapidly developing subject to the field of graph theory.

3. Time-Windows

A time-windows is defined by, for each vertex vi, vj ∈ V has a time win-
dows [avi , bvi ] and [avj , bvj ] respectively. In a weighted hyper-graph, each edge
e = (vi, vj) ∈ E has a weight w(e) and a non-negative transit time tvi,vj ,
i 6= j, i, j = 1, 2, ..., n see, Figure 1.

Figure 1: A vertex service time-windows of a weight edge
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4. Fuzzy Time-Windows

Let X = ℜn be a non-empty set, Ã ⊂ X. The fuzzy set Ã = {(x, µÃ(x)) : x ∈
X} is the set of ordered pairs where µÃ : X → [0, 1] is the membership function

of the fuzzy set Ã. The fuzzy constraint is a fuzzy set Ã = (t1, t2, t3, t4) with
flexible time-windows where (t1, t4) is the interval of non-zero satisfaction level
and (t2, t3) is the interval of satisfaction level equal to 1 see, Figure 2.

The first step is to ask the expert to give a range for travel time between
two places along with the most likely time; For example, the time T̃ to travel
from point A to point B is between t1 and t3, but must possibly it is t2. This
sort of knowledge lets us construct 3-point fuzzy travel times see Figure 3.

Figure 2: 4-Points representation of fuzzy interval

Figure 3: Fuzzy travel time

Similarly obtain fuzzy time-windows. Every vertex vi ∈ V is assigned by
the expert to one of two predetermined groups; a classical fuzzy time-windows
and fuzzy time-windows of a normal vertex. In an extreme case, fuzzy time-
windows are tighter than the classical counterpart see, Figure 4 and 5. The
shown characteristics of fuzzy time-windows are suggested to the shipper who
is allowed to modify them see, [6].
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Figure 4: Classical fuzzy time-windows

Figure 5: Fuzzy time-windows of a normal vertex

A directed hyper-graph is a hyper-graph where each hyper-edge e = (A,B)
divided into two sets A,B with A ∩ B = ϕ and A,B can be empty sets. A
is called a tail point set and B is called a head point set denoted by t(e)
and h(e) respectively. Similar as undirected hyper-graph, we can define the
hyper-path, hyper-road and hyper cycle of the directed hyper-graph in directed
hyper-networks.

Let a set {1, 0,−1} be the incidence matrix [aij ]m×n represent the directed
hyper-graph. The jthcolumns express the jth vertex vj , j = 1, 2, ..., n and i

th

rows express the ith hyper-edge ej .

[aij ]m×n =







1,
−1,
0,

vi ∈ h(ej),
vi ∈ t(ej),
otherwise.

We give an example of a directed hyper-graph with fuzzy time-windows and
it’s incidence matrix see, Figure 6:

In many hyper-networks applications, there are exist the uncertain factors
which can’t expressed by fixed functions or parameters. Hence, the fuzzy theory
is widely applied in networks and hyper-networks see ([13], [19] and [21]). In
this work, we consider the Fuzzy Maximum Flow Problem with Time-Windows
in Hyper-Networks (FMFPTWHN). The new optimization model is presented
by virtue of fuzzy capacities calculating and crisp equivalents of fuzzy chance
constraints.
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Figure 6: A directed hyper-graph of 4 hyper-edges and 10 vertices with
fuzzy time-windows

5. Mathematical Model of the FMFPFTWHN

Let G = (V,E,C, s, τ) be a directed flow hyper-network, where V is the finite
set of vertices, E is the set of directed hyper-edges. Each directed hyper-
edge e is denoted by an ordered pair (h(e), t(e)), e ∈ E and C represented to
the set of directed hyper-edge capacities. A source vertex s, a sink vertex τ
with fuzzy time-windows [as, bs], [aτ , bτ ] respectively. Each hyper-edge has a
nonnegative transit time tij , i 6= j, i, j = 1, 2, ..., n. For each vertex vi ∈ V, a
fuzzy time-windows [avi , bvi ] within which the vertex may be served and avi ≤
tvi ≤ bvi , tvi ∈ T is a nonnegative service and leaving time of the vertex.

Let f be a given feasible flow defined by a function f : S → ℜ+ in the
hyper-network G, a feasible flow has to satisfy the flow balance, the fuzzy time-
windows and the capacity of each hyper-edge.

In the FMFPFTWHN setting, every directed hyper-edge e has a nonnega-
tive, independent, fuzzy flow capacity Ce with membership functions µe. Then,
for each pair of vertices (vi, vj) with a fuzzy time-windows [avi , bvi ], [avj , bvj ]
respectively, we given:

Cvi,vj =
∑

{vi,vj}∈E

Ce (3)



ALGORITHM OF FUZZY MAXIMUM FLOW PROBLEM... 869

denoted by a fuzzy flow capacity associated to a certain membership functions
µ.The flow f is defined by:

f = xvi,vj =
∑

{vi,vj}∈E

xe (4)

where xe denote the flow of directed hyper-edge e that is called a fuzzy feasible
flow with fuzzy time-windows in hyper-networks if the below three conditions
are satisfies:

• For each vertex, the outgoing flow and incoming flow satisfy a fuzzy time-
windows must meet the following balance conditions:

∑

(vs,vj)∈E

xsj −
∑

(vj ,vs)∈E

xjs =f, ∀(vs, vj) ⊂ e ∈ E,

∑

(vτ ,vj)∈E

xτj −
∑

(vj ,vτ )∈E

xjτ =− f, ∀(vτ , vj) ⊂ e ∈ E,

∑

(vi,vj)∈E

xij −
∑

(vj ,vi)∈E

xji =0, ∀(vi, vj) ⊂ e ∈ E; i, j ∈ n− {s, τ}.

(5)

• The fuzzy time-windows condition, for each vertex vi, vj ∈ V has a fuzzy
time windows [avi , bvi ], [avj , bvj ] respectively such that,

tvi +tvi,vj ≤ tvj , avi ≤ tvi ≤ bvi , avj ≤ tvj ≤ bvj , tvi , tvj , tvi,vj ∈ ℜ
+, i 6= j,

∀vi, vj ∈ V, i, j = 1, 2, ..., n (6)

• The flow at each directed hyper-edge must be satisfy the capacity condi-
tion:

fvi,vj ≤ Cvi,vj ,∀(vi, vj) ∈ E (7)

The Fuzzy Maximum Flow Problem with Fuzzy Time-Windows in Hyper-
Network (FMFPFTWHN) is given by:

max f

f is a feasible flow in the hyper-network G,

which satisfies the conditions (5), (6) and (7).

(8)

A theorem for the FMFPFTWHN can be formulated in a similar way as
for the theorem of the maximum flow see [1].
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6. The Algorithm for the Fuzzy Maximum Flow Problem with

Fuzzy Time-Windows in Hyper-Networks

In this section, we give a new algorithm of the FMFPFTWHN. The FMF-
PFTWHN can be find to a maximum feasible flow satisfies all the constraints
in the hyper-networks by suing a genetic algorithm. Genetic algorithms were
invented to mimic some of the processes observed in natural evolution. The idea
with genetic algorithm is to use this power of evolution to solve optimization
problems. The father of the original Genetic Algorithm was John Holland who
invented it in the early 1970’s see, [12]. Several results on genetic algorithm
can refer to [2], [14] and [17].

Now, we use the priority based encoding tricks for our FMFPFTWHN. We
encode a chromosome in terms of obtaining each vertex has a distinct priority
number from 1 to n, for example see Figure 7. The hyper-path from 1 to n is
determined by continuously adding the useful vertex with the highest priority
into the hyper-path until the hyper-path arrives the terminal vertex in the
hyper-networks. Furthermore, we decode it into a flow in the hyper-networks
by hyper-path algorithm with the below decoding technology.

FTW: [av1 , bv1 ] — [av10 , bv10 ]

Position vertex: v1 v2 v3 v4 v5 v6 v7 v8 v9 v10
Value priority: v7 v3 v10 v4 v2 v5 v9 v6 v1 v8
FTW: [av7 , bv7 ] — [av8 , bv8 ]

Figure 7: Encoding operation with fuzzy time-windows.

For searching the FMFPFTWHN, we given the below steps where l denotes
the number of hyper-paths, pl implies the lth hyper-path from vertex v1 to vertex
vn, with fuzzy time windows [av1 , bv1 ], [avn , bvn ] respectively, fl expresses the
flow on this hyper-path and we denotes the capacity sum for each pair of vertices
vi, vj ∈ V , i, j = 1, 2, ..., n by above equation (3). Let Ni represents the set of
vertices adjacent to vertex vi.

The Procedure for Searching the FMFPFTWHN can be Stated by the fol-
lowing steps:

1: Mark the number of hyper-paths l ← 0, with each vertex vi, vj ∈ V,
has a fuzzy time-windows [avi , bvi ], [avj , bvj ] respectively and tvi + tvi,vj ≤ tvj ,
avi ≤ tvi ≤ bvi , avj ≤ tvj ≤ bvj , tvi , tvj , tvi,vj ∈ ℜ

+, i 6= j, i, j = 1, 2, ..., n.

2: If N1 6= φ, then l← l + 1; Else, go to step 8.

3: The hyper-path pl is constructed by adding the useful vertex with the
highest priority into the hyper-path until the hyper-path arrives the terminal
vertex. Choose the sink vertex of a hyper-path pl.

4: If the sink vertex s = vn, continue; otherwise, update the set of vertex
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Ni such that Ni = Ni − {s}, then go back to step 2.

5: Find the flow fl of the hyper-path pl in view of fl ← fl−1 +min{Cvi,vj :
vi, vj ⊂ e ∈ pl}.

6: Implement the flow capacity Cvi,vj of each directed hyper-edge update

and each pair of vertices (vi, vj). Take a new flow capacity Cvi,vj by:

Cvivj = Cvivj −min{Cvi,vj : {vi, vj} ⊂ e ∈ pl}. (8)

7: If the flow capacity Cvi,vj = 0, implement the set of vertex Ni update
such that the vertex vj adjacent to the vertex vi,

Ni = Ni − vj , {vi, vj} ⊂ e ∈ pl. (9)

8: Output the hyper-network flow fl of this chromosome.

Here, we need the position based on the crossover operator, which was
introduced in the genetic algorithms. We given an instance with vertices vi ∈
V, i = 1, 2, ..., 10 see, Figure 8:

FTW: [av3 , bv3 ] — [av6 , bv6 ]

Parent 1: v3 v1 v2 v4 v5 v8 v9 v10 v7 v6}

⇒Offspring:v3 v1 v2 v4 v5 v8 v9 v10 v7 v6
Parent 2: v6 v2 v9 v5 v4 v7 v3 v1 v10 v8}

FTW: [av6 , bv6 ] — [av8 , bv8 ]

Figure 8: Crossover operation with fuzzy time-windows.

Now, we consider the position based on mutation operation is determined
via exchanging the priority values of two randomly generalized vertices, which
was expressed by Figure 9:

FTW: [av3 , bv3 ] — [av6 , bv6 ]

Before mutation: v3 v1 v2 v4 v5 v8 v9 v10 v7 v6
After mutation: v3 v1 v10 v4 v5 v8 v9 v2 v7 v6
FTW: [av3 , bv3 ] — [av6 , bv6 ]

Figure 9: Mutation operator with fuzzy time-windows.

A new algorithm of the FMFPFTWHN based on the main of genetic algo-
rithm given by the following steps:

1: Set the generic parameters by the field experts.

2: Initialize the population size chromosomes of the hyper-path pk, l =
1, 2, ..., popsize, where all the vertices of pk satisfy the fuzzy time-windows con-
straint.

3: Search the fuzzy time-windows flow for all chromosomes by the above
procedure, respectively.
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4: Calculate the fitness for each chromosome. The evaluation function rely
heavily on ranking technology which is denoted by:

eval(pi) = s(1− s)i−1, i = 1, 2, ..., popsize. (10)

where the chromosomes are supposed to have been ranked from good to bad
based on their objective scores and s ∈ (0, 1) is a parameter in the generic
system.

5: Choose the chromosomes for a new fuzzy time-windows population.

6: Update the chromosomes pk, l = 1, 2, ..., popsize by virtue of mutation
operation and crossover operation technologies with fuzzy time-windows are
presented above.

7: Repeat the 4, 5, 6 steps for a fixed number of hyper-cycles.

8: Repeat the fuzzy maximum flow with fuzzy time-windows in hyper-
network.

7. Conclusion

This paper presents a new version of the Maximum Flow Problem (MFP), a
new version is the Fuzzy Maximum Flow Problem with Fuzzy Time-Windows
in Hyper-Networks (FMFPFTWHN). We consider a generalized fuzzy version
of the maximum flow problem in hyper networks. Also, we propose a new
algorithm of the FMFPFTWHN. Our algorithm is a class of genetic algorithms,
which designed based on genetic technology and coding theory. The result
achieved in this paper to illustrates the promising application prospects for
algorithms using hyper-graph model.
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