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Abstract: In this paper, We develop the He’s Homotopy Perturbation Method (HHPM)

for solving nth order fuzzy differential equations (FDE) based on the generalized concept of

higher-order fuzzy differentiability [14]. The obtain discrete solutions were compared with

another method taken from the literature [14]. The new method has a lower computational

cost which effects the time consumption. We assume that the fuzzy function and its derivative

are Hukuhara differentiable. The numerical example was given to illustrate the efficiency of

this method.
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1. Introduction

Numerical methods to compute solutions of fuzzy differential equations have
already been developed and convergence results proven by Abbasbandy et al
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[4, 1, 2, 3] and Duraisamy [7]. However, these methods are no better than
1st order accurate and 1st order accuracy holds with additional assumptions.
Further, unless solutions are unique, these methods only guarantee that a sub-
sequence of the numerical solutions converges. First order linear fuzzy differen-
tial equations are one of the simplest fuzzy differential equations, which appear
in many applications [11].

There have been application of fuzzy differential equation (FDEs) to model
problems where the degree of ambiguity is high [M. Otadi, S. Abbasbandy and
M. Mosleh [12]]. FDEs can be studied by several approaches. M. Dehghan and
B.Hashemi [6] addressed by iterative solution of fuzzy linear systems. O. S. Fard
[8] presented an iterative scheme for the solution of generalized system of linear
fuzzy differential equations. B. Bede, S.G. Gal [5] obtained generalizations of
the differentiability of fuzzy number value functions with applications to fuzzy
differential equations.

He’s Homotopy Perturbation Method can have a significant impact on what
is considered a practical approach and on the types of problems that can be
solved. S. Sekar and team of his researchers [15, 16, 17] introduced the He’s Ho-
motopy Perturbation Method to study the integro-differential equations, first
order linear fuzzy differential equations and second order fuzzy differential equa-
tions.

Recently, T. Jayakumar, K. Kanagarajan and S. Indrakumar [10] solved
the nth order fuzzy differential equations using Runge-Kutta Nystrom method.
R. Gethsi Sharmila and E. C. Henry Amirtharaj [9] solved the nth order fuzzy
differential equations using Runge-Kutta method based on Centroidal Mean
(RKCeM) method. S. Sekar and K. Prabhavathi [14] solved the same nth
order fuzzy differential equations using Leapfrog method. The objective of this
paper is to use the He’s Homotopy Perturbation Method to solve the nth order
fuzzy differential equations (discussed by T. Jayakumar, K. Kanagarajan and
S. Indrakumar [10], R. Gethsi Sharmila and E. C. Henry Amirtharaj [9] and S.
Sekar and K. Prabhavathi [14]).

2. He’s Homotopy Perturbation Method

In this section, we briefly review the main points of the powerful method, known
as the He’s homotopy perturbation method [13]. To illustrate the basic ideas
of this method, we consider the following differential equation:

A(u)− f(t) = 0, u(0) = u0, t ∈ Ω (1)
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where A is a general differential operator, u0 is an initial approximation of Eq.
(1), and f(t) is a known analytical function on the domain of Ω. The operator A
can be divided into two parts, which are L and N , where L is a linear operator,
but N is nonlinear. Eq. (1) can be, therefore, rewritten as follows:

L(u) +N(u)− f(t) = 0

By the homotopy technique, we construct a homotopy U(t, p) : Ω× [0, 1] → ℜ,
which satisfies:

H(U, p) = (1− p)[LU(t)− Lu0(t)] + p[AU(t)− f(t)] = 0, p ∈ [0, 1], t ∈ Ω (2)

or

H(U, p) = LU(t)−Lu0(t)+pLu0(t)+p[NU(t)− f(t)] = 0, p ∈ [0, 1], t ∈ Ω (3)

where p ∈ [0, 1] is an embedding parameter, which satisfies the boundary condi-
tions. Obviously, from Eqs. (2) or (3) we will have H(U, 0) = LU(t)−Lu0(t) =
0,H(U, 1) = AU(t)− f(t) = 0.

The changing process of p from zero to unity is just that of U(t, p) from u0(t)
to u(t). In topology, this is called homotopy. According to the He’s Homotopy
Perturbation method, we can first use the embedding parameter p as a small
parameter, and assume that the solution of Eqs. (2) or (3) can be written as a
power series in p :

U =

∞
∑

n=0

pnUn = U0 + pU1 + p2U2 + p3U3 + ... (4)

Setting p = 1, results in the approximate solution of Eq.(1)

U(t) = lim
p→1

U = U0 + U1 + U2 + U3 + ...

Applying the inverse operator L−1 =
∫ t

0 (.)dt to both sides of Eq. (3), we
obtain

U(t) = U(0) +

∫ t

0
Lu0(t)dt− p

∫ t

0
Lu0(t)dt− p[

∫ t

0
(NU(t)− f(t))dt] (5)

where U(0) = u0.
Now, suppose that the initial approximations to the solutions, Lu0(t), have

the form

Lu0(t) =
∞
∑

n=0

αnPn(t) (6)
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where αn are unknown coefficients, and P0(t), P1(t), P2(t), ... are specific func-
tions. Substituting (4) and (6) into (5) and equating the coefficients of p with
the same power leads to

p0 : U0(t) = u0 +
∑∞

n=0 αn

∫ t

0 Pn(t)dt

p1 : U1(t) = −
∑∞

n=0 αn

∫ t

0 Pn(t)dt−
∫ t

0 (NU0(t)− f(t))dt

p2 : U2(t) = −
∫ t

0 NU1(t)dt
...

pj : Uj(t) = −
∫ t

0 NUj−1(t)dt































(7)

Now, if these equations are solved in such a way that U1(t) = 0, then Eq.
(7) results in U1(t) = U2(t) = U3(t) = . . . = 0 and therefore the exact solution
can be obtained by using

U(t) = U0(t) = u0 +
∞
∑

n=0

αn

∫ t

0
Pn(t)dt (8)

It is worth noting that, if U(t) is analytic at t = t0, then their Taylor series

U(t) =

∞
∑

n=0

an(t− t0)
n

can be used in Eq. (8), where a0, a1, a2, ... are known coefficients and αn are
unknown ones, which must be computed.

3. General Format for the n-th Order Fuzzy Differential Equations

Now we consider the initial value problem

x(n)(t) = χ(t, x, x′, ..., x(n−1),

x(0) = a1, ..., x
(n−1)(0) = an

where χ is a continuous mapping from R+ ×Rn → R and ai(0 ≤ ileqn) are
fuzzy numbers in E. The mentioned nth – order fuzzy differential equation by
changing variables

y1(t) = x(t), y2(t) = x′(t), ..., yn(t) = x(n1)(t), converts to the following
fuzzy system
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y′1(t) = f1(t, y1, ..., yn),
:
:

y′n(t) = fn(t, y1, ..., yn),















(9)

where fi(1 ≤ i ≤ n) are continuous mapping from R+ × Rn → R and y
[0]
i

are fuzzy numbers in E with α-level intervals

[y
[0]
i ]α = [y[0]

i
(α), y

[0]
i (α)]

for i = 1, ..., n and 0 < α ≤ 1
We call y = (y1, ..., yn)

t is a fuzzy solution of (9) on an interval I, if

y′
i
(t, α) = min{fi(t, u,1 , ..., un);uj ∈ [yj(t, α), yj(t, α)]} = f

i
(t, y(t, α)),

y′i(t, α) = max{fi(t, u,1 , ..., un);uj ∈ [yj(t, α), yj(t, α)]} = f i(t, y(t, α))

and y
i
(0, α) = y

[0]
i (α), y

[0]
i (α)

Thus for fixed α we have a system of initial value problem in R2n. If we can
solve it (uniquely), we have only to verify that the intervals, [y

j
(t, α), yj(t, α)]

define a fuzzy number yi(t) ∈ E. Now let y[0](α) = (y
[0]
1 (α), ..., y [0]

n
(α))t and

y[0](α) = (y
[0]
1 (α), ..., y

[0]
n (α))t, with respect to the above mentioned indicators,

system (9) can be written as with assumption

y′(t) = F (t, y(t)), y(0) = y[0] ∈ En

With assumption y(t, α) = [y(t, α), y(t, α)] and y′(t, α) = [y′(t, α), y′(t, α)]
where

y(t, α) = (y(t, α), ..., y(t, α))t

y(t, α) = (y(t, α), ..., y(t, α))t

y′(t, α) = (y′(t, α), ..., y ′(t, α))t

y′(t, α) = (y′(t, α), ..., y ′(t, α))t
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and with assumption F (t, y(t, α)) = [F (t, y(t, α)), F (t, y(t, α))], where

F (t, y(t, α)) = [f
1
(t, y(t, α)), f

n
(t, y(t, α))]t

F (t, y(t, α)) = [f
1
(t, y(t, α)), f

n
(t, y(t, α))]t

y(t) is a fuzzy solution of (5) on an interval I for all α ∈ (0, 1], if

y′(t, α) = F (t, y(t, α)),

y′(t, α) = F (t, y(t, α)),

y(0, α) = y[0](α), y(0, α) = y[0](α)

or

y′(t, α) = F (t, y(t, α)),

y(0, α) = y[0](α)

Now we show that under the assumption for functions fi, for i = 1, ..., n
how we can obtain a unique fuzzy solution for system (9).

Theorem 1. If fi(t, u1, ..., un) for i = 1, ..., n are continuous function of
t and satisfies the Lipschitz condition in u = (u1, ..., un)

t in the region D =
{(t, u)|t ∈ [0, 1],∞ < ui < ∞ for i = 1, ..., n} with constant Li then the initial
value problem (5.2) has a unique fuzzy solution in each case.

Proof. See [T. Jayakumar, K. Kanagarajan and S. Indrakumar [10]].

4. Numerical Example for the n-th Order Fuzzy Differential

Equations

To show the efficiency of the He’s Homotopy Perturbation Method, we have
considered the following problem taken from T. Jayakumar, K. Kanagarajan
and S. Indrakumar [10], R. Gethsi Sharmila and E. C. Henry Amirtharaj [9]
and S. Sekar and K. Prabhavathi [14], with step size r = 0.1 along with the
exact solutions. The discrete solutions obtained by the two methods, Leapfrog
method and He’s Homotopy Perturbation Method. The absolute errors between
them are tabulated and are presented in Tables 1 - 4.
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4.1. Example

Consider the following fuzzy differential equation with fuzzy initial value [R.
Gethsi Sharmila and E. C. Henry Amirtharaj [9] and and S. Sekar and K.
Prabhavathi [14]]

y′′′(t)− 4y′(t) + 4y(t) = 0, (t ≥ 0),
y(0) = (2 + α, 4 − α),
y′(0) = (5 + α, 7− α)







(10)

The exact solution is as follows:

y(t, r) = (2 + r)e2t + (1− r)te2t

y(t, r) = (4− r)e2t + (r − 1)te2t

Table 1: Example 4.1 – Discrete solutions for y(t, r) and y(t, r)

Exact Solution Leapfrog Solution HHPM Solution
t y(t, r) y(t, r) y(t, r) y(t, r) y(t, r) y(t, r)

0 2.563719 4.764708 2.56372 4.764709 2.563719 4.764708
0.1 2.673767 4.654658 2.673769 4.654659 2.673767 4.654658
0.2 2.783815 4.544607 2.783818 4.54461 2.783815 4.544607
0.3 2.893863 4.434557 2.893867 4.434561 2.893863 4.434557
0.4 3.003912 4.324506 3.003917 4.324511 3.003912 4.324506
0.5 3.113961 4.214456 3.113967 4.214462 3.113961 4.214456
0.6 3.224009 4.104406 3.224016 4.104413 3.224009 4.104406
0.7 3.334058 3.994356 3.334066 3.994364 3.334058 3.994356
0.8 3.444108 3.884306 3.444117 3.884315 3.444108 3.884306
0.9 3.554157 3.774256 3.554167 3.774266 3.554157 3.774256

4.2. Example

Consider the following fuzzy differential equation with fuzzy initial value [T.
Jayakumar, K. Kanagarajan and S. Indrakumar [10], R. Gethsi Sharmila and
E. C. Henry Amirtharaj [9] and S. Sekar and K. Prabhavathi [14]]



906 S. Sekar, A. Sakthivel

Table 2: Example 4.1 – Error Calculations for y(t, r) and y(t, r)

Leapfrog Error HHPM Error
r y(t, r) y(t, r) y(t, r) y(t, r)

0 1E-08 1E-08 1E-09 1E-09
0.1 2E-08 1E-08 2E-09 1E-09
0.2 3E-08 3E-08 3E-09 3E-09
0.3 4E-08 4E-08 4E-09 4E-09
0.4 5E-08 5E-08 5E-09 5E-09
0.5 6E-08 6E-08 6E-09 6E-09
0.6 7E-08 7E-08 7E-09 7E-09
0.7 8E-08 8E-08 8E-09 8E-09
0.8 9E-08 9E-08 9E-09 9E-09
0.9 1E-07 1E-07 1E-08 1E-08

Figure 1: Error estimation of Example 4.1 at y(t, r)

y′′′(t) = 2y′′(t) + 3y′(t) = 0, (0 ≤ t ≤ 1),
y(0) = (3 + α, 5 − α),

y′(0) = (−3 + α,−1 − α),
y′′(0) = (8 + α, 10 − α)















(11)

The eigen value eigen vector solution is as follows:
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Figure 2: Error estimation of Example 4.1 at y(t, r)

y(t, r) = (−
1

3
+

7

12
e3t + (

11

4
+ r)e−t,−

1

3
+

7

12
e3t + (

19

4
− r)e−t)

To distinguish the effect of the errors in accordance with the exact solu-
tions, graphical representations are given for selected values of r = 0.1 and are
presented in Figures 1 – 4 for the following problem to highlight the efficiency
of the He’s Homotopy Perturbation Method, using three dimensional effects.

5. Conclusions

The obtained results (approximate solutions) of the nth – order fuzzy differential
equations based on Seikkala derivative with initial value problem show that the
He’s Homotopy Perturbation Method works well for finding the solution. From
the Tables 1 - 4, we can observe that for most of the time intervals, the absolute
error is less in the He’s Homotopy Perturbation Method when compared to the
Leapfrog method [S. Sekar and K. Prabhavathi [14]], which yields a little error,
along with the exact solutions.

From the Figures 1 - 4, it can be predicted that the error is very less in
He’s Homotopy Perturbation Method when compared to the Leapfrog method.
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Table 3: Example 4.2 – Discrete solutions for y(t, r) and y(t, r)

Exact Solution Leapfrog Solution HHPM Solution
t y1(ti, r) y2(ti, r) y1(ti, r) y2(ti, r) y1(ti, r) y2(ti, r)

0.1 12.4317 13.0939 12.4317 13.0939 12.4317 13.0939
0.2 12.4685 13.0571 12.4685 13.0571 12.4685 13.0571
0.3 12.5053 13.0203 12.5053 13.0203 12.5053 13.0203
0.4 12.5421 12.9835 12.5421 12.9835 12.5421 12.9835
0.5 12.5788 12.9467 12.5788 12.9467 12.5788 12.9467
0.6 12.6156 12.9099 12.6156 12.9099 12.6156 12.9099
0.7 12.6524 12.8731 12.6524 12.8731 12.6524 12.8731
0.8 12.6892 12.8364 12.6892 12.8364 12.6892 12.8364
0.9 12.7260 12.7996 12.7260 12.7996 12.7260 12.7996
1.0 12.7628 12.7628 12.7628 12.7628 12.7628 12.7628

Table 4: Example 4.2 – Error Calculations for y1(ti, r) and y2(ti, r)

Leapfrog Error HHPM Error
r y1(ti, r) y2(ti, r) y1(ti, r) y2(ti, r)

0.1 0.000002 0.000002 0.00000002 0.00000002
0.2 0.000002 0.000002 0.00000002 0.00000002
0.3 0.000002 0.000002 0.00000002 0.00000002
0.4 0.000002 0.000002 0.00000002 0.00000002
0.5 0.000002 0.000002 0.00000002 0.00000002
0.6 0.000002 0.000002 0.00000002 0.00000002
0.7 0.000002 0.000002 0.00000002 0.00000002
0.8 0.000002 0.000002 0.00000002 0.00000002
0.9 0.000002 0.000002 0.00000002 0.00000002
1.0 0.000002 0.000002 0.00000002 0.00000002

Hence the He’s Homotopy Perturbation Method is more suitable for studying
the nth – order fuzzy differential equations based on Seikkala derivative with
initial value problem.

The researcher has successfully introduced He’s Homotopy Perturbation
Method which has been exclusively developed for solving nth – order fuzzy



NUMERICAL INVESTIGATION OF THE n-th ORDER... 909

Figure 3: Error estimation of Example 4.2 at y1(ti; r)

differential equations based on Seikkala derivative with initial value problem.
Hence it can be said that the He’s Homotopy Perturbation Method is more
suitable to study the nth – order fuzzy differential equations based on Seikkala
derivative with initial value problem.
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