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1. Introduction

Our objective in this work is to perform a rigorous mathematical analysis of
the following orientation-dependent Cahn-Hilliard/Allen-Cahn system:























∂tc = ∇ · [D∇ (∂cF − κc∆c)] , (x, t) ∈ ΩT

∂tθi = −Li (∂θiF − κi∆θi) , (x, t) ∈ ΩT

∂nc = ∂n (∂cF − κc∆c) = ∂nθi = 0, (x, t) ∈ ST

c(x, 0) = c0(x), θi(x, 0) = θi0(x), x ∈ Ω

(1)

for i = 1, . . . , p.
Here, Ω denotes the physical region where the Ostwald ripening process

is occurring; 0 < T < +∞ is the final time of interest; ΩT = Ω × (0, T );
ST = ∂Ω × (0, T ); n denotes the unitary exterior normal vector and ∂n is
the exterior normal derivative at the boundary. The unknown c(x, t), for t ∈
[0, T ], 0 < T < +∞, x ∈ Ω, is the compositional field (fraction of the solute
with respect to the mixture); θi(x, t), for i = 1, . . . , p, are the crystallographic
orientations fields; D, κc, Li, κi are positive constants related to the material
properties. The function F = F(c, θ1, . . . , θp) is the local orientation-dependent
free energy density whose exact form will be presented in the next section.

This mathematical problem is related to a family of Ostwald ripening mod-
els for anisotropic crystals presented by Fan et al. in [20], where several numer-
ical experiments were presented to validate their modelling of the coarsening
dynamics of one physical phase dispersed in the matrix of another.

Before describing our results, let us briefly say something on the phase-field
methodology as contrasted to more conventional approach, usually known as the
sharp-interface methodology, to model microstructure evolution. In the sharp-
interface methodology the regions separating the compositional or structural
domains are treated as mathematically sharp interfaces, for which a certain
regularity is usually required; then one must have evolution equations relating
the relevant physical variable in each regions and also evolution equations for
the sharp interfaces. Although such an interface-tracking approach can be suc-
cessful in one dimensional systems, it becomes very difficult to apply in two or
three spatial dimensions since interfaces with complicated geometry separating
different microstructures usually develop during Ostwald ripening processes.

By contrast, in the past twenty years, the phase-field approach has emerged
as one of the most powerful methods for modelling many types of microstruc-
ture evolution processes. It is based on a diffuse-interface description developed
more than a century ago by van der Waals [32] and almost fifty years ago inde-
pendently by Cahn and Hilliard [9]. The main idea behind phase-field models
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is to replace the singular macroscopic treatment of a sharp-interface (usually a
discontinuity surface for some variables) by a regularized description. To this
end, one or more auxiliary fields, called phase-fields, varying smoothly across
the interface are introduced. Phase-field model may be associated to conserved
or nonconserved field variables; the first case usually leads to nonlinear Cahn-
Hilliard type equations, see for instance Cahn [9], while the second case usually
leads to nonlinear Allen-Cahn (time-dependent Ginzburg-Landau) type equa-
tions, see for instance Allen and Cahn [1]. With the fundamental thermody-
namic and kinetic information as the input, the phase-field method is able to
predict the evolution of arbitrary morphologies and complex microstructures
without explicitly tracking the position of the interfaces. Moreover, phase-field
models describe microstructure phenomena at the mesoscale and contain the
corresponding sharp- or thin-interface descriptions as a particular limit.

Phase-field models have been used in a large variety of problems; we just
mention a few articles to give an idea of their applicability. They were used
for instance for simulation of diffusion limited crystal growth (see Collins and
Levine [16]), extended by Kobayashi [23] (and later by Karma and Rappel [24])
to analyse dendritic growth; Kassner and Misbah [25] used it to study stress-
induced instabilities in solids. In fluid mechanics, Marangoni convection (see
Borcia and Bestehorn [6]), droplet and vesicle dynamics (see Beaucourt et

al. [4]) and polymer blends (see Roths et al. [28]) are examples of applications of
these models. Fan et al. [20] have used a phase-field model to describe an Ost-
wald ripening phenomenon of anisotropic crystals. Boldrini et al. [5] analysed
a phase field model for the solidification/melting of a metallic alloy when two
different kinds of crystallization are possible. In [3], Barrett et al. have studied
the sharp interface limit of an Allen-Cahn/Cahn-Hilliard system which can be
viewed as a phase-field system modelling the electromigration of intergranular
voids. Such model was introduced by the Barrett et al. [2] as an extension of
the work by Mahadevan [27] and Cahn and Novick-Cohen [10, 11]. Garcke et

al. [21] analysed a general class of evolution equations that model phase transi-
tions in anisotropic multiphase systems and have determined the singular limit
of the anisotropic multi-phase Allen-Cahn system when the interfacial thickness
tends to zero.

As for articles with problems with systems of equations more similar to (1),
we mention the following. Gilardi and Rocca [22] established well-posedness of a
system that couples a Cahn-Hilliard equation to a second order parabolic equa-
tion in higher space dimension. They also analyzed the long time behaviour of
its solutions. Boussinot et al. [7] presented coupled Allen-Cahn/Cahn-Hilliard
systems as 2D and 3D phase-field models for the microstructure evolution in
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presence of a lattice misfit and with inhomogeneous elastic constants. Dal
Passo et al. [17] analysed a coupled Allen-Cahn/Cahn-Hilliard system with de-
generate mobility with a free energy that involves logarithmic terms. Such terms
are important to prove that the phase field variables are bounded. Existence,
uniqueness and regularity have been established for an Allen-Cahn/Cahn-Hilliard
system with constant mobility and a polynomial free energy with special sym-
metry relation on the coefficients in Brochet et al. [8]. For the free energy
associated to the system (1), Silva and Boldrini [29] obtained a generalized so-
lution of (1) such that the composition field c(x, t) takes values in the closed
interval [0, 1]. In [30], Silva and Boldrini used a full discretization of a mixed
formulation of (1) to establish the existence and uniqueness solutions, and in
[31] the corresponding error estimates were proved.

Finally, we describe the results of the present article.
We prove the existence and the uniqueness of solutions of Problem (1) in a

better regularity class than the one obtained in Silva and Boldrini [30] for the
compositional field c(x, t), without requiring the symmetries of the coefficients
of the free energy that was strongly exploited by Brochet et al. in [8].

As for the mathematical arguments to be used to prove our results, we
remark that Dal Passo et al. [17] proved existence of solutions for a coupled
Allen-Cahn/Cahn-Hilliard system with a bounded free energy. Since the free
energies we consider in the present work may have polynomial growth, to in-
voque their results as a first step in our arguments, we introduce a family of
auxiliary approximate problems, depending on a positive parameter M , which
are obtained by a suitable truncation of the free energy. For such auxiliary
problems we then can use the results of Dal Passo et al. [17] to obtain approxi-
mate solutions; next, we have to be careful to obtain certain estimates for such
approximate solutions that are uniform with respect to M . Once this is done,
we can extract subsequences that converge as M → +∞ to a solution of the
original problem.

2. Technical Hypotheses and Main Result

Likewise Fan et al. [20], we assume that the local free energy F has the following
form:

F(c, θ1, . . . , θp) = −
A

2
(c− cm)2 +

B

4
(c− cm)4 +

Dα

4
(c− cα)

4

+
Dβ

4
(c− cβ)

4 − γ

p
∑

i=1

g(c, θi) +
δ

4

p
∑

i=1

θ4i +

p
∑

i=1

p
∑

i 6=j=1

εijf(θi, θj).
(2)
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A, B, Dα, Dβ , γ, δ, εij , i 6= j = 1, . . . , p are positive constants related to the
material properties, cα and cβ are the solubilities or equilibrium concentrations
for the matrix phase and second phase, respectively, and cm = (cα + cβ)/2.

Remark 1. Realistic free energies may be rather intricate. According
to Fan et al. [20], the main physical requirement on the local free energy F is
having 2p degenerate minima at the equilibrium concentration cβ to distinguish
the 2p orientations differences of the second phase grains in space (see [12,
13, 14, 15]). To attain such requirement, it is possible to choose functions
g(c, θi), f(θi, θj) and the parameters A, B, Dα, Dβ, γ, δ, εij , i 6= j = 1, . . . , p
such that F(c, θ1, . . . , θp) has 2p degenerate minima of equal depth when c =
cβ and (θ1, . . . , θp) = (1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1). This kind of
situation, specially the existence of many degenerate minima, brings difficulties
in realistic numerical simulations of Ostwald ripening process, but they play no
role in the mathematical arguments to be used in the present work; that is, our
results hold for free energies having or not having such many minima.

Moreover, for technical reasons we also assume that functions f and g sat-
isfy the following: there are constants F1, F2, G1, G2 ≥ 0 such that for all
(u, v), (a, b) ∈ R

2

f ∈ C1(R2,R) and g ∈ C2(R2,R),

|f(a, b)− f(u, v) +∇f(u, v) · (u− a, v − b)|

≤ F1(u− a)2 + F2(v − b)2 (≤ max{F1, F2}|(u, v) − (a, b)|2)
(3)

and

|g(a, b) − g(u, v) −∇g(u, v) · (a− u, b− v)| ≤ G1(u− a)2 +G2(v − b)2. (4)

We observe that these last assumptions imply that the difference between f(a, b)
and g(a, b) and their Taylor polynomials of degree one at (u, v) are, respectively
bounded up to a multiplicative fixed constant by the square of the Euclidean
distance between (u, v) and (a, b). This is true for instance if f and g are
C2-functions with bounded second derivatives.

Under the above hypotheses we will prove the following:

Theorem 2. Let T > 0 and Ω ⊂ Rd, 1 ≤ d ≤ 3 be a bounded domain
with Lipschitz boundary. For all c0, θi0, i = 1, . . . , p, satisfying c0, θi0 ∈ H1(Ω),
there exists a unique (p+ 1)-tuple (c, θ1, . . . , θp) such that, for i = 1, . . . , p,

(a) c ∈ L∞(0, T,H1(Ω)) ∩ L2(0, T,H3(Ω)),
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(b) θi ∈ L∞(0, T,H1(Ω)) ∩ L2(0, T,H2(Ω)),

(c) ∂tc ∈ L2(0, T, [H1(Ω)]′), ∂tθi ∈ L2(ΩT );

(d) ∂cF , (c, θ1, . . . , θp), ∂θiF(c, θ1, . . . , θp) ∈ L2(ΩT );

(e) c(x, 0) = c0(x), θi(x, 0) = θi0(x);

(f) ∂nc|ST
= ∂nθi|ST

= 0 in L2(ST );

(g) (c, θ1, . . . , θp) satisfies

∫ T

0
〈∂tc, φ〉dt = −

∫∫

ΩT

D∇(∂cF(c, θ1, . . . , θp)− κc∆c)∇φ, (5)

∀φ ∈ L2(0, T,H1(Ω)) and
∫∫

ΩT

∂tθiψi = −

∫∫

ΩT

Li(∂θiF(c, θ1, . . . , θp)− κi∆θi)ψi, (6)

∀ψi ∈ L2(ΩT ), i = 1, . . . , p, and where F is given by (2), 〈·, ·〉 denotes the
duality pairing between H1(Ω) and its dual and (·, ·) denotes the inner
product in L2(Ω).

Remark 3. (i) The results of this work apply, for instance, to a family
of problems which contains a local free energy density given as in (2) but
with

g(c, θi) = gcβ (c− cα)g2(θi) and f(θi, θj) = g2(θi)g2(θj)

where the functions gM , M = 2 or cβ , are given by

gM (u) = u2, for |u| ≤M and gM (u) = 6M2−
8M3

|u|
+
3M4

|u|2
, for |u| ≥M.

This example coincides in a ball of radius min{cβ , 2} with the local free
energy density E(c, θ1, . . . , θp) presented by [20], where

E(c, θ1, . . . , θp) = −
A

2
(c− cm)2 +

B

4
(c− cm)4 +

Dα

4
(c− cα)

4

+
Dβ

4
(c− cβ)

4 −
γ

2

p
∑

i=1

(c− cα)
2θ2i +

δ

4

p
∑

i=1

θ4i +

p
∑

i=1

p
∑

i 6=j=1

εij
2
θ2i θ

2
j .

having therefore the same local minima and satisfying the cited require-
ment.
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(ii) Equation (5) implies that the average of c is conserved.

(iii) Throughout this paper, standard notation will be used for the required
functional spaces and we denote by f the mean value of f in Ω of a given
f ∈ L1(Ω).

3. Auxiliary Truncated Problems

Before presenting our auxiliary truncated problems, present some remarks on
an existence result stated by Dal Passo et al. [17] for the following system:























∂tu = [q1(u, v) (f1(u, v) − κ1uxx)x]x , (x, t) ∈ ΩT

∂tv = −q2(u, v) [f2(u, v)− κ2vxx] , (x, t) ∈ ΩT

∂nu = ∂nuxx = ∂nv = 0 (x, t) ∈ ST

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω

(7)

where qi and fi satisfy:

(H1) qi ∈ C(R2,R+), with qmin ≤ qi ≤ qmax for some 0 < qmin ≤ qmax;

(H2) f1 ∈ C1(R2,R) and f2 ∈ C(R2,R), with ‖f1‖C1 + ‖f2‖C0 ≤ F0 for
some F0 > 0.

Proposition 4. Assuming (H1), (H2) and u0, v0 ∈ H1(Ω), there exists a
pair of functions (u, v) such that:

1. u ∈ L∞(0, T,H1(Ω)) ∩ L2(0, T,H3(Ω)) ∩ C([0, T ];Hλ(Ω)), λ < 1

2. v ∈ L∞(0, T,H1(Ω)) ∩ L2(0, T,H2(Ω)) ∩C([0, T ];Hλ(Ω)), λ < 1

3. ∂tu ∈ L2(0, T, [H1(Ω)]′), ∂tv ∈ L2(ΩT )

4. u(0) = u0 and v(0) = v0 in L2(Ω)

5. ∂nu|ST
= ∂nv|ST

= 0 in L2(ST )

6. (u, v) solves (7) in the following sense:
∫ t

0
〈∂tu, φ〉 = −

∫∫

Ωt

q1(u, v)(f1(u, v) − κ1uxx)xφx, ∀φ ∈ L2(0, T,H1(Ω))

∫∫

Ωt

∂tvψ = −

∫∫

Ωt

q2(u, v)(f2(u, v) − κ2vxx)ψ, ∀φ ∈ L2(ΩT ).
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Remark 5. (i) Dal Passo et al. [17] stated Proposition 4 for n = 1, but,
as they pointed out (see [17, Remark 2.2]) their result is still valid in any
space dimension. In [17], Proposition 4 is in fact an auxiliary result for
dealing with a coupled Allen-Cahn/Cahn-Hilliard system with degenerate
mobility, which brings difficulties to consider higher dimensions. Since our
problem does not have a degenerate mobility, we can apply Proposition 4
in cases of higher dimensions.

(ii) Furthermore, to prove Proposition 4, Dal Passo et al. apply a Galerkin
approximation that can be straightforward extended to systems with mul-
tiple Allen-Cahn equations coupled to a Cahn-Hilliard equation. Thus,
Proposition 4 still holds in such situations.

We stress that, for the sake of simplicity of exposition, without loss of
generality, we present in this work the proof for the case of dimension one with
only two orientation field variables, that is, when Ω is a bounded open interval
and p is equal to two. In this case, the local free energy density is reduced to

F(c, θ1, θ2) = −
A

2
(c− cm)2 +

B

4
(c− cm)4 +

Dα

4
(c− cα)

4 +
Dβ

4
(c− cβ)

4

− γg(c, θ1)− γg(c, θ2) +
δ

4
θ41 +

δ

4
θ42 + ε12f(θ1, θ2) + ε21f(θ2, θ1).

(8)

Now, we construct a family of auxiliary systems depending on a positive
parameter M which controls a truncation of the local free energy F .

For eachM > 0, we consider a suitable truncation of the free energy density.
We take

FM (c, θ1, θ2) = F(c, θ1, θ2), −M ≤ c, θ1, θ2 ≤M, (9)

and outside [−M,M ]3, we extend FM to satisfy

‖∂cFM‖C1(R2,R) ≤ U0(M) and ‖∂θiFM‖C(R2,R) ≤ V0(M), (10)

|∂cFM |2 ≤ K

[

c6 +
2

∑

i=1

θ6i + 1

]

and |∂ccFM |2 ≤ K

[

c4 +
2

∑

i=1

θ4i + 1

]

, (11)

|∂θiFM |2 ≤ K
[

c6 + θ6i + 1
]

and |∂cθiFM |2 ≤ K
[

c4 + θ4i + 1
]

, (12)

|FM |2 ≤ K

[

c4 +

2
∑

i=1

θ4i + 1

]

and FM ≥ mF , (13)

∀M > 0, ∀c, θ ∈ R, where K > 0 and mF ∈ R are constants independent of M
and U0(M) and V0(M) are finite constants that may depend on M .
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These FM can be obtained for instance as follows: fix a cutoff function
ζ ∈ C2(R) such that ζ(z) = 1 for z ≤ 1 and ζ(z) = 0 for z ≥ 2; then
define FM (c, θ1, θ2) := F(c, θ1, θ2)ζ(|(c, θ1, θ2)| − M), where | · | denotes the
standard euclidian norm. Then, the definition (8) of F and conditions (3) and
(4) guarantee that properties (10) – (13) are satisfied.

These properties of the truncated free energy density FM allow us to apply
an existence result of Dal Passo et al. [17] and to obtain in the next section
estimates that are uniform with respect to M .

The auxiliary truncated systems are given by






















∂tc = D (∂cFM (c, θ1, θ2)− κccxx)xx , (x, t) ∈ ΩT

∂tθi = −Li [∂θiFM (c, θ1, θ2)− κi(θi)xx] , (x, t) ∈ ΩT

∂nc = ∂n(∂cFM (c, θ1, θ2)− κccxx) = ∂nθi = 0 (x, t) ∈ ST

c(x, 0) = c0(x), θi(x, 0) = θi0(x), x ∈ Ω

(14)

Now, since (10) holds, for each M > 0, we can use Proposition 4, together
with Remark 5, to guarantee that there exists a solution (cM , θ1M , θ2M ) to
Problem (14) in the following sense

∫ t

0
〈∂tcM , φ〉 = −

∫∫

Ωt

D(∂cFM (cM , θ1M , θ2M )− κc[cM ]xx)xφx, (15)

for φ ∈ L2(0, T,H1(Ω)) and

∫∫

Ωt

∂tθiMψi = −

∫∫

Ωt

Li(∂θiFM (cM , θ1M , θ2M )− κi[θiM ]xx)ψi, (16)

for ψi ∈ L2(ΩT ).

Moreover, equation (15) implies that the mean value of cM in Ω is given by

cM (t) = c0 (17)

4. Estimates for the Solutions of the Truncated Problems

In this section we obtain some a priori estimates that are uniform with respect
to M . The first estimates are the following:

Lemma 6. There exists a constant C1 independent of M such that
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1. ‖cM‖L∞(0,T,H1(Ω)) ≤ C1

2. ‖θiM‖L∞(0,T,H1(Ω)) ≤ C1

3. ‖(∂cFM − κc(cM )xx)x‖L2(ΩT ) ≤ C1

4. ‖∂θiFM − κi(θiM )xx‖L2(ΩT ) ≤ C1

5. ‖∂tcM‖L∞(0,T,[H1(Ω)]′) ≤ C1

6. ‖∂tθiM‖L2(ΩT ) ≤ C1

7. ‖FM (cM , θ1M , θ2M )‖L∞(0,T,L1(Ω)) ≤ C1

Proof. To obtain items 3, 4 and 7, we argue as Dal Passo et al. [17] and
[18]. First, we observe that by the regularity of cM and θiM , we could take

∂cFM − κc(cM )xx and ∂θiFM − κi(θiM )xx

as test functions in the equations (15) and (16), respectively, to obtain

∫ t

0
〈∂tcM , ∂cFM − κc(cM )xx〉+

2
∑

i=1

∫∫

Ωt

∂tθiM∂θi [FM − κi(θiM )xx]

= −

∫∫

Ωt

D[(∂cFM − κc(cM )xx)x]
2 −

2
∑

i=1

∫∫

Ωt

Li[∂θiFM − κi(θiM )xx]
2.

(18)

Also, given a h > 0 sufficiently small, we consider functions defined as

cMh(t, x) =
1

h

∫ t

t−h
cM (τ, x)dτ,

where we set cM (t, x) = c0(x) for t ≤ 0. Since ∂tcMh(t, x) ∈ L
2(ΩT ), we have

∫ T

0
〈(cMh)t, [∂cFM (cMh, θ1M , θ2M )− κc(cMh)xx]〉dt

+
2

∑

i=1

∫∫

ΩT

(θiM )t[∂θiFM (cMh, θ1M , θ2M )− κi(θiM )xx]

=

∫

Ω

[

κc
2
|[cMh(t)]x|

2 +
2

∑

i=1

κi
2
|[θiM ]x(t)|

2 +FM (cMh, θ1M , θ2M )

]

−

∫

Ω

[

κc
2
|[c0]x|

2 +
2

∑

i=1

κi
2
|[θi0]x|

2 + FM (c0, θ10, θ20)

]

.
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By taking the limit as h tends to zero in the above expression and by using
(18), we obtain

∫∫

Ωt

D[(∂cFM (cM , θ1M , θ2M )− κc(cM )xx)x]
2

+

2
∑

i=1

∫∫

Ωt

Li[∂θiFM (cM , θ1M , θ2M )− κi(θiM )xx]
2

+
κc
2
‖[cM ]x(t)‖

2
L2(Ω) +

2
∑

i=1

κi
2
‖[θiM ]x(t)‖

2
L2(Ω) +

∫

Ω
FM (cM , θ1M , θ2M )

=
κc
2
‖[c0]x‖

2
L2(Ω) +

2
∑

i=1

κi
2
‖[θi0]x‖

2
L2(Ω) +

∫

Ω
FM (c0, θ10, θ20)

for almost every t ∈ (0, T ]. By using the regularity of the initial conditions (see
Theorem 2) and (13), there exists a constant C1 > 0, depending only on the
initial conditions, κc and κi, such that for all M > 0

∫∫

ΩT

D[(∂cFM − κc(cM )xx)x]
2 +

2
∑

i=1

∫∫

ΩT

Li[∂θiFM − κi(θiM )xx]
2

+
κc
2
‖[cM ]x(t)‖

2
L2(Ω) +

2
∑

i=1

κi
2
‖[θiM ]x(t)‖

2
L2(Ω) +

∫

Ω
FM (t) ≤ C1

(19)

which implies items 3, 4 and 7 since by (13), we have FM ≥ mF . By using the
Poincaré inequality and (17), item 1 is also verified.

To prove item 6, we choose ψi = ∂tθM as a test function in (16), which
yields

∫∫

ΩT

[∂tθiM ]2 = −

∫∫

ΩT

(∂θiFM − κi(θiM )xx)∂tθiM

≤

(
∫∫

ΩT

(∂θiFM − κi(θiM )xx)
2

)1/2 (∫∫

ΩT

[∂tθiM ]2
)1/2

.

Since we have (19), we obtain

∫

Ω
θ2iM ≤ 2

∫

Ω
θ2i0 + 2t

∫∫

ΩT

(∂tθiM)2dτ ≤ C2,
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and item 2 is verified. Finally, item 5 follows since

∣

∣

∣

∣

∫ T

0
〈∂tcM , φ〉

∣

∣

∣

∣

≤

(
∫∫

ΩT

[(∂cFM − κc(cM )xx)x]
2

)1/2 (∫∫

ΩT

(φx)
2

)1/2

for all φ ∈ L2(0, T,H1(Ω)).

Remark 7. From (19), using (13), we obtain

∫∫

ΩT

D[(∂cFM − κc(cM )xx)x]
2 +

2
∑

i=1

∫∫

ΩT

Li[∂θiFM − κi(θiM )xx]
2

+
κc
2
‖[cM (t)]x‖

2
L2(Ω) +

2
∑

i=1

κi
2
‖[θiM ]x(t)‖

2
L2(Ω) ≤ C1.

(20)

Lemma 8. For M > 0, there exists a constant C3 independent of M such
that

1. ‖∂cFM‖L2(0,T,H1(Ω)) ≤ C3,

2. ‖∂θiFM‖L2(ΩT ) ≤ C3,

3. ‖[cM ]xx‖L2(ΩT ) ≤ C3,

4. ‖[θiM ]xx‖L2(ΩT ) ≤ C3.

Proof. First, we prove items 2 and 4. From Lemma 6, item 4, we have
∫∫

ΩT

(∂θiFM )2 − 2κi

∫∫

ΩT

∂θiFM [θiM ]xx + κ2i

∫∫

ΩT

[θiM ]2xx ≤ C1. (21)

By using (12), we obtain

2κi∂θiFM [θiM ]xx ≤
κ2i
2
[θiM ]2xx +C[c6M + θ6iM + 1].

Thus, from Lemma 6, items 1 and 2, it follows from (21) that

∫∫

ΩT

(∂θiFM )2 +
κ2i
2

∫∫

ΩT

[θiM ]2xx ≤ C3. (22)

Next, we prove item 3. By defining HM = ∂cFM −κc[cM ]xx, since [cM ]x|ST
= 0,

we have
∫∫

ΩT

HM =

∫∫

ΩT

∂cFM ,
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and from Lemma 6, item 3,

∫∫

ΩT

[HM ]2x ≤ C1.

We also have
∫∫

ΩT

H2
M =

∫∫

ΩT

(∂cFM )2 − 2

∫∫

ΩT

(∂cFM )[cM ]xx + κ2c

∫∫

ΩT

[cM ]2xx.

On the other hand, we can write

∫∫

ΩT

H2
M =

∫∫

ΩT

[HM −HM ]2 +

∫∫

ΩT

HM
2

≤ CP

∫∫

ΩT

[HM ]2x +

∫∫

ΩT

(∂cFM )2

where CP denotes the Poincaré constant. Now, item 3 follows from (12) and
Lemma 6, items 1 and 2.

Finally, by using again (12) and Lemma 6, items 1 and 2, we obtain

‖∂cFM‖2L2(ΩT ) ≤ C3.

Lemma 8, items 3 and 4, and (12) imply that ‖[∂cFM ]x‖
2
L2(ΩT ) is also bounded

by a constant. Thus, item 1 is proved.

5. Existence and Uniqueness of Solutions

Next, we state an existence result, still in the one-dimensional case.

Proposition 9. There exists a triple (c, θ1, θ2) such that:

1. c ∈ L∞(0, T,H1(Ω)) ∩ L2(0, T,H3(Ω))

2. θi ∈ L∞(0, T,H1(Ω)) ∩ L2(0, T,H2(Ω))

3. ∂tc ∈ L2(0, T, [H1(Ω)]′), ∂tθi ∈ L2(ΩT )

4. ∂cF(c, θ1, θ2), ∂θiF(c, θ1, θ2) ∈ L2(ΩT )

5. c(0) = c0 and θi(0) = θi0 in L2(Ω)
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6. [c]x|ST
= [θi]x|ST

= 0 in L2(ST )

7. (c, θ1, θ2) solves the system (14) in the following sense:

∫ T

0
〈∂tc, φ〉 = −

∫∫

ΩT

D[∂cF(c, θ1, θ2)− κc(c)xx]xφx (23)

for all φ ∈ L2(0, T,H1(Ω)), and

∫∫

ΩT

∂tθψi = −

∫∫

ΩT

Li(∂θiF(c, θ) − κi(θ)xx)ψi (24)

for all ψi ∈ L2(ΩT ), and F is given by (8).

Proof. The proof will be done by considering solutions of the approximate
truncated problem for each M and then letting M → +∞.

For this, let us firstly observe that from Lemma 6, item 3 and Lemma 8,
item 1, the norm of [cM ]xxx in L2(ΩT ) is bounded by a constant which does
not depend on M . This fact and estimates of Lemmas 6 and 8, together with
a compactness argument, imply that there exists a subsequence (which for
simplicity of notation we still denote by {(cM , θ1M , θ2M )}) such that as M goes
to infinity

cM weakly-* converges to c in L∞(0, T,H1(Ω)),
θiM weakly-* converges to θi in L∞(0, T,H1(Ω)),
cM converges weakly to c in L2(0, T,H3(Ω)),
θiM weakly converges to θi in L2(0, T,H2(Ω)),
∂tcM weakly converges to ∂tc in L2(0, T, [H1(Ω)]′),
∂tθiM weakly converges to ∂tθi in L2(ΩT )
cM strongly converges to c in L2(ΩT )
θiM strongly converges to θi in L2(ΩT ).

By recalling Lemmas 6 and 8, Proposition 9, items 1–3, now follow.

Next, items 1 and 2 of Lemma 8 imply that

∂cFM (cM , θ1M , θ2M ) weakly converges to G in L2(ΩT ),

∂θiFM (cM , θ1M , θ2M ) weakly converges to H in L2(ΩT ).

Since the strong convergence of the sequence (cM ) implies that (at least for a
subsequence) ∂cFM (cM , θiM ) converges pointwise in ΩT , it follows from Lemma
1.3 from [26], p. 12, that G = ∂cF(c, θ1, θ2). Similarly, we haveH = ∂θiF(c, θ1, θ2).
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Thus item 4 is proved.

Item 5 is straightforward. Now, by compactness we have that

cM converges to c in L2(0, T,H2−ρ(Ω)), for any sufficiently small ρ > 0,

θiM converges to θ in L2(0, T,H2−ρ(Ω)), for any sufficiently small ρ > 0,

which imply item 6.

To prove item 7, by using the previous convergences, we pass to the limit
as M goes to infinity in the equations (15) and (16).

Proof of Theorem 2. We start with the proof of the existence of solutions of (5)–
(6) in the general case since this requires only slight modifications as compared
to the previously situation, that is the one space dimension with p = 2.

In fact, when the spatial dimension is 2 ≤ d ≤ 3, as we already observed, for
the coupling of the Cahn-Hilliard equation with multiple Allen-Cahn equations,
we still can use Proposition 4 in Dal Passo et al. [17].

Moreover, the extra terms that appear in the local free energy (2), as com-
pared to the ones in the simpler previously discussed case, can be handled in a
straightforward way; we then obtain exactly the same uniform estimates for the
solutions of the truncated problems just by using arguments of elliptic regularity
for the Laplacian to obtain estimates in L2(0, T,H2(Ω)) and in L2(0, T,H3(Ω)).
Then, we can pass to the limit as M → +∞ exactly as we did in the previous
proposition and get a solution of the original problem.

As for the uniqueness of solutions of (5)–(6), we argue as in Elliott and
Luckhaus [19].

For this, we introduce the following Green’s operator G: given f ∈ [H1(Ω)]′null
= {f ∈ [H1(Ω)]′, 〈f, 1〉 = 0}, we define Gf ∈ H1(Ω) as the unique solution of

∫

Ω
∇Gf · ∇ψ = 〈f, ψ〉, ∀ψ ∈ H1(Ω) and

∫

Ω
Gf = 0. (25)

Now, let zc = c1 − c2 and zθi = θi1 − θi2, i = 1, . . . , p be the differences of
two pair of solutions of (5)–(6) as in Theorem 2. Let

zF = D[∂cF(c1, θ11, . . . , θp1)− ∂cF(c2, θ12, . . . , θp2)− κc∆z
c].

Since equation (5) implies that the mean value of the composition field in
Ω is conserved, we have that (zc, 1) = 0, and we find from (5) that

−Gzct = zF .
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The definition of the Green operator and the fact that (zc, 1) = 0 give

−(∇Gzct ,∇Gzc) = −(Gzct , z
c) = (zF , zc) = (zF , zc).

Thus

1

2

d

dt
|∇Gzc|2 + (D[∂cF(c1, θ11, . . . , θp1)− ∂cF(c2, θ12, . . . , θp2)− κc∆z

c], zc) = 0.

We find from (6) that

D

2Li

d

dt
|zθi |2 +Dκi|∇z

θi |2 +D
(

∂θiF(c1, θ11, . . . , θp1)

− ∂θiF(c2, θ12, . . . , θp2), z
θi
)

= 0.

By adding the above equations, using the convexity of the function [F +
R](c, θ1, . . . , θp) with

R(c, θ1, . . . , θp) =
A

2
(c− cm)2 +

γ

2

p
∑

i=1

g(c, θi)−

p
∑

i=1

p
∑

i 6=j=1

εij
2
f(θi, θj),

and by integrating by parts, we obtain

1

2

d

dt
|∇Gzc|2 + κcD|∇zc|2 +

p
∑

i=1

[

D

2Li

d

dt
|zθi |2 +Dκi|∇z

θi |2
]

≤
(

∇(R(c1, θ11, . . . , θp1)−R(c2, θ12, . . . , θp2)) · (z
c, zθ1 , . . . , zθp), 1

)

(26)

In order to estimate the term at the right hand side of the above inequality,
we observe that (3) and (4) imply that

εij(∇(f(θi1, θj1)− f(θi2, θj2)) · (z
θi , zθj ), 1) ≤ 2εijF1|z

θi |2 + 2εijF2|z
θj |2

and

γ(∇(g(c1, θi1)− g(c2, θi2)) · (z
c, zθi), 1) ≤ 2γG1|z

c|2 + 2γG2|z
θi |2.

The above inequalities, together with (26), imply that

1

2

d

dt
|∇Gzc|2 +

κcD

2
|∇zc|2 +

p
∑

i=1

[

D

2Li

d

dt
|zθi |2 +

Dκi
2

|∇zθi |2
]

≤ C[‖zc‖2L2(Ω) + ‖zθi‖2L2(Ω) + ‖zθj‖2L2(Ω)].
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From the definition of the Green operator, we have that |zc|2 = (∇Gzc,∇zc).
Using the Hölder inequality, we can rewrite the above inequality as

1

2

d

dt
|∇Gzc|2 +

κcD

4
|∇zc|2 +

p
∑

i=1

[

D

2Li

d

dt
|zθi |2 +

Dκi
2

|∇zθi |2
]

≤ C[‖∇Gzc‖2L2(Ω) + ‖zθi‖2L2(Ω) + ‖zθj‖2L2(Ω)].

Then, a standard Gronwall argument yields ∇Gzc = 0 and zθi = 0 for
i = 1, . . . , p, since Gzc(0) = 0 and zθi(0) = 0 for i = 1, . . . , p. Then we have
uniqueness since |zc|2 = (∇Gzc,∇zc) = 0.
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