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Abstract: Let us consider two nonempty subsets A and B of a metric space X and an

upper semicontinuous multivalued non-self mapping T : A → 2B , where 2B denotes the set

of all nonempty subsets of B. It is worth mentioning that the notion of iterated sequence

is meaningless since the mapping T is a non-self mapping. In this article, we introduce a

new type of Picard’s iteration-like sequence for a non-self multivalued mapping and provided

sufficient conditions for the existence of a point x in A for which the distance between the

point x and the set T (x) is optimum. Using this notion, we obtain a generalized Edelstein’s

theorem for non-self multivalued contractive mappings.
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1. Introduction

The well-known Banach contraction principle states that every contraction self
mapping on a complete metric space has a unique fixed point and the sequence
of Picard’s iteration starting at any point converges to the unique fixed point.
Later, in [4], Edelstein proved that every contractive self mapping on a compact
metric space has unique fixed point and the sequence of iteration converges to
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the fixed point. For more details on different types of contractive self mappings
and its fixed points one may refer [14]. Note that the sequence of iteration
provides an algorithm to compute/locate the fixed point of given contractive
type self mapping.

In [13], Nadler furnished a multivalued version of Banach contraction princi-
ple for a setvalued contraction mapping with respect to the Hausdroff metric. In
[19], Smithson established sufficient conditions for the existence of fixed points
of a multivalued contractive self mapping which generalize the Edelstien theo-
rem. Note that the sequence of iteration plays a significant role in obtaining
the fixed points of multivalued contractive mappings.

In this article, we consider two nonempty subsets A, B of a metric space
X and an upper semicontinuous multivalued non-self mapping T from A into
B. We provide sufficient conditions to show the existence of a point in A,
called best proximity point of T , satisfying dist(x, Tx) = dist(A,B). Note that
when A = B, our results reduces to the fixed point theorems for multivalued
self mapping. It is worth mentioning that the notion of iterative sequence
is meaningless since the mapping under consideration is not a self mapping.
Hence we introduce a new type of Picard iteration-like sequence for non-self
multivalued mapping and used to prove the existence of a best proximity point
of T . For more interesting results on best proximity points for non-self mapping
we refer the reader to [1, 2, 3, 6, 7, 8, 9, 18, 21]. In an application point of view,
one can refer to [1, 5, 10, 11, 20]. Using the best proximity point theorem for
upper semicontinuous mapping, as an application, we obtain a best proximity
point theorem for a non-self multivalued contractive mapping. We also provide
examples to support our results.

2. Preliminaries

In this section, we discuss some of the basic notations and terminologies which
we will use in our main results. Let A,B be nonempty subsets of a metric space
X. Then the distance between A and B is defined as dist(A,B) := inf{d(a, b) :
a ∈ A, b ∈ B} and the proximity pair associated with the pair (A,B) is denoted
by (A0, B0), where

A0 = {x ∈ A : d(x, y) = dist(A,B), for some y ∈ B},

B0 = {y ∈ B : d(x, y) = dist(A,B), for some x ∈ A}.

In [12] Kirk et.al. discussed sufficient conditions which ensures the non-emptiness
of A0 and B0. Also, in [15], Basha and Veeramani showed that A0 is contained
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in ∂A, where ∂A denotes the boundary set of A. The geometric notion called
P−property, introduced in [16] plays a vital role in our main results.

Definition 1. [16] A pair (A,B) of nonempty subsets of a metric space
X is said to have P−property if and only if for any x1, x2 ∈ A and y1, y2 ∈ B

with

d(x1, y1) = dist(A,B)
d(x2, y2) = dist(A,B)

}

=⇒ d(x1, x2) = d(y1, y2).

In [17], it has been shown that X is a strictly convex Banach space if and
only if every pair (A,B) of closed bounded convex subsets has P−property.
Note tha, in this article, we are discussing the P−property in a metric space
rather than a normed linear space. With the help of P−property, the following
lemma provides the sufficient conditions for which A0 is closed.

Lemma 2. Let A,B be closed subsets of a metric space X such that the

pair (A,B) has P−property. Suppose that B is complete. Then A0 is a closed

subset of A.

Proof. If A0 is nonempty, then nothing to prove. Let {xn} be a sequence in
A0 such that xn → x, for some x ∈ A. Then there exist a sequence {yn} in B0

such that d(xn, yn) = dist(A,B), for all n ∈ N. By P−property, we conclude
that d(yn, ym) = d(xn, xm), for all n,m ∈ N. Since {xn} converges, {yn} is a
Cauchy sequence in B and hence it converges, say to some y in B. Then,

dist(A,B) ≤ d(x, y) = lim
n→∞

d(xn, yn) = dist(A,B).

Thus d(x, y) = dist(A,B) and x ∈ A0. Hence A0 is a closed subset of A.

IfA,B are nonempty compact subsets of a metric space, then A0 is nonempty
and by Lemma 2 we attain the following corollary.

Corollary 3. Let A,B be nonempty compact subsets of a metric space

X. Then A0, B0 are nonempty compact subsets of A,B respectively.

Let X be a metric space and CB(X) denotes the set of all nonempty closed
bounded subsets of X. Then the Hausdorff metric on CB(X) is defined as

H(A,B) := max{sup
a∈A

dist(a,B), sup
b∈B

dist(b,A)},

for all A,B ∈ CB(X). Let A,B be nonempty subsets of a metric space X. A
multivalued mapping T : A → CB(B) is said to be a multivalued contractive
mapping if H(Tx, Ty) < d(x, y), for all x, y ∈ A with x 6= y. A multivalued
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mapping T : A → 2B is said to be an upper semicontinuous mapping if for any
sequence {xn} in A with

xn → x

yn ∈ T (xn)
yn → y







=⇒ y ∈ T (x).

A sequence {xn} in A is said to have diminishing subsequence if there exists a
subsequence {xnk

} such that d(xnk
, xnk+1) → 0, as k → ∞.

Let us consider two nonempty subset A,B of a metric space X such that A0

is nonempty. Let T : A → 2B be a multivalued mapping such that T (x)∩B0 6=
∅, for any x ∈ A0. Then for any x0 in A0, we can obtain a sequence {xn} in A0

as follows:

Since x0 ∈ A0, choose y1 ∈ T (x0) ∩ B0. Then there is x1 ∈ A0 such that
d(x1, y1) = dist(A,B). Repeat the iteration with x1. Suppose xn ∈ A0 is
chosen, then there is yn+1 ∈ T (xn)∩B0 and hence we can find xn+1 ∈ A0 such
that d(xn+1, yn+1) = dist(A,B). The sequence {xn} is said to be a generalized
Picard iteration-like sequence of T in A0 starting at x0. Note that if A = B,
then it reduces to the usual iterated sequence of a self mapping T .

3. Main Results

Let us begin this section with the following best proximity point result for an
upper semicontinuous multivalued non-self mapping.

Lemma 4. Let A,B be nonempty compact subsets of a metric space X

and T : A → 2B be an upper semicontinuous multivalued non-self mapping

such that T (x) ∩ B0 6= ∅, for all x ∈ A0. Suppose that the pair (A,B) has

P−property and there is an x0 ∈ A0 for which the generalized Picard iteration-

like sequence {xn} starting at x0 has a diminishing subsequence. Then there

exists x∗ ∈ A0 satisfying dist(x∗, Tx∗) = dist(A,B).

Proof. Let {xn} be a generalized Picard iteration-like sequence in A0 start-
ing at x0 and {xnk

} be a diminishing subsequence of {xn}. i.e., d(xnk
, xnk+1) →

0, as k → ∞. Since (A,B) has P−property, we conclude that d(ynk
, ynk+1) → 0,

as k → ∞. Since A0 is compact, with out loss of generality, we assume that
xnk

→ x∗, for some x∗ ∈ A and by Lemma 2, x∗ ∈ A0. Then there exists y∗ ∈ B0

such that d(x∗, y∗) = dist(A,B). By P−property, we conclude that d(ynk
, y∗) =

d(xnk
, x∗) → 0. Hence d(ynk+1, y

∗) ≤ d(ynk+1, ynk
) + d(ynk

, y∗) → 0 as k → ∞.
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Thus we have xnk
→ x∗, ynk+1 ∈ T (xnk

), ynk+1 → y∗. Since T is upper semicon-
tinuous, y∗ ∈ T (x∗). This shows that dist(A,B) ≤ dist(x∗, T (x∗)) ≤ d(x∗, y∗) =
dist(A,B) and hence dist(x∗, T (x∗)) = dist(A,B).

The following example shows that in Lemma 4, the condition on the ex-
istence of a diminishing subsequence of a generalized Picard iteration-like se-
quence can not be relaxed.

Example 5. Consider R
2 with usual metric. Let A := {(0, y) : −1 ≤

y ≤ 1} and B := {(x, y) : 1 ≤ x ≤ 2, −1 ≤ y ≤ 1}. Then A0 = A and
B0 = {(1, y) : −1 ≤ y ≤ 1}. Put

L∗ := {(x,−1) : 1 ≤ x ≤ 2} ∪ {(2, y) : −1 ≤ y ≤ 1}

L∗ := {(x, 1) : 1 ≤ x ≤ 2} ∪ {(2, y) : −1 ≤ y ≤ 1}

and let T : A → 2B be a mapping defined as

T (0, y) :=











L∗ if 0 < y ≤ 1,

L∗ if − 1 ≤ y < 0,

L∗ ∪ L∗ if y = 0.

It is easy to see that T is an upper semicontinuous multivalued non-self map-
ping such that T (x) ∩ B0 6= ∅, for all x ∈ A0. Particularly, the generalized
Picard iteration-like sequence consists of exactly two points {(1, 1), (1,−1)} al-
ternatively and hence has no diminishing subsequence. Note that T has no best
proximity point in A.

Using Lemma 4, we obtain the following generalization of Edelstein’s fixed
point theorem for non-self multivalued contractive mapping.

Theorem 6. Let A,B be nonempty compact subsets of a metric space X

and T : A → 2B be a multivalued contractive mapping such that T (A0) ⊆ B0.

Assume that the pair (A,B) has P−property and T (x) is closed, for all x ∈ A.

Then there exists x∗ ∈ A0 such that dist(x∗, Tx∗) = dist(A,B).

Proof. It is well-known fact that a closed valued multivalued contractive
mapping is upper semicontinuous. Hence in view of Lemma 4, it is sufficient
to show that a generalized Picard iteration-like sequence {xn} starting at any
point x0 in A0 has a diminishing subsequence.

Fix any x0 ∈ A0. Now, we construct a sequence {xn} which is also a
generalized Picard iteration-like sequence starting at x0 and any subsequence
of it is diminishing. Choose any y1 ∈ T (x0). Then there is a point x1 ∈ A0
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such that d(x1, y1) = dist(A,B). Now, choose y2 ∈ T (x1) such that d(y1, y2) =
dist(y1, T (x1)). Since T (x1) is compact, such y2 always exists. Then there exist
x2 ∈ A0 such that d(x2, y2) = dist(A,B). In general, if xn ∈ A0 is chosen, then
choose yn+1 ∈ T (xn) and xn+1 ∈ A0 such that d(yn, yn+1) = dist(yn, T (xn)) and
d(xn+1, yn+1) = dist(A,B). Note that {xn} is a generalized Picard iteration-like
sequence having the following properties.

1. yn+1 ∈ T (xn), for all n ∈ N ∪ {0}

2. d(xn, yn) = dist(A,B), for all n ∈ N

3. d(yn, yn+1) = dist(yn, T (xn)), for all n ∈ N

4. d(xn, xn+1) = d(yn, yn+1) ≤ H(T (xn−1), T (xn)), for all n ∈ N.

Now, we show that every subsequence of {xn} is diminishing. Since A0 is com-
pact, we can find subsequences {xnk

} and {xnk+1} of {xn} such that xnk
→ u

and xnk+1 → v, for some u, v ∈ A0. If we show that u = v, then d(xnk
, xnk+1) →

0 and hence {xnk
} would be a diminishing subsequence of {xn} and the conclu-

sion follows from Lemma 4. PutW := A0×A0\∆, where ∆ := {(x, x) : x ∈ A0}.

Define a function f : W → R by f(p, q) = H(Tp,Tq)
d(p,q) , for all (p, q) ∈ W . Since

T is a contractive mapping, f is a continuous mapping and f(p, q) < 1, for all
(p, q) ∈ W .

If u 6= v, then (u, v) ∈ W and for 0 < r < 1, there is an open sub-
set U of W such that (u, v) ∈ U and 0 ≤ f(p, q) < r, for all (p, q) ∈ U .

Since U is open, choose 0 < η <
d(u,v)

3 such that B(u, η) × B(v, η) ⊆ U .
Note that we can find N ∈ N such that xnk

∈ B(u, η) and xnk+1 ∈ B(v, η),
for all k ≥ N , since xnk

→ u and xnk+1 → v. Therefore, d(xnk
, xnk+1) >

η, for all k ≥ N. Since (xnk
, xnk+1) ∈ B(u, η)×B(v, η) ⊆ U, f(xnk

, xnk+1) < r.
i.e., H(T (xnk

), T (xnk+1)) < r d(xnk
, xnk+1), for all k ≥ N . Hence by prop-

erty (4) of the sequence {xn}, we get d(xnk+1, xnk+2) < r d(xnk
, xnk+1), for all

k ≥ N . Let m > k ≥ N . Then

d(xnm
, xnm+1) ≤ H(xnm−1, xnm

) < d(xnm−1, xnm
)

≤ · · · ≤ d(xnm−1+1, xnm−1+2)

≤ r d(xnm−1
, xnm−1+1) ≤ . . . ≤ rm−kd(xnk

, xnk+1).

By fixing k and let m → ∞, we get

0 < η < d(xnm
, xnm+1) < rm−kd(xnk

, xnk+1) → 0,
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a contradiction. Hence u = v. This shows that the generalised Picard iteration-
like sequence {xn} has diminishing subsequence and hence by Lemma 4, there
is a point x∗ ∈ A such that dist(x∗, T (x∗)) = dist(A,B).

It is easy to see that for any subset A of a metric space X, the pair (A,A)
has P−property. This leads us to get the following fixed point theorem for
multivalued contractive self mapping.

Corollary 7. Let A be a nonemtpy compact subset of a metric space X

and T : A → 2A be a multivalued contractive self mapping. Suppose that T (x)
is closed, for all x ∈ A. Then there exists x∗ ∈ A such that x∗ ∈ T (x∗).
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