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Abstract: We continue the investigation of the space of dominated Urysohn operators

between lattice-normed spaces which started in [2, 12]. We prove the Yosida-Hewitt type

theorem for this class of operators. We also show that dominated Urysohn operator T preserve

disjointness if and only if preserve disjointness its exact dominant




T




.
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1. Introduction

Orthogonally additive operators in vector lattices were introduced in [6]. Today
the theory of orthogonally additive operators in vector lattices and more general
lattice-normed spaces is an active field of research (see for instance [1, 2, 7, 8, 9,
10, 12, 14]). The aim of this note is to continue this line of investigations. We
establish the Yosida-Hewitt type theorem for dominated Uryson operators in
lattice-normed spaces. Some properties of disjointness preserving orthogonally
additive operators are investigated.

Received: March 8, 2017

Revised: November 28, 2017

Published: January 12, 2018

c© 2017 Academic Publications, Ltd.

url: www.acadpubl.eu

§Correspondence author



416 N. Abasov, M. Pliev

Now we introduce some basic definitions and facts. General information on
vector lattices and lattice-normed spaces the reader can find in the book [5].

Definition 1. Consider a vector space V and a real archimedean vector
lattice E. A map | · | : V → E is a vector norm if it satisfies the following
axioms:

1)
v

≥ 0;
v

= 0 ⇔ v = 0; (v ∈ V );

2)
v1 + v2

≤
v1

+
v2

; (v1, v2 ∈ V );

3)
λv

= |λ|
v

; (λ ∈ R, v ∈ V ).

A vector norm is said to be decomposable if

4) for all e1, e2 ∈ E+ and x ∈ V the condition
x

 = e1 + e2 implies the
existence of x1, x2 ∈ V such that x = x1 + x2 and

xk
= ek, (k := 1, 2).

A triple (V,
 ·

, E) (or (V,E) for brevity) is called a lattice-normed space

if
 ·

 is an E-valued vector norm in the vector space V . If the norm
 ·


is decomposable then the space V is called decomposable. We say that a net
(vα)α∈∆ (bo)-converges to an element v ∈ V and write v = (bo) − lim vα if
there exists a decreasing net (eγ)γ∈Γ in E+ such that infγ∈Γ(eγ) = 0 and for
every γ ∈ Γ there is an index α(γ) ∈ ∆ such that

v − vα(γ)
 ≤ eγ for all

α ≥ α(γ). A net (vα)α∈∆ is called (bo)-fundamental if the net (vα−vβ)(α,β)∈∆×∆

(bo)-converges to zero. A lattice-normed space is called (bo)-complete if every
(bo)-fundamental net (bo)-converges to an element of this space. Every de-
composable (bo)-complete lattice-normed space is called a Banach-Kantorovich

space. Two elements x, y of the lattice-normed space (V,E) are called disjoint

(notation x⊥y), if
x

∧
y

 = 0. An element y of the lattice-normed space
V is called a fragment of the element x ∈ V , if

y
⊥

x− y
. The set of all

fragments of the element x is denoted by Fx.

Definition 2. Let E be a vector lattice, and let F be a real linear space.
An operator T : E → F is called orthogonally additive if T (x+y) = T (x)+T (y)
whenever x, y ∈ E are disjoint.

It follows from the definition that T (0) = 0. It is immediate that the set
of all orthogonally additive operators is a real vector space with respect to the
natural linear operations.

Definition 3. Let E and F be vector lattices. An orthogonally additive
operator T : E → F is called:

• positive if Tx ≥ 0 holds in F for all x ∈ E;
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• order bounded it T maps order bounded sets in E to order bounded sets
in F .

An orthogonally additive order bounded operator T : E → F is called an
abstract Uryson operator.

The set of all abstract Urysohn operators from E to F we denote by U(E,F ).

Definition 4. Let E be a vector lattice and X a vector space. An orthog-
onally additive map T : E → X is called even if T (x) = T (−x) for every x ∈ E.
If E,F are vector lattices, the set of all even abstract Urysohn operators from
E to F we denote by Uev(E,F ).

Corollary 5. ([12], Lemma 3.2.) Let E,F be vector lattices with F

Dedekind complete. Then Uev(E,F ) is a Dedekind complete sublattice of
U(E,F ).

2. Dominated Urysohn Operators

We will consider the question about decomposition of a dominated Urysohn
operator into the laterally continuous and laterally singular parts. These kind of
results are often called theorems of Yosida-Hewitt-type because of the classical
fact on decomposition of a finitely additive measure into countably additive and
finitely additive parts.

Definition 6. Let (V,E) and (W,F ) be lattice-normed spaces. A map
T : V → W is called orthogonally additive if T (u + v) = Tu + Tv for every
u, v ∈ V, u⊥v. An orthogonally additive map T : V → W is called a dominated

Uryson operator if there exists S ∈ Uev
+ (E,F ) such that

Tv
 ≤ S

v
 for

every v ∈ V . In this case we say that S is a dominant for T . The set of
all dominants of the operator T is denoted by Domin(T ). If there is the least
element in Domin(T ) with respect to the order induced by Uev

+ (E,F ) then it is
called the least or the exact dominant of T and is denoted by

T
. The set of

all dominated Urysohn operators from V to W is denoted by DU (V,W ).

If the range space (W,F ) is order complete then the following statement
holds.

Corollary 7. ([2],Theor.3.1.) Let (V,E), (W,F ) be lattice-normed spaces
with V decomposable and W a Banach-Kantorovich space. Then the space of
all dominated Urysohn operators DU (V,W ) is a Banach-Kantorovich space.
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Corollary 8. ([12],Theor. 3.4.) Let (V,E), (W,F ) be lattice-normed
spaces with V decomposable and F Dedekind complete. Then every dominated
Urysohn operator T : V → W has an exact dominant

T
.

Let (V,E) be a lattice-normed space. A net (vα)α∈Λ ⊂ V is said to be
laterally convergent to v ∈ V if v = (bo) − limα vα and

vβ − vγ
⊥

vγ
 for

all β, γ ∈ Λ, β ≥ γ. In this case we write vα
lat
−→ v.

Definition 9. Let (V,E), (W,F ) be lattice normed spaces. An orthogo-
nally additive operator T : V → W is called laterally continuous (σ-laterally
continuous), if for every laterally convergent net (vα) ⊂ V (sequence (vn) ⊂ V )
the net Tvα (the sequence Tvn ) is (bo)-convergent. The vector subspace of all
laterally continuous dominated (abstract even) Urysohn operators is denoted
by Dc

U (V,W ) (respectively, Uevc(E,F )).

Laterally continuous orthogonally additive operators recently were investi-
gated in [11, 13].

Corollary 10. ([4],Theor.3.3.) Let (V,E) be a lattice-normed space and
let (W,F ) be a Banach-Kantorovich space. Then a dominated Urysohn operator
T : V → W is laterally continuous if and only if its exact dominant

T
 : E →

F is.
T ∈ Dc

U (V,W ) ⇐⇒
T

∈ Uevc
+ (E,F ).

Definition 11. A dominated Urysohn operator is called laterally singu-
lar (singular for short) if it is disjoint to each laterally continuous dominated
Urysohn operator.

Denote by Ds
U (V,W ) (respectively, Uevs(E,F )) the set of all dominated

(abstract even) singular Urysohn operator from V into W (from E into F ).
Then the above definition can be rewritten as follows:

T ∈ Ds
U (V,W ) ⇔ T⊥Dc

U (V,W );

T ∈ Uevs(E,F ) ⇔ T⊥Uevc(E,F ).

Observe that by Corollary 5 and ([6],Proposition 3.8) the set of all even later-
ally continuous abstract Urysohn operators from vector lattice E to Dedekind
complete vector lattice F is a band in the Uev(E,F ).

Corollary 12. Let (V,E) be decomposable lattice-normed spaces and let
(W,F ) be a Banach-Kantorovich space. Then, for an operator T ∈ DU (V,W )
the following are equivalent:

(1) Operator T is singular;
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(2) Operator
T

 is singular;

(3) Operator T has no nonzero laterally continuous fragments.

Proof. Since the every band of the space Uev(E,F )) contains a norm of a
some element of DU (V,W ) and by Corollary 10 we have that (1) ⇔ (2). The
implication (1) ⇒ (3) is obvious and it remains to prove (3) ⇒ (2). Assume
that

T
 is not singular. Then

T
 has nonzero laterally continuous fragment

S1 and
T

= S1+S2. By the decomposability of the vector norm of the space
DU (V,W ) we have that T = T1 + T2, where

Ti

= Si, i ∈ {1, 2} and T1 is a
laterally continuous fragment of T . So we come to the contradiction.

The following theorem is the Yosida-Hewitt type theorem for dominated
Urysohn operators.

Theorem 13. Let (V,E) be a decomposable lattice-normed space and
let (W,F ) be a Banach-Kantorovich space. Then every dominated Urysohn
operator T has a unique representation in the form T = Tc + Ts, where Tc ∈
Dc

U (V,W ) and Ts ∈ Ds
U (V,W ). Moreover

T
=

Tc

+
Ts

;
Tc

=
T

c,
Ts

=
T

s.

A decomposition of T with the properties indicated above is unique.

Proof. Using the fact that Uevc(E,F ) is a band in the Uev(E,F ) the positive
even abstract Urysohn operator

T
 has a unique representation in the formT

 =
T

c +
T

s, where
T

c ∈ Uevc
+ (E,F ) and

T
s ∈ Uevs

+ (E,F ),T
c⊥

T
s. Then by the decomposability of the vector norm of the space

DU (V,W ), there exist T1, T2 ∈ DU (V,W ) such that

T1
=

T
c;

T2
=

T
s; T = T1 + T2.

It follows from Corollaries 10 and 12 that T1 ∈ Dc
U (V,W ) and T2 ∈ Ds

U (V,W ).
Thus we may put Tc := T1 and Ts := T2. Finally we must to prove the unique-
ness of the above representation. For every dominated Urysohn operator T ∈
DU (V,W ) and every representation

T
= S1 + S2, where S1, S2 ∈ Uev

+ (E,F ),
by the decomposability of the vector norm there exist dominated Urysohn op-
erators T1, T2 ∈ DU (V,W ) such that T = T1 + T2 and

Ti

= Si, i ∈ {1, 2}. If
the operators S1 and S2 are disjoint then there exists a unique pair of operators
T1 and T2 satisfying the condition under consideration.

Now we are going to calculate the laterally continuous component of the
dominated Urysohn operator. We need a some auxiliary results.
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Definition 14. A subset D of a vector lattice E is called a lateral ideal if

the following conditions hold

1. if x ∈ D then y ∈ D for every y ∈ Fx;

2. if x, y ∈ D, x⊥y then x+ y ∈ D.

Let T ∈ Uev
+ (E,F ) and D ⊂ E be a lateral ideal. Then for every x ∈ E, is

defined a map πDT : E → F+ by the following formula

πDT (x) = sup{Ty : y ∈ Fx ∩D}. (1)

Observe that operator πD is an order projection in the space Uev(E,F ).

Definition 15. A lateral ideal D is called laterally dense if for every

e ∈ E there exists a laterally convergence net (eα)α∈Λ ⊂ D such that eα
lat
−→ e.

The set of all laterally dense lateral ideals of E is denoted by ADD(E).

Observe that every order dense order ideal of the E is a laterally dense
laterally ideal.

Corollary 16. ([3], Theor.3.8.) Let E,F be vector lattices with F

Dedekind complete. Then laterally continuous part of an abstract Uryson op-
erator T : E → F may be calculated by formula Tc = ̺T where ̺ = inf{πD :
D ∈ ADD(E)}.

Theorem 17. Let (V,E), (W,F ) be the same as in Theorem 13. Then
the following formula for calculation of the laterally continuous components of
a dominated Urysohn operator holds:

Tc = (bo)− lim
D

πDT ; D ∈ ADD(E); (2)

Tcv = (bo)− lim
D

πDTv; D ∈ ADD(E); v ∈ V. (3)

Proof. We prove the formula 3.2. The formula 3.3 is followed from 3.2.
By ([5], Prop.2.1.2.1) the Boolean algebras of order projections of the spaces
DU (V,W ) and Uev(E,F ) are isomorphic. Then for every D ∈ ADD(E) and
every operator T ∈ Dc

U (V,W ) we have
πDT

= πD
T

. Now we may write

πDT
=

(πDT
−

Tc


)
+
Tc

;

πDT = TD + Tc;
TD

=
πDT

−
Tc

;
πDT − Tc

=
TD

.

Since
TD

 o
−→ 0 the desired formula is proven.
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In the final part of this section we investigate some properties of disjoint-
ness preserving dominated Urysohn operators. A dominated Urysohn operator
T from lattice-normed space (V,E) to lattice-normed space (W,F ) is called
disjointness preserving if T (x)⊥T (y) for all x, y ∈ V with x⊥y.

Now we need the formulas for the calculation of the exact dominant of a
dominated Urysohn operator T .

Let E be a vector lattice. Consider the set

Ẽ+ = {e ∈ E+ : e =

n⊔

i=1

vi
; vi ∈ V ; n ∈ N}.

Corollary 18. ([12],Theor.3.7.) Let (V,E), (W,F ) be lattice-normed
spaces with V decomposable and F Dedekind complete. Then the exact dom-
inant of a dominated Uryson operator T : V → W can be calculated by the
following formulas:

(1)
T

(e) = sup
{ n∑

i=1

Tui
 :

n⊔
i=1

ui
= e, n ∈ N

}
(e ∈ Ẽ+);

(2)
T

(e) = sup
{T

(e0) : e0 ∈ Ẽ+, e0 ⊑ e
}
; (e ∈ E+)

(3)
T

(e) =
T

(e+) +
T

(e−), e ∈ E.

Theorem 19. Let (V,E) be decomposable lattice-normed spaces and
(W,F ) be a Banach-Kantorovich space. Then every operator T ∈ DU (V,W )
preserve disjointness if and only if preserve disjointness its exact dominant

T
.

Proof. Suppose that
T

∈ Uev
+ (E,F ) is the disjointness preserving opera-

tor. Take x, y ∈ V , x⊥y. Then we have

Tx
∧

Ty
≤

T
x

∧
T

y
= 0

and therefore operator T preserve disjointness. On other hand, assume that
T : V → W preserve disjointness. At first, take an elements e, f ∈ Ẽ+, e⊥f .

Fix the representations e =
n⊔

i=1

xi
 for e and f =

m⊔
j=1

yj
 for f . Now, we

may write

n∑

i=1

Txi
∧

m∑

j=1

Tyj
≤

n,m∑

i,j

Txi
∧

Tyj
= 0. (4)
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Passing to the supremum in the left side of the formula 3.4 over all representa-
tions of the elements e and f we have that

T
(e)∧

T
(f) = 0. Let e, f ∈ E+

and e⊥f . Then for every fragments e0, f0 of the e, f respectively we have e0⊥f0.
Therefore

T
(e0) ∧

T
(f0) = 0, e0, f0 ∈ Ẽ+ (5)

and passing to the supremum in the left side of the formula over all fragments
e0, f0 ∈ Ẽ+ by Corollary 18 we have

T
(e)∧

T
(f) = 0. Finally, let e, f be

an arbitrary elements of E, such that e⊥f . Then

e = e+ − e−; f = f+ − f−.

Remark that positive and negative parts of the elements e and f are mutually
disjoint. Thus we may write

T
(e) ∧

T
(f) =

(
T

(e+) +
T

(e−)) ∧ (
T

(f+) +
T

(f−)) ≤T
(e+) ∧

T
(f+) +

T
(e+) ∧

T
(f−)+T

(e−) ∧
T

(f+) +
T

(e−) ∧
T

(f−) = 0

and the desired property of the operator
T

 is proven.
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