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Abstract: In this paper we introduce the notion of anti fuzzy ideals of B-algebras and we

give characterizations of it using the notion of lower level subset. We also study the properties

of anti fuzzy ideals under homomorphism of B-algebras. We consider the cartesian product

of anti fuzzy ideals and investigate some properties.
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1. Introduction

The concept of fuzzy sets were introduced by Zadeh in 1965 as a generalization
of the notion of classical sets and various properties of fuzzy sets were estab-
lished (see [18]). Then these concepts have been studied on different algebraic
structures as modules, ideals, groups and algebras. In 1966, Imai and Iséki
showed that abstract algebras fall into two classes: BCK-algebras and BCI-
algebras. (We refer to [6] and [5] for more information about BCK-algebras
and BCI-algebras). In 2002, J. Neggers and H. S. Kim introduced and investi-
gated a class of algebras which is related to several classes of algebras of interest
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such as BCH/BCI/BCK-algebras and obtained several results ([13]). In [16],
the authors applied the concept of fuzzy sets to closed ideals in B-algebras and
investigated some of their properties. In [17], B-ideals and fuzzy B-ideals are
introduced and homomorphisms and cartesian product has been studied with
fuzzy ideal concept then later the same authors studied anti fuzzy B-ideals of
B-algebra (See [7]).

In this paper, we study anti fuzzy ideals of B-algebra which is different
from anti fuzzy B-ideals of B-algebra used in [7]. We start in Section 2 by
giving fundamental definitions and properties that will be used in the sequel. In
Section 3, we start with an ideal of B-algebra then we introduce the notion of an
anti fuzzy ideal of B-algebras and investigate some properties. Using the notion
of lower level subsets and the notion of complement, we give characterizations
of anti fuzzy ideals in B-algebras in Theorem 3.7 and Theorem 3.10. In Section
4, we study anti fuzzy ideals of B-algebras under homomorphism where we show
that an onto homomorphic image of an anti fuzzy ideal is an anti fuzzy ideal
and that the homomorphic inverse image of an anti fuzzy ideal is also an anti
fuzzy ideal. Finally, we introduce the cartesian product of two anti fuzzy ideals
of B-algebras and obtain some results.

Combining the results of [2], [12], [9], [15], [4], [14] and the results in this
paper, it can be seen that many algebraic properties with respect to anti fuzzy
ideals are very similar.

2. Preliminaries

In this paper we recall definitions and properties required in the paper.

Definition 2.1. ([13]) A B-algebra is an algebra (X, ∗, 0) of type (2, 0)
satisfying the following conditions:

(1) x ∗ x = 0,

(2) x ∗ 0 = x,

(3) (x ∗ y) ∗ z = x ∗ (z ∗ (0 ∗ y)), for all x, y, z ∈ X.

In a B-algebra X, a partial ordering ≤ on X defined by x ≤ y ⇐⇒
x ∗ y = 0.

Lemma 2.2. ([13]) If X is a B-algebra then 0 ∗ (0 ∗ x) = x, for all x ∈ X.
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Lemma 2.3. ([13]) If X is a B-algebra then (x ∗ y) ∗ (0 ∗ y) = x, for all
x, y ∈ X.

Definition 2.4. ([16]) A mapping f : (X, ∗, 0) −→ (Y, ∗′, 0′) of B-algebras
is called a homomorphism if f(x ∗ y) = f(x) ∗′ f(y), for all x, y ∈ X.

Definition 2.5. ([18]) Let X be a non empty set. A fuzzy subset α of the
set X is a mapping α : X −→ [0, 1].

Definition 2.6. ([4]) Let f : X −→ Y be a mapping and let α be a fuzzy
subset of X. Then the fuzzy subset β of Y defined by:

β(y) =

{

supx∈f−1(y)α(x) if f−1(y) 6= φ,

0 if otherwise,

is called the image of α under f and is denoted by f(α). Similarly, if β is a
fuzzy subset of Y then the fuzzy subset defined by:

β(f(x)) = α(x), for all x ∈ X,

is said to be the inverse image of β under f and denoted by f−1(β).

Definition 2.7. ([18]) The complement of a fuzzy set α is denoted by αc

and is defined by αc = 1− α.

Definition 2.8. ([16]) A fuzzy subset α in X is called a fuzzy B-algebra
if:

α(x ∗ y) ≥ min{α(x), α(y)}, for all x, y ∈ X.

Definition 2.9. ([16]) Let α be a fuzzy subset in a B-algebra X. Then α

is called a fuzzy ideal of X if:

(FI1) α(0) ≥ α(x),

(FI2) α(x) ≥ min{α(x ∗ y), α(y)}.

Example 2.10. ([16]) Let X := {0, 1, 2, 3} be a set with the Caylay
Table 1. Then (X, ∗, 0) is a B-algebra. Define a fuzzy subset α in X by:
α(0) = α(2) = 1 and α(1) = α(3) = m, where m ∈ [0, 1). Then α is a fuzzy
ideal of X.
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Table 1

∗ 0 1 2 3

0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

3. Anti Fuzzy Ideals of B-Algebras

In this section we will introduce the notion of an anti fuzzy ideal of B-algebras
and study some properties.

Definition 3.1. Let (X, ∗, 0) be a B-algebra. Let I be a nonempty subset
of X. Then I is called an ideal of X if it satisfies the following:

(1) 0 ∈ I,

(2) if x ∗ y ∈ I and y ∈ I then x ∈ I.

Definition 3.2. Let (X, ∗, 0) be a B-algebra. A fuzzy subset α in X is
called an anti fuzzy ideal of X if it satisfies the following conditions:

(AI1) α(0) ≤ α(x),

(AI2) α(x) ≤ max{α(x ∗ y), α(y)}.

Example 3.3. Let (X, ∗, 0) be the B-algebra defined in Example 2.10.
Define a fuzzy subset α in X by: α(0) = 0.5 and α(1) = α(2) = α(3) = 0.6.
Then it can be easily shown, by direct calculations, that α is an anti fuzzy ideal
of X.

An anti fuzzy ideal is an order preserving as shown in the next lemma.

Lemma 3.4. Let α be an anti fuzzy ideal of a B-algebra X. If x ≤ y then
α(x) ≤ α(y), for all x, y ∈ X.

Proof. Let α be an anti fuzzy ideal of a B-algebra X and let x ≤ y. Then
x ∗ y = 0. As α is an anti fuzzy ideal, we have

α(x) ≤ max{α(x ∗ y), α(y)}
≤ max{α(0), α(y)}
≤ α(y).
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Proposition 3.5. Let α be an anti fuzzy ideal of a B-algebra X. If x∗y ≤ z

then α(x) ≤ max{α(z), α(y)}.

Proof. Let α be an anti fuzzy ideal of a B-algebra X and let x ∗ y ≤ z.

Then from Lemma 3.4, α(x ∗ y) ≤ α(z). As α is an anti fuzzy ideal,
α(x) ≤ max{α(x ∗ y), α(y)}

≤ max{α(z), α(y)}.

Definition 3.6. Let α be a fuzzy subset of a B-algebra X. Then for each
t ∈ [0, 1] the set αt = {x ∈ X|α(x) ≤ t} is called a lower t-level of α.

The next theorems give characterizations of anti fuzzy ideals in B-algebras.

Theorem 3.7. Let α be an anti fuzzy subset of a B-algebra X. Then α

is an anti fuzzy ideal of X if and only if αt 6= φ implies αt is an ideal of X.

Proof. Let α be an anti fuzzy ideal of X. Take t ∈ [0, 1] such that
αt 6= φ and let x, y ∈ X such that x ∈ αt. Then α(x) ≤ t and so, by (AI1),
α(0) ≤ α(x) ≤ t. Thus α(0) ≤ t. Hence 0 ∈ αt. Now let x ∗ y, y ∈ αt. Then
α(x ∗ y) ≤ t and α(y) ≤ t and so, by (AI2), α(x) ≤ max{α(x ∗ y), α(y)}. Thus
α(x) ≤ t. Hence x ∈ αt. Therefore, αt is an ideal of X. Now suppose for
contradiction that α is not an anti fuzzy ideal of X. If (AI1) is not true, that
is, α(0) > α(x), for some x ∈ X then we can take t1 = 1

2 [α(0) + α(x)] and so
we have α(0) > t1 and α(x) < t1 and hence 0 ≤ α(x) < t1 ≤ 1. Therefore,
x ∈ αt1 which means that αt1 6= φ. As αt1 is an ideal we have 0 ∈ αt1 implies
α(0) ≤ t1 which is a contradiction. Therefore, α(0) ≤ α(x), for all x ∈ X. If
α(x) > max{α(x∗y), α(y)} and we take t2 =

1
2 [α(x)+max{α(x∗y), α(y)}] then

max{α(x ∗ y), α(y)} < t2 < α(x) and so x 6∈ αt2 which gives a contradiction.
Therefore, α(x) ≤ max{α(x ∗ y), α(y)}. Hence α is an anti fuzzy ideal of X.

Corollary 3.8. Let α be a fuzzy subset of a B-algebra X. Then α is an
anti fuzzy ideal of X if and only if αt is either empty or an ideal of X.

Corollary 3.9. Let α be a fuzzy subset of a B-algebra X. If α is an anti
fuzzy ideal then for all t ∈ Im(α), αt is an ideal of X.

Proof. Let t ∈ Im(α). Then t = α(x), for x ∈ X and so x ∈ αt. As αt 6= φ

then, by Corollary 3.8, αt is an ideal.

Theorem 3.10. Let α be a fuzzy subset of a B-algebra X. Then α is an
anti fuzzy ideal of X if and only if αc is a fuzzy ideal of X.

Proof. Let α be an anti fuzzy ideal of X and let x, y ∈ X. Then, α(0) ≤
α(x) implies 1−α(0) ≥ 1−α(x). Hence αc(0) ≥ αc(x). Also α(x) ≤ max{α(x∗
y), α(y)} implies 1− α(x) ≥ 1−max{α(x ∗ y), α(y)}. Hence αc(x) ≥ min{1−
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α(x ∗ y), 1 − α(y)} which implies αc(x) ≥ min{αc(x ∗ y), αc(y)}. Hence, αc is
a fuzzy ideal of X. A similar argument to that above shows that α is an anti
fuzzy ideal of X if αc is a fuzzy ideal of X.

Proposition 3.11. Let α be an anti fuzzy ideal of a B-algebra X. Then
the set Xα = {x ∈ X : α(0 ∗ (0 ∗ x)) = α(0)} is an ideal.

Proof. Obviously, 0 ∈ Xα. Let x, y ∈ Xα such that x∗y ∈ Xα and y ∈ Xα.

Then by using Lemma 2.2 we have, α(x∗y) = α(0) and α(y) = α(0). Since α is
an anti fuzzy ideal, we know that α(0) ≤ α(x) and α(x) ≤ max{α(x∗y), α(y)}.
Thus α(x) ≤ max{α(0), α(0)} = α(0). Therefore, α(x) = α(0). Hence x ∈ Xα

and so Xα is an ideal of X.

4. Homomorphisms of Anti Fuzzy Ideals of B-Algebras

In this section we study properties of anti fuzzy ideals of B-algebras under
homomorphisms.

Definition 4.1. For a B-algebra X, let f : X −→ X be an endomorphism
and let α be an anti fuzzy subset of X. Then αf (x) in X defined by αf (x) =
α(f(x)), for all x ∈ X is called an anti fuzzy subset of X.

Theorem 4.2. If f : (X, ∗, 0) −→ (Y, ∗′, 0′) is an onto homomorphism of
B-algebras then the image of an anti fuzzy ideal of X is an anti fuzzy ideal of
Y.

Proof. Let α be an anti fuzzy ideal of X and β be the image of α under f
i.e. β(f(x)) = α(x) for all x ∈ X. As f is an onto then for each y ∈ Y there ex-
ists x ∈ X such that f(x) = y. Then we have β(y) = β(f(x)) = α(x) ≥ α(0) =
β(f(0)) = β(0′). Thus β(y) ≥ β(0′) so (AI1) is satisfied. Now let x′, y′, z′ ∈ Y

then there exist x, y, z ∈ X such that f(x) = x′, f(y) = y′, f(z) = z′. Now we
consider β(x′). We have β(x′) = β(f(x)) = α(x) ≤ max{α(x ∗ y), α(y)} =
max{β(f(x ∗ y)), β(f(y))} = max{β(f(x) ∗′ f(y)), β(f(y))} = max{β(x′ ∗
y′), β(y′)}. Hence (AI2) is satisfied and so β is an anti fuzzy ideal of Y.

Theorem 4.3. If f : (X, ∗, 0) −→ (Y, ∗′, 0′) is a homomorphism of B-
algebras then the inverse image of an anti fuzzy ideal of Y is an anti fuzzy ideal
of X.

Proof. Let β be an anti fuzzy ideal of Y and α be the inverse of β under f .
Then β(f(x)) = α(x), for all x ∈ X. To prove that α is an anti fuzzy ideal, let
x ∈ X. Thus α(0) = β(f(0)) = β(0′) ≤ β(f(x)) = α(x), so (AI1) is satisfied.
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Now let x, y ∈ X, then α(x) = β(f(x)) ≤ max{β(f(x) ∗′ f(y)), β(f(y))} =
max{β(f(x ∗ y)), β(f(y))} = max{α(x ∗ y), α(y)}, that is (AI2).

5. Cartesian Product of Anti Fuzzy Ideals of B-Algebras

In this section we introduce the concept of cartesian product between two anti
fuzzy ideals and present some properties.

Definition 5.1. Let α, β be anti fuzzy subsets of a B-algebra X. The
cartesian product α× β : X ×X −→ [0, 1] is defined by:

(α× β)(x, y) = max{α(x), β(y)}, for all x, y ∈ X.

Theorem 5.2. If α, β are anti fuzzy ideals of a B-algebra X, then α× β

is an anti fuzzy ideal in X ×X.

Proof. To prove (AI1), let (x1, x2) ∈ X × X. Then (α × β)(0, 0) =
max{α(0), β(0)} ≤ max{α(x1), β(x2)} = (α × β)(x1, x2). Now let (x1, x2),
(y1, y2) ∈ X ×X. We have

(α× β)(x1, x2) = max{α(x1), β(x2)}
≤ max{max{α(x1 ∗ y1), α(y1)},max{β(x2 ∗ y2), β(y2)}}
= max{max{α(x1 ∗ y1), β(x2 ∗ y2)},max{α(y1), β(y2)}}
= max{(α × β)((x1, x2) ∗ (y1, y2)), (α × β)(y1, y2)}.

This proves (AI2) and completes the proof.
The converse is not true in general as shown in the next example.

Example 5.3. Consider the B-algebra X defined in Example 2.10. Define
fuzzy subsets α and β in X as follows: α(0) = β(0) = m1, α(x) = m2, β(x) = 0,
where m1,m2 ∈ (0, 1) and m1 ≤ m2. Then it easy to check, by direct calcula-
tions, that α × β is an anti fuzzy ideal in spite of not having β an anti fuzzy
ideal.

Theorem 5.4. Let α, β be fuzzy subsets in a B-algebra X such that α×β

is an anti fuzzy ideal of X ×X. Then

(1) Either α(0) ≤ α(x) or β(0) ≤ β(x), for all x ∈ X,

(2) If α(0) ≤ α(x), for all x ∈ X, then either β(0) ≤ α(x) or β(0) ≤ β(x).

(3) If β(0) ≤ β(x), for all x ∈ X, then either α(0) ≤ α(x) or α(0) ≤ β(x).

Proof. Let α× β be an anti fuzzy ideal of X ×X.
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(1) Suppose for contradiction that α(0) > α(x) and β(0) > β(x). Then
(α×β)(x, y) = max{α(x), β(y)} < max{α(0), β(0)} = (α×β)(0, 0) gives
a contradiction to (AI2) where α× β is an ani fuzzy ideal. Hence α(0) ≤
α(x) or β(0) ≤ β(x)

(2) Suppose for contradiction that β(0) > α(x) and β(0) > β(x). Then (α×
β)(0, 0) = max{α(0), β(0)} = β(0). Then (α × β)(x, y) = max{α(x),
β(y)} < max{β(0), β(0)} = β(0) = (α × β)(0, 0) gives a contradiction
with (AI1) where α × β is an ani fuzzy ideal. Therefore β(0) ≤ α(x) or
β(0) ≤ β(x).

(3) Proved similarly.

Theorem 5.5. Let α, β be fuzzy subsets in a B-algebra X such that α×β

is an anti fuzzy ideal of X ×X. Then either α or β is an anti fuzzy ideal of X.

Proof. Let α×β be an anti fuzzy ideal of X×X. Then by Theorem 5.4(1),
either α(0) ≤ α(x) or β(0) ≤ β(x).
If α(0) ≤ α(x), then from Theorem 5.4(2), either β(0) ≤ α(x) or β(0) ≤ β(x).
If β(0) ≤ α(x), for all x ∈ X, then
α(x) = max{α(x), β(0)}

= (α× β)(x, 0)
≤ max{(α× β)((x, 0) ∗ (y, 0)), (α × β)(y, 0)}
= max{(α× β)(x ∗ y, 0 ∗ 0), (α × β)(y, 0)}
= max{(α× β)(x ∗ y, 0), (α × β)(y, 0)}
= max{max{α(x ∗ y), β(0)},max{α(y), β(0)}}
= max{α(x ∗ y), α(y)}.

Hence, α is an anti fuzzy ideal in this case.
If β(0) ≤ β(x), then from Theorem 5.4(3), either α(0) ≤ α(x) or α(0) ≤ β(x).
If α(0) ≤ β(x), for all x ∈ X, then
β(x) = max{α(0), β(x)}

= (α× β)(0, x)
≤ max{(α× β)((0, x) ∗ (0, y)), (α × β)(0, y)}
= max{(α× β)(0, x ∗ y), (α× β)(0, y)}
= max{(α× β)(0, x ∗ y), (α× β)0, y)}
= max{max{α(0), β(x ∗ y)},max{α(0), β(y)}}
= max{β(x ∗ y), β(y)}.

Hence, β is an anti fuzzy ideal in this case.
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