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Abstract: In this paper we consider the two dimensional, steady jet flow problem of inviscid

and incompressible fluid in semi infinite channel. In this study we take into account the surface

tension but we neglect the effect of gravity. The problem, which is characterized by the

nonlinear boundary condition on the free surface of unknown equation, is solved numerically

by series truncation method. We computed solutions for arbitrary width of the channel

and various values of the Weber numbers. The obtained results of the surface Shapes are

illustrated.
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1. Introduction

A jet flow phenomena can be find in some engineering problems and flow in semi
infinite channel is one example of these problems. In this paper we present the
study of two dimensional jet flow in semi infinite channel by tacking in con-
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Figure 1: Sketch of the flow and of the system of coordinates

sideration the surface tension effect and assuming that the influence of gravity
relative to inertia is negligible. The fluid is assumed to be inviscid, incom-
pressible and the flow is irrotational. When the effects of surface tension and
gravity are neglected the analytical solution of this problem can be found via
the hodograph transformation method see for example S. D. Howison, A. A.
Lacey and A. B. Movichan [6], G. Birkhoff, E. H. Zarantonello[1]

In the presence of surface tension or force of gravity, there is no exact known
solution, and this kind of problems is difficult to solve resolve because of the
shape of the free surface which is unknown and the characterization of the jet
by a nonlinear condition in the free boundary.

The mathematical solution can be obtained numerically by using the series
truncation method used by A. Gasmi and H. Mekias [3], A. Gasmi ([4], [5]),
Vanden-broeck ([7], [8], [10], [12]), F.Dias and Vanden-broeck ([2], [9]), S. J.
Chapman and J. M. Vanden Broeck [11]

The problem is formulated in Section 2 and the numerical scheme is de-
scribed in section 3. The form of the free surface Some and the results are
discussed and presented in Section 4.

2. Formulation of the Problem

We consider the two-dimensional and irrotational flow in a semi-infinite tube
(See figure 1 ).

The fluid is assumed to be inviscid and incompressible. The effects of gravity
is neglected and surface tension is take into account. Far upstream the flow is
uniform with a velocity U and amplitude H. As we shall see, the flow is
characterized by the Weber number α defined by
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Figure 2: The flow configuration in the complex potential plane.

α = ρU2H
T

where T is the surface tension and ρ is the density of the fluid. We introduce
the cartesian coordinates with the x-axis is horizontal and passing by the point
B and the wall DD′ on y-axis.

We define dimensionless variables by taking U as the unit velocity and H
as the unit length. We consider the flow in the complex plane z = x+ iy. Since
the flow is potential, we introduce the complex potential velocity f = ϕ + iψ

where ϕ is the potential function and ψ is the stream function. Without loss of
generality, we choose φ = 0 at B(x0, 0) and ψ = 0 on the stream line A′D′ODC ′.
It follows from the choice of the dimensionless variables that ψ = 1 on the free
stream line ABC. The flow region in the z plane will be mapped via the potential
function f onto the semi-infinite strip (∞ ≤ φ ≤ +∞, 0 ≤ ψ ≤ 1). (See figure 2
).

The mathematical problem is to determine the variable ϕ who verifies the
following conditions:

∆ϕ = 0, (1)

in the interior of the flow filed.
The equation of Bernoulli on the surface ABC is given by:

1

2
q2 − 1

α
K =

1

2
on ABC, (2)

where α is the Weber number, q is the flow speed, and K is the curvature of
the free surface

∂ϕ

∂y
= 0 (3)

on the horizontal walls A′D′ and DC ′.
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∂ϕ

∂x
= 0 (4)

on the vertical wall D′D.
We denote by u and v the components of the complex velocity ξ(t) = u−iv =

df
dz

In order that the curvature be well defined, we introduce the function τ − iθ
as

ξ = eτ−iθ

where eτ represents the strength of the velocity
eτ =

√
u2 + v2 and θ is the angle between the x-axis and the vector velocity.

In these new variables, the Bernoulli equation (2) becomes

e2τ − 2

α
|∂θ
∂φ

|eτ = 1 on ABC,ψ = 1,∞ ≤ φ ≤ +∞ (5)

The kinematic condition is expressed as

Imξ = 0 on ψ = 0,−∞ ≤ φ ≤ φD′ or φD ≤ φ ≤ +∞ (6)

Reξ = 0 on ψ = 0, φD′ ≤ φ ≤ φD (7)

Imξ = 0 on ψ = 1, −∞ ≤ φ ≤ +∞ (8)

We shall seek τ−iθ as an analytic function of f = φ+iψ in the strip 0 < ψ < 1,
satisfying the conditions (5 ), (6), (7) and (8).

3. Numerical Procedure

To solve this problem numerically, we define a new variable t by

f =
2

π
log

1 + t

1− t
(9)

This transformation maps the flow domain into the half of the unit disk in the
complex t plane (See figure 3 ).

So that the points A,A′, B,C,C ′,D,D′ and O are transformed respectively
at t = −1, t = i, t = 1, tD, t =D′ and t = 0, and the free surface AC is
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Figure 3: The flow configuration in the complex potential plane

transformed into a circumference of circle. The points of the free surface in the
plane t are given by the relation:

t = |t|eiσ = eiσ , 0 ≤ σ ≤ π (10)

And in the plan f by the relation:

f = ϕ+ i−∞ ≤ ϕ ≤ ∞.

Since ξ have two zeros at the points D and D′. Local behaviors in tD and tD′

are required:
behavior at tD:

ξ ∼ ©( t−tD
1−tD

)1/2 as t −→ tD

behavior at tD′:

ξ ∼ ©(
t−t

D′

1−t
D′

)1/2 as t −→ tD′

We now have determined the local behaviour of the flow near the the points
D and D′, we seek ξ(t) in the form

ξ = u− iv = ( t−tD
1−tD

)1/2(
t−t

D′

1−t
D′

)1/2Ω(t)

Where the function Ω(t) is bounded and continuous on the unit circle and
analytic in the interior. The conditions (6), (7) and (8). show that Ω(t) can be
expanded in the form of a Taylor expansion in even powers of t. Hence,

ξ = u− iv = ( t−tD
1−tD

)1/2(
t−t

D′

1−t
D′

)1/2 ×
(
∑∞

k=0 akt
2k
)
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tD′ = −tD

ξ = u− iv = (
t2 − t2D
1− t2D

)1/2 ×
(

∞
∑

k=0

akt
2k

)

(11)

Where the ak are real constants to determine. the function (11) check all the
boundary conditions except the condition of Bernoulli. The ak are determined
so that the equation of Bernoulli is checked. According to (10) and (11), we
have:


















θ(σ) = 1
2 arctan(

sin(2
∑

∞

k=1
ak sin(2(k−1)σ)+t2

D
sin(−2

∑
∞

k=1
ak sin(2(k−1)σ)+2σ)

− cos(2
∑

∞

k=1
ak sin(2(k−1)σ)+t2

D
cos(−2

∑
∞

k=1
ak sin(2(k−1)σ)+2σ)

)− σ

eτ(σ) =
(1+t4

D
−2t2

D
cos(2σ))

1
4

(1−t2
D
)
1
2

exp(
∑∞

k=1 ak cos(2(k − 1)σ))

(12)

Here τ(σ) and θ(σ) denote the values of τ and θ, on the free surface ABC.
To determine the coefficients ak, one makes a truncation of the series after N
terms. Thus one introduces the discretization of the interval [0, π] in N points.

σI = − π

2N

(

I − 1

2

)

, I = 1, 2, 3, ..., N (13)

In substituent (12) in the equation of Bernoulli, one obtains the system of N
equations in N unknowns:

(1 + t4D − 2t2D cos(2σ(I)))
1

2

(1− t2D)
exp(2

∞
∑

k=1

ak cos(2(k − 1)σ(I))) − π

α
×

sin(σ(I))
(1+t4

B
−2t2

D
cos(2σ(I)))

1
4

(1−t2
D
)
1
2

exp(
∑∞

k=1 ak cos(2(k − 1)σ(I))×

|(∑∞
k=1 2ak(k − 1) sin(2(k − 1)σ(I))) − 1

2 +
t4
D
−1

1+t4
B
−2t2

D
cos(2σ(I))

)| = 1

(14)

The resulting system is solved using Newton’s method.
The shape of the free surface is obtained by integrating numerically the relation

∂x
∂σ = exp(−τ(σ)) cos(θ(σ))∂φ∂σ
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∂y
∂σ = exp(−τ(σ)) sin(θ(σ))∂φ∂σ

After calculations, one obtains the system of equations according to:










∂x
∂σ (σI) =

−2
π×sin(σ(I)) exp(−τ(σ(I))) cos(θ(σ(I)))

∂y
∂σ (σI) =

−2
π×sin(σ(I)) exp(−τ(σ(I))) sin(θ(σ(I)))

(15)

The Euler methods was sufficient to solve (15) numerically where we find the
values of x and y for each values σI for I = 1, N

4. Discussion of Results

We used the numerical scheme described above to compute the approximate
solutions for different values of the width of the channel and several values of
the Weber number α. Most of the calculations were done and presented with
N = 40, and the nonlinear equations are solved with relative error of order
10−8.

4.1. Solution without Surface Tension (α −→ ∞)

When the surface tension is neglected, we can obtain the analytical exact solu-
tion of this problem using the hodograph method based on the free streamline
theory and conformal transformation Some authors are calculated this solution
for exemple J. R. Ockendon, S. D. Howison, A. A. Lacey and A. B. Movichan
[6] obtain the solution in z-plane given by

y =
2

π
arccos(

1

2
× exp(

π

2
x+ log(2)− π

2
x0))

the turning point of the free surface (y=0) is at the ordinate x0 = −1.965
When the effect of surface tension is neglected, in this case, one finds the same
form of free surface that have can find analytically (See figure 4)

4.2. Surface Tension Effect (T 6= 0)

In presence of surface tension and there is no exact known solution. In our
study we only consider surface tension to evaluate its effect on the flow.
For a fixed value of Weber number α the coefficients an of the series (11) were
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Figure 4: Shape of the free surface flow for the Weber number α = 10+8,
compared to the exact solution.

Figure 5: Free surface shapes for different values of the Weber number
α with tD = 0.14

found to decrease very rapidly Table 1.
Typical profiles the free surface are presented in Figure 5 for α = 108 and
different values of tD and in Figure 6 versus weber number α and tD = 0.14.
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Figure 7: The position of the turning point x0 versus weber number α
and tD = 0.14

Figure 8: the position of the turning point x0 for the Weber number
α = 108 and different values of tD
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