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Abstract: The purpose of this study was to investigate the relationship among Euler’s phi
function, tau function and sigma function. Using knowledge of number theory, the relationship

of these functions and provide the proofs was found.
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1. Introduction

Definition 1.1. An arithmetic function is a function that is defined for
all positive integers.

Definition 1.2. An arithmetic function f is called multiplicative if and
only if f(mn) = f(m)f(n) where m and n are relatively prime positive integers.

Definition 1.3. Euler’s phi function denoted by ¢ is defined by setting
¢(n) equal to the number of the integer less than or equal to n that are relatively
prime to n.
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Theorem 1.4. The following statements are true
1. ¢ is a multiplicative function.

2. Let n = p}'p5? - - - pi* is the prime power factorization into distinct primes
of the positive integer n. Then

k

o(n) =n JJ(1- =)

i=1 b
Definition 1.5. Tau function or the number of divisors function, denoted
by 7 is defined by setting 7(n) equal to the number of positive divisors of n.

Theorem 1.6. The following statements are true

1. 7 is a multiplicative function.

2. Let n = p{'p5* - - - p}* is the prime power factorization into distinct primes

of the positive integer n. Then

k

7(n) = [J(ai + 1).

i=1
Definition 1.7. Sigma function or the sum of divisors function, denoted

by o is defined by setting o(n) equal to the sum of all the positive divisors of
n.

Theorem 1.8. The following statements are true
1. o is a multiplicative function.

2. Let n = p{'p3* - - - p}* is the prime power factorization into distinct primes
of the positive integer n. Then

k a;+1 -1

o(n) = H it

il

Definition 1.1, 1.2, 1.3, 1.5, 1.7 and theorem 1.4, 1.6, 1.8 are taken from [1],
[2].
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2. Main Results

Lemma 2.1. Let a is a non negative integer and p is a positive prime
number. If n = p®, then

_n-¢(n)
> h=—0"

1<k<n,(k,n)=1

Proof. Let A be the sum of positive integers less than or equal to p* and B
be the sum of positive integers r less than or equal to p® and (r,p*) # 1.
So

prp*+1)  p* HP* ' +1)
>  k=A-B= 5 5

1<k<n,(k,n)=1

= %(p‘“r L+p*t = 1)
_ p_a a  a—1
=5 " =p")
_n-g(n)
2
O
Theorem 2.2. Ifk and n are positive integers, then
I
1<k<n,(k,n)=1
Proof. Case 1, if n is a prime. Then
1 .
Z k_1_|_2_|_3_|_..._|_(n_1)_n(n2 ):n q2b(n)
1<k<n,(k,n)=1
Case II, if n is not a prime and n = p{*p5? - -- p& such that p1,pa,-- -, ppm are
distinct primes and ai,ao,--- ,a,, are positive integers, then
)RS DR TR DR
1<k<n,(k,n)=1 1<ky <py!,(k1,pit)=1 1<ka<py?,(k2,py?)=1

A 2 bin)
1<km <pm™,(km.pm™)=1
_2m71(]£( a; a1—1)) (]ﬁ( az ag—l))
- o \P1 TP 5 P2 — D2
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pir — plm )
m—1
=

2m
Am—1

(ot =P
=5 (m)o(n). O

CpEm) (T — P T (5 — )

Theorem 2.3. Let a and n are positive integers. If n = 2% and 2°t! — 1
is a prime number, then

o(o(n)) =2n =270,

Proof. Since
o(n) = o(2%) =20t — 1,

hence
o(o(n)) =c(2° —1) =2t =2
and
T(n) =7(2% =a+ 1.
Therefore

o(o(n)) =2n=2.2% =20+ = 97(")

Theorem 2.4. If p is a prime number, then

o(p) = é(p) + 7(p).

p | o) | 7(p) | olp) | ¢(p) +7(p)
2 | 1 2 3 3
3 2 2 | 4 4
5 4 | 2 6 6
7] 6 2 8 8
11| 10 | 2 [ 12 12

Table 1: some p of o(p) = ¢(p) + 7(p).
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Proof. Let p is a prime number. Then

o(p)=p+1, ¢(p) =p—1and 7(p) = 2,

hence
p(p)+7(p) =p—1+2=p+1=0(p).

Therefore
o(p) = ¢(p) + 7(p) where p is a prime number.

Theorem 2.5. Ifn = 2p and p is an odd prime number, then

on) =n+ ¢(n)+7(n).

p n=2p|¢n) | 17(n)| on)| n+on)+r(n)
3 6 2 4 12 12
5 10 4 4 18 18
7 14 6 4 24 24
11 22 10 4 36 36
13 26 12 4 42 42

Table 2: some n of o(n) =n+ ¢(n) + 7(n).

Proof. Let n = 2p and p is an odd prime number. Then

o(n) =0(2p) =0(2)o(p) =3(p+1) =3p+3,
p(n) = ¢(2p) = ¢(2)p(p) =p — 1

and
7(n) =7(2p) = 7(2)7(p) = 2(2) =4,
hence
n+ ¢(n)+7(n) =3p+ 3.
Therefore

on)=n+o¢n)+7(n)

where n = 2p and p is an odd prime number.

679
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Theorem 2.6. Ifn = 3p and p is a prime number not equal to 3, then

a(n) = 2(¢(n) +7(n)).

p_|n=3p | ¢n) | 7(n) | a(n) | 2(6(n) +7(n)
2] 6 2 | 4 | 12 12
5 | 15 8§ | 4 ] 2 24
7] 21 12 | 4 [ 32 32
11] 33 |20 | 4 [ 48 48
13] 30 | 24 | 4 | 56 56

Table 3: some n of o(n) = 2(¢(n) + 7(n)).

Proof. Let n = 3p and p is a prime number not equal to 3. Then
o(n) =o(B3p) =oB)a(p) =4(p+1) =4p+4,
¢(n) = ¢(3p) = ¢(3)d(p) = 2p — 2

and
7(n) =7(@3p) =7(3)7(p) = 2(2) =4,
hence
2(p(n) +7(n)) =22p—2+4) =4p + 4.
Therefore
o(n) =2(¢(n) +7(n))
where n = 3p and p is a prime number not equal to 3. ]

Theorem 2.7. Ifn =2* and k is a non negative integer, then

o(n)=2n—1.

Proof. Let n = 2% and k is a non negative integer. Then

2k+1 -1
Therefore
o(n) =2n—1.
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kEln=2¢|on)]2n-1
0 1 1 1
1 2 3 3
2 4 7 7
3 8 15 15
4 16 31 31

Table 4: some n of o(n) =2n — 1.

Theorem 2.8. Ifn =1 orn=p is a prime number, then

a(n) + ¢(n) = 2n.

n|2n | ¢(n) | o) | ¢n)+o
11 2 1 1 2
2| 4 1 3 4
316 2 4 6
5 | 10 4 6 10
7114 6 8 14

Table 5: some n of o(n) + ¢(n) = 2n.

Proof. Where n =1 is obvious. If n = p is a prime number, then

o(n)=o(p) =p+1

and
o(n) =o(p) =p—1.
Therefore
o(n)+¢(n) =2p=2n
where n =1 or n = p is a prime number. ]

Theorem 2.9. Ifp is a prime number, then

d(p) =p—(7(p))* +3.
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p [7p) | (=(0)* | o) [ p— (=(p))* +3
2| 2 4 1 1
3 2 4 2 2
51 2 4 4 1
7 2 4 6 6
1] 2 1 10 10

Table 6: some p of ¢(p) =p — (7(p))? + 3.

Proof. Let p is a prime number. Then

¢(p) =p—1and 7(p) = 2,

hence
p—(r(p)*+3=p-2>+3=p—1

Therefore

d(p) = p — (1(p))* + 3 where p is a prime number.

Theorem 2.10. Ifn = 2p and p is an odd prime number, then

n

o(n) = 5 1.
p | n=2p|dn) |51
3 6 2 2
5 10 1 1
7| 14 6 6
11| 22 10 | 10
13 26 12 12

Table 7: some n of ¢(n) = § — 1.

Proof. Let n = 2p and p is an odd prime number. Then

cb(n):cb(?p):p—l:%p—l:g—L
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Therefore n
=——1
on) = 4
where n = 2p and p is an odd prime number. O

Theorem 2.11. Ifn = 4p and p is an odd prime number, then

n
d(n) = 5 2.
p |n=4p | d(n) | 52
3 12 1 1
5 20 8 8
7| 28 12 12
11| 44 20 | 20
13| 52 24 | 24

Table 8: some n of ¢(n) = § — 2.

Proof. Let n = 4p and p is an odd prime number. Then

o) = ol4p) =2p— 1) =2p-2=L 2 ="2_3,

2 2
Therefore n
== 2
on) = 5
where n = 4p and p is an odd prime number. ]
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