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Abstract: A graph G with vertex set V(G) is said to have a prime labeling if its vertices can

be labeled with distinct integers 1,2,3,...,|V | such that for each xyǫE(G) the labels assigned to

x and y are relatively prime.A graph that admits a prime labeling is called a prime graph.In

this paper,we introduce a new type of labeling called total neighborhood prime labeling. A

graph which admits total neighbourhood prime labeling is called total neighbourhood prime

graph.We studied the total neighbourhood prime labeling of paths and cycles.We proved that

every path Pn and every cycle Cn if n is even and n ≇ 2mod(4) are total neighbourhood prime

graphs. We also prove that the comb graph is total neighbourhood prime graph.
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1. Introduction

The field of graph theory plays vital role in various fields. Graph labeling is one
of the important area in graph theory. Graph labelings where the vertices are
assigned values subject to certain conditions have been motivated by practical
problems. Labeled graphs serves as useful mathematical models for a broad
range of applications such as communication network addressing system, data
base management, circuit designs, coding theory, X-ray crystallography, the
design of good radar type codes, synch-set codes, missile guidance codes and
radio astronomy problems etc. The detailed discription of the applications of
graph labelings can be seen in [1]. All graphs in this paper are finite, simple,
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undirected and without having isolated vertices. For all terminology and nota-
tions in graph theory, we follow [2] and for all terminology regarding graceful
labeling, we folllow [3].

Definition 1. Let G = (V(G), E(G)) be a graph with p vertices. A
bijection f:V(G) → {1, 2, 3, ..., p} is called prime labeling if for each edge e =
uv, gcd(f(u), f(v)) = 1. A graph which admits prime labeling is called a prime
graph.

The notion of prime labeling was introduced by Roger Entringer and was
discussed in a paper by [4]. In [5] proved that the path Pn on n vertices is a
prime graph. The prime labeling of some cycle related graphs were discussed
in [7].

Definition 2. ([8]) Let G = (V(G), E(G)) be a graph with p vertices.
A bijection f:V(G) → {1, 2, 3, ..., p} is called neighborhood prime labeling if
for each vertex v ∈ V (G) with deg(v) > 1, gcd{f(u) : u ∈ N(v)} = 1. A
graph which admits neighborhood prime labeling is called a neighborhood prime
graph.

For a vertex v ∈ V (G), the neighborhood of v is the set of all vertices in G
which are adjacent to v and is denoted by N(V). If in a graph G, every vertex is
of degree atmost 1, then such a graph is neighborhood prime. If there exists a
vertex v0 ∈ V (G) of degree n-1, then G is neighborhood prime. S. K. Pater, N.
P. Shrimali [8] proved that the path Pn is neighborhood prime graph for every
n. They also proved that the cycle Cn is neighborhood prime if n ≇ 2(mod4).
The detailed discussion of neighbourhood prime labeling on paths and cycles
are in [9].

2. Total Neighborhood Prime Labeling

Definition 3. ([10]) Let G = (V,E) be a graph with p vertices and q
edges. A bijection f:V(G) → {1, 2, 3, ..., p+ q} is said to be total neighbourhood
prime labeling if it satisfies the following two conditions:

1. For each vertex of degree atleast two, the gcd of labeling on its neigh-
bourhood vertices is one;

2. For each vertex of degree atleast two, the gcd of labeling on the induced
eges is one.
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A graph which admits total neighbourhood prime labeling is called total
neighbourhood prime graph. The cycle C4 is a total neighbourhood prime
graph but the cycle C3 is not a total neighbourhood prime graph.

Theorem 1. Let G = (p, q), p > 3 be a graph with atleast one vertex
has degree p-1, then G is a total neighbourhood prime graph

Proof. Let v0 be the vertex in G with degree p-1 and choose the label as
one. All the vertices of G is connected with an edge to v0. The neighbourhood
vertices of every vertex other than v0 contains v0. Also every vertex in G is
connected to an edge to atleast 3 vertices. The labeling on the edge contains
both even and odd prime numbers. So G is a total neighbourhood prime graph.

Remark 1. The graphs Kn, Wn, K1,n, Fn = Pn+K1 are total neighbour-
hood prime graph.

Theorem 2. The path Pn is a total neighbourhood prime graph.

Proof. Let v1, v2, v3, ..., vn are the consecutive vertices of Pn and ei = vivi+1,
1 ≤ i ≤ n are the corresponding eges. Define the mapping f : V ∪ E →
{1, 2, 3, ..., 2n − 1} as follows.

Case 1: If n is odd:
f(v2i−1) =

n+2i−1
2 , 1 ≤ i ≤ n+1

2 ;

f(v2i) = i, 1 ≤ i ≤ n−1
2 ;

f(ei) = n+ i, 1 ≤ i ≤ n.

Case 2: If n is even:
f(v2i−1) =

n+2i
2 , 1 ≤ i ≤ n

2 ;

f(v2i) = i, 1 ≤ i ≤ n
2 ;

f(ei) = n+ i, 1 ≤ i ≤ n.
Clearly f is a bijection. Then for any vertex vi, i 6= {1, n}, the labeling on

the neighbourhood vertices are consecutive integers and their gcd is one. Also
the labeling on the edges incident with every vertex is one. The end vertices v1
an vn satisfies the two conitions on total neighbourhood prime labeling. So, Pn

is a total neighbourhood prime graph.

Theorem 3. The cycle Cn is not a total neighbourhood prime graph if n
is odd.
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Proof. The cycle Cn has n vertices and n edges. The labeling on Cn has
n + n = 2n elements in the range set. There are n numbers of even number
labelings and n numbers of odd number labeliongs. The labeling satisfies the
conditions for total neighbourhood prime labeling if for every vertex in the
cycle the neighbourhood vertices contains one even number labeling and one
odd number labeling and every vertex in the cycle the edges incident with it
contains one even number labeling and one odd number labeling. If the labeling
on the vertices of the cycle contains ⌊n2 ⌋ odd labelings and ⌈n2 ⌉ even labelings,
then the labeling on the edges are ⌊n2 ⌋ even labelings and ⌈n2 ⌉ odd labelings.
Since n is odd, the gcd of the labelings of atleast one vertex is greater than
one. If the labeling on the vertices of the cycle contains ⌊n2 ⌋ even labelings and
⌈n2 ⌉ odd labelings, then the labeling on the edges are ⌊n2 ⌋ odd labelings and
⌈n2 ⌉ even labelings. Since n is odd, the gcd of the labelings of incident edges
in atleast one vertex is greater than one. So Cn is not a total neighbourhood
prime graph.

Theorem 4. The cycle Cn is a total neighbourhood prime graph if n is
even and n ≇ 2(mod4).

Proof. Let v1, v2, v3, ..., vn be the consecutive vertices of a cycle Cn and
ei = vivi+1, 1 ≤ i < n, en = vnv1 are the corresponding edges.

Define the labeling:

f : V ∪E → {1, 2, 3, ..., 2n},

as follows: f(v2i−1) =
n+2i
2 , 1 ≤ i ≤ n

2 ;

f(v2i) = i, 1 ≤ i ≤ n
2 ;

f(ei) = n+ i, 1 ≤ i ≤ n.

Clearly f is a bijection.
If vi is any vertex in Cn different from v1 and vn, the neighbourhood vertices

are vi−1 and vi+1. The labeling on these vertices are consecutive integers and
so they are relatively prime. The neighbourhood vertices of v1 are vn and
v2. The labeling on v2 is always one, so the labeling of the neighbourhood
vertices of v1 are relatively prime. Also the neighbourhood vertices of vn are
vn−1 and v1. The labeling on vn is n

2 and the labeling on v1 is n
2 + 1. They

are consecutive integers and relatively prime. Thus the gcd of the labeling on
the neighbourhood vertices of every vertex in Cn is one, which satisfies the
condition (1) of total neighbourhood prime labeling.
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In every vertex of Cn has exactly two incident edges. The given labeling
shows that for every vertex in Cn except v1 has consecutive integers are labeling
on its incident edges. The labeling on the incident edges of v1 are 2n and n+1.
They are relatively prime. So condition (2) of the total neighbourhood prime
labeling is also satisfies. Cn is a total neighbourhood prime graph.

Theorem 5. The cycle Cn, n ∼= 2(mo4) is not a total neighbourhood
prime graph.

Proof. Let G be the graph of the cycle Cn where n ∼= 2(mod4). consider
the labeling in theorem(4). There exists atleast one vertex has the labeling on
its neighbourhood vertices are not relatively prime. This contradicts condition
(1) of total neighbourhoovd prime labeling. So we take a different labeling
for the vertices of G. Then the labeling on the edges are not consecutive inte-
gers and they are not relatively prime. This contraicts condition (2) of total
neighbourhood prime labeling. Thus G is not a total neighbourhood prime
graph.

Theorem 6. The Comb graph Pn ⊙ K1 is total neighbourhood prime
graph.

Proof. Let v1, v2, v3, ..., vn be the vertices of the path in G = Pn ⊙K1 and
u1, u2, u3, ..., un be the vertices joined with it. The edges are e1 = v1u1, e2 =
v1v2, e3 = v2e2, e4 = v2v3, ..., en = vn−1vn. The total number of vertices are 2n
and total number of edges are 2n-1.

Case 1: If n ≇ 0(mod6): Define the labeling:

f : V ∪ E → {1, 2, 3, ..., 4n − 1},

as follows:

f(vi) = 2i− 1, 1 ≤ i ≤ n;
f(ui) = 2i, 1 ≤ i ≤ n;

f(ej) = 2n+ j, 1 ≤ j ≤ 62n− 1.

Clearly f is a bijection.
The neighbourhood vertices of vi contains vi−1, vi+1 and ui. The labeling

on ui and vi+1 are consecutive integers. So the gcd of the labeling on the
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neighbourhood vertices of vi is one. The neighbourhood vertices of v1 are
u1 and v2. The labeling on u1 and v2 are consecutive integers and they are
relatively prime. The neighbourhood vertices of vn are vn−1 and un. The
difference of the labeling on these vertices are 3 and they are relatively prime,
since n is not a multiple of 6. Also for each vertex the labeling of the incident
edges are consecutive integers and they are relatively prime. Thus G is a total
neighbourhoodprime graph.

Case 2: If n ∼= 0(mod6): Define the labeling

f : V ∪ E → {1, 2, 3, ..., 4n − 1},

as follows
f(vi) = i, 1 ≤ i ≤ n

f(ui) = n+ i, 1 ≤ i ≤ n

f(ej) = 2n+ j, 1 ≤ j ≤ 2n− 1

Clearly f is a bijection.

The neighbourhood vertices of vi contains vi−1, vi+1 and ui. The labeling
on these vertices are either two alternate odd numbers and one even number
or two alternate even numbers an one odd number. The gcd of the labeling
on these vertices is one. The neighbourhood vertices of v1 contains v2 and u1.
The labeling on these vertices are 2 and 6k+1 and they are relatively prime.
The neighbourhood vertices of vn contains vn−1 and u1. The labeling on these
vertices are 6k-1 and 6k and they are relatively prime. Also for each vertex the
labeling of the incident edges are consecutive integers and they are relatively
prime. Thus G is a total neighbourhoodprime graph.
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