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Abstract: Malaria remains the most important public health disease in Nigeria, accounting

for about 60percent of outpatient visits and 30percent of hospitalisations in the country. It

is the leading cause of mortality in children under five years and contributes to an estimated

11 percent of maternal mortality and 10percent of low birth weight. Many models have been

used to study the malaria transmission dynamics, but those that account for seasonality and

possibilities of the use of multiple control strategies on the malaria transmission are not easy

to come by. A mathematical model that describes the dynamics of malaria transmission with

seasonality by rainfall in the mosquito birth rate in the presence of multiple control strategies

was formulated and analyzed rigorously . The basic reproduction number was obtained and

some combinations of control variables were introduced e.g educational campaign, insecti-

cides treated bedNets, Spray of insecticides and treatment by drug were used to control the

dynamics of transmission of the disease. Detailed general qualitative analysis and optimal

control analysis of the malaria model were carried out. To achieve control of the disease, we

formulated a control problem and derived the necessary conditions for optimal control of the

disease using Pontryagin’s Maximum Principle. it was shown that an optimal control exists

for the model.Otimality systems were derived and finally, numerical simulations were obtained
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1. Introduction

With increasing access to life-saving malaria prevention and control measures,
the number of estimated malaria cases and deaths are declining in areas at
risk of malaria including in endemic countries in sub-Saharan Africa. Although
in 2010, malaria was the cause of an estimated 655,000 deaths worldwide, this
figure actually represents a 5 per cent decrease from the 781,000 in 2009. Inten-
sified research, development of new tools, increase international commitment
and funding for malaria control activities have undoubtedly played a large part
in this success. There is great optimism about controlling malaria to the point
where it is no longer a public health problem. This represents a major paradigm
shift especially as it would have been considered impossible a few years back.[31]

However, despite these gains and advancements, there are worrisome signs:
environmental changes, decrease funding for malaria control and research, re-
sistance to insecticides and drugs and re-emergence of malaria in areas that had
reported a decline in previous years. Such concerns if not contained and effec-
tively managed will jeopardize the current commitment to eliminate malaria
providing grounds for serious epidemics in people of all ages, with rapid loss of
the gains accrued. Securing and sustaining funding to finance malaria control,
global research and the development of new tools is of paramount importance
in achieving universal coverage and moving towards elimination.[32]

Malaria is the world’s most prevalent vector borne disease and it still re-
mains among the most devastating diseases occurring in the world. It represents
10% of Africa’s overall disease burden (World Malaria Report, 2005). It is one
of the most deadly disease on the planet earth, which is common in Africa,
Asia and South America. Malaria kills roughly 1-2 million people per year
and exhausting the life of many people.It is still the world most frequent par-
asitic infection. Children under five years of age are particularly vulnerable to
Plasmodium falciparum infection as well as pregnant women. There were an es-
timated 881 000 [610 000-1 212 000] malaria deaths in 2006, of which 91% were
in Africa and 85% were of children under the age of five (World Malaria Report
2008).The economic burden of the disease is very important in sub-Saharan
Africa. Malaria kills one Africa child every seconds.
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Malaria disease is transmitted through infected female Anopheles mosquitoes
during blood meal. The male Anopheles does not feed on blood. Female feed
most often at night. Human as well as mosquitoes are utilized by that is the
parasite that cause of malaria. In humans, the parasite multiplies first in the
liver, then spread to the blood where it invades the red blood cells, our system
for oxygen transport from the lungs to the rest of the body. A single invad-
ing parasite may have billion of descendants within some weeks. Mosquitoes
pick up the parasites from our blood and they mate and proliferate in the
mosquitoes. Mating means the same for the parasite as for other living organ-
isms: a recombination of inherited abilities. Therefore, each new bite of an
infected mosquito can deliver parasites with new infectious abilities potentially
overcoming immunity and vaccines.

The life cycle of the Anopheles mosquito has four different stages: egg,
larva, pupa and adult. The first three stages take place in the water body,
but air is the medium for the adult Anopheles mosquito. In urban settings,
Anopheles breeds on stagnant water. With increasing urbanization and crowded
cities, environmental conditions foster the spread of the disease that, even in the
absence of fatal forms, breed significant economic and social costs (absenteeism,
immobilization, debilitation and medication) [6]. Until a vaccine for malaria is
available, vector control operations that eliminate adult mosquitoes and their
larvae through breeding-source reduction remain the only effective tool [31].
However, vector control can be expensive and time consuming, producing a
huge economic burden on nations.

The epidemiology of Malaria is influenced by a complex set of factors that
include rapid urbanization and increase in population density, capacity of health
care systems, herd immunity and social behavior of the population. However,
temperature and rainfall are a key environmental determinant in shaping the
landscape of disease. They are critical to mosquito survival, reproduction and
development, and can influence mosquito presence and abundance [2]. Addi-
tionally, higher temperatures reduce the time required for the virus to replicate
and disseminate in the mosquito [19, 21, 32]. Thus, it is important to create
distinct simulations to predict the effects of seasonality on the disease transmis-
sion.Seasonal variation exerts strong pressures on the population dynamics and
it can cause population fluctuations. Rainfall and temperature affect mosquito
vector abundance, biting rates and parasite development within vectors.

In warmer regions, seasonal rainfall can increase the abundance of mosquitoes
and other vectors with aquatic larval stages, where reproduction depends on the
availability of breeding sites (Muir 1988; Linthicum et al. 1999). Furthermore,
mosquitoes reach sexual maturity earlier and feed more frequently at warmer
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temperatures, potentially increasing the rate of parasite transmission.

There are several studies that have been carried out to quantify the impact
of malaria infection in humans [3, 7, 12, 13, 21, 23]. Several of these studies
focuses only on the transmission of the disease in human and the vector popula-
tions. [1] derived a malaria model with the assumption that acquired immunity
in malaria is independent of exposure duration, different control measures and
role of transmission rate on the disease prevalence were further examined. [8,9]
using mass action incidence studied malaria transmission model for different
levels of acquired immunity and temperature dependent parameters, relating
also to global warm- ing and local socioeconomic conditions. [6] proposed a
model that account for acquired immunity in amass action model. A deter-
ministic model with two latent periods in the hosts and vector populations was
formulated to assess the impact of personal protection, treatment and possible
vaccination strategies on the transmission dynamics of malaria [4], and in [5]
they considered treatment and spread of drug resistance in an endemic popu-
lation. In [10] a compartmental mathematical model for malaria transmission
that includes incubation periods for both infected human hosts and mosquitoes
was formulated and examined. [15] applied optimal control theory to a contin-
uous malaria model that includes treatment and vaccination with waning im-
munity to study the impact of a possible vaccination with treatment strategies
in controlling the spread of malaria. However, all these studies mainly focussed
on the disease dynamics in the absence of infected or infectious immigrants. [2]
proposed and analyze simple models for disease transmission that include im-
migration of infective individuals and variable population size. [20] studied the
spread of malaria through a constant fraction of infective immigrants. In there
studies they do not consider a time dependent control measures in their models.
The model they considered in their paper is an extension the model proposed in
[19] in which recruitment into the population was only through birth and differs
from the previous work studied in [24] by the inclusion and the incorporation
of a time dependent control measures on susceptible and infected mosquitoes,
treatment of infectives, spray of insecticides against mosquito into the pop-
ulation and also see the impact of the inflow of infective immigrants in the
population in the presence of the control measures. [15] derived and analyzed
a malaria disease transmission mathematical model with inflow of infected im-
migrants parameter. They use this parameter also as control parameter, they
studied and determine the possible impact of infected immigrants on the spread
of malaria. Theoretically, they analyzed its stability properties and determine
conditions on the parameters for the existence of equilibrium solutions. They
also carried out detailed qualitative optimal control analysis of the resulting
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model and find the necessary conditions for optimal control of the disease us-
ing Pontryagin’s Maximum Principle in order to determine optimal strategies
for controlling the spread of the disease.[20] and [18] describe a compartmental
model for the transmission dynamics of malaria with non-linear function. In
their work, they used the reproduction number to determine the stability of
the disease-free and endemic equilibria of their model and carried out further
qualitative properties of the model.[28] reviewed examples from human and
wildlife disease systems to illustrate the challenges inherent in understanding
the mechanisms and impacts of seasonal environmental drivers. Empirical ev-
idence points to several biologically distinct mechanisms by which seasonality
can impact hostpathogen interactions, including seasonal changes in host social
behaviour and contact rates, variation in encounters with infective stages in
the environment, annual pulses of host births and deaths and changes in host
immune defences.[25]studied, a non-linear deterministic model is analyzed to
study the effect of climate change on malaria incidence. Existence and unique-
ness of solutions to the model is established and the existence of a globally
stable disease free equilibrium whenever the reproduction number is less than
unity. Numerical simulations are provided to confirm the theory of stability
of endemic equilibrium.Her findings showed that there is a relation between
malaria incidences and climate change. Malaria cases are high when tempera-
tures are around 31− 330C given the region receives enough rainfall to sustain
development of the malaria vector. The findings of her study confirm that
by ignoring other factors, rainfall and mean monthly temperature have some
contribution on the presence of malaria in some Kenyan highlands.

In this paper, we constructed a deterministic mathematical model that de-
scribed the dynamics of Malaria epidemic in Human-Mosquito populations
using a system of Ordinary Differential Equations(ODEs) under some con-
trol strategies(e.g Long-Lasting Insecticide-Treated Bed Nets(LLITNs), Edu-
cational campaign, Insecticides Spray(IS) and treatment etc).The overall aim
of this study is to investigate the impact of seasonal fluctuation in mosquito
birth rate on malaria incidence in the presence of multiple vector control strate-
gies. We used the Pontryagin’s Maximum Principle to establish the optimal
strategies for disease control which is different from [27] a recent work done on
optimal control with cost effectiveness analysis. We discuss the existence, the
characterization and the construction of the optimal control via adjoint vari-
ables. We present our numerical results obtained by stimulating the optimality
system in MATLAB.

This paper is organized as follows; we present a malaria transmission model
formulation in section 2, where the general mathematical notations and model
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equations including the ShIhRhSh+SvIv model were presented. In section 3, the
basic properties of the malaria model were shown. In section 4, we carried out
the stability analysis of the malaria model and the basic reproduction number
with the variation of R0 in the event of seasonal fluctuation in mosquito birth
rate .In section 5, state the control problem as well as the objective functional
to be minimized, we then apply the Pontryagins Maximum Principle to find
the necessary conditions for the optimal control of the disease. In Sections 6,
we show our numerical simulation results to describe the population dynamics
with Long lasting insecticides treated bedNets, treatment, and Spray of Insec-
ticides measures as control while in section 7 we discussed our conclusions and
recommendations.

2. Model Formulation

Incorporating the effect of seasonality in rainfall in our model. This is expected
to introduce some periodic functions in the expression of R0. We considered
here a malaria transmission model with seasonality and optimal control analy-
sis. It is a standard model of SEIRS type for human compartment and SEI for
the mosquitoes compartment in which we involved four time dependent control
measures simultaneously:(i) the use of treated bedNets (ii) educational cam-
paign (iii) insecticides spray and (iv) treatment of human. Here we majorly
wish to address the aspect of vector control strategies which has proven effective
in reducing malaria transmission and prevalence and investigate the effect of
seasonality in rainfall in our model which is expected to generate some periodic
function in the expression of R0.

The model subdivides the total human population, denoted by Nh, into
the following sub-classes of individuals who are susceptible to infection with
malaria(Sh), individuals with malaria symptoms(i.e. who are already infected
and infective with malaria parasite) (Ih) and recovered individuals (Rh), so that
Nh = Sh+ Ih+Rh. The total vector(mosquito) population is denoted by Nv, is
sub-divided into susceptible mosquitoes (Sv), infectious mosquitoes (Iv).That
is Nv = Sv + Iv.

The population of susceptible humans is generated through birth(at a con-
stant per capita rate bh), through the loss of immunity to the disease(at a
constant per capita rate γ). It is reduced by natural death(at a rate dh). It is
also reduced by the rate of acquiring malaria through contact with infectious
mosquitoes(at a rate (1 − u1)β1ǫ1φ), where β1 is the transmission probability
per bite, εh is the per capita biting rate of mosquitoes, φ is the contact rate
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of vector per human per unit time and u1, u2 ∈ [0, 1] are the control on the
use of treated bedNets and educational campaign. Thus, the rate of change of
population of susceptible humans is given by:

dSh

dt
= bh + γRh − (1− u1)βhSh − dhSh − u2Sh (1)

The population of infected humans is decreased by human spontaneous recov-
ery(at a rate θ). It is reduced by the disease induced death rate(at per capita
rate ψ) and treatment by drug at a rate u4 with drug efficacy q. And also,
decreased by the natural death rate(at per capita rate dh).Therefore it is given
by:

dIh
dt

= (1− u1)βhSh − θIh − (ψ + dh + qu4)Ih (2)

The population of recovered human is generated following a human spontaneous
recovery(at a rate θ) and decreased by loss of immunity(at a rate γ) and by
natural death(at a rate µh). Then

dRh

dt
= θIh − (γ + dh)Rh + u2Sh + qu4Ih (3)

Susceptible mosquitoes are generated by birth of mosquitoes(at a per capita
rate of bv). It is reduced by rate of acquiring malaria through contacts with
infected humans at a rate (2−u1−u2)β2εvφ, where β2 is probability for a vector
to get infected by an infectious human. It is also reduced by natural death(at
a rate dv). It is decreased by the use of insecticides spray at a rate pu3, where
u3 is the control and p is the efficacy of the insecticides spray. Thus,

dSv

dt
= bv − (1− u1)βvSv − dvSv − pu3Sv (4)

The population of infected mosquitoes is increased by the progression of mos-
quitoes from the exposed state to the infectious(at a per capita rate αv) and
decreased by the natural death rate(at a rate dv) and also reduced by the use
of insecticides spray (at a rate pu3) where p is the efficacy of the insecticides
spray , u3 is the control on the use of insecticides. Hence,

dIv
dt

= (1− u1)βvSv − dvIv − pu3Iv (5)

Bringing the above formulation and assumptions together leads to the following
sets of ordinary differential equations which is malaria vector-host model:

dSh

dt
= bh + γRh − (1− u1)βhSh − dhSh − u2Sh

dIh
dt

= (1− u1)βhSh − (θ + ψ + dh + qu4)Ih
dRh

dt
= θIh − (γ + dh)Rh + u2Sh + qu4Ih

dSv

dt
= bv(R)− (1− u1)βvSv − dvSv − pu3Sv

dIv
dt

= (1− u1)βvSv − dvIv − pu3Iv.

(6)
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subject to the initial conditions

Sh(0) = Sh,0, Ih(0) = Ih,0, Rh(0) = Rh,0, Sv(0) = Sv,0, Iv(0) = Iv,0.

where βh and βv represent the force of infection of humans and mosquitoes.And

βh =
β1εhφIv

Nh

and

βv =
β2εvφIh

Nh

. where bv(R) = bv0[1 + A1 sin(
2π
6 (t+ 10)) + A2 sin(

2π
12 (t − 4))] such that bv(t)

is a continuous positive ω-periodic function. A1 and A2 are the amplitudes of
seasonality or forcing terms,bv0 is the amplitude of oscillation or the baseline
rates.

3. Basic properties of the Malaria Model

3.1. Positivity and Boundedness of the solution

For the Malaria transmission model with seasonality to be epidemiologically
meaningful, it is important to prove that all its state variables are non-negative
for all time, t i.e. solutions of the model equation (6) with non-negative initial
value will remain non-negative for all time t > 0.

Theorem 1.:Suppose the initial value Sh ≥ 0, Ih ≥ 0, Rh ≥ 0, Sv ≥ 0 and
Iv ≥ 0 then the solutions (Sh(t), Ih(t), Rh(t), Sv(t), Iv(t)) of the malaria model
(6) are non-negative for all t > 0. Therefore,

lim
t→∞

supNh(t) ≤
bh

dh
, lim

t→∞
supNv(t) ≤

bv

dv + pu3

such that Nv = Sv + Iv, Nh = Sh + Ih +Rh.
Proof. let Ω = sup{t > 0 : Sh(t) > 0, Ih(t) > 0, Rh(t) > 0, Sv(t) > 0, Iv(t) >
0}.
Since the variables Sh(0) > 0, Ih(0) > 0, Rh(0) > 0, Sv(0) > 0, Iv(0) > 0 then,
m1 > 0. If m1 < ∞, then Sh, Ih, Rh, Sv, Iv is equal to zero at m1 It follows
from the first equation of the system (6), that

dSh

dt
= bh + γRh − (1− u1)βhSh − dhSh
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Therefore,

d

dt

{

Sh(t) exp
[(

(1 − u1)βh + dh)t]} = (bh + γRh) exp
[(

(1− u1)βh + dh)t]}.

Hence

Sh(m1) exp
[(

(1−u1)βh+dh)t]}−Sh(0) =

∫ m1

0
(bh+γRh) exp

[(

(1−u1)βh+dh)z]dz.

Sh(m1) = Sh(0) exp
[

−
(

(1− u1)βh + dh + u2)m1] + exp
[

−
(

(1− u1)βh + dh +
u2)m1]×

∫m1

0 (bh + γRh) exp
[(

(1− u1)βh + dh + u2)z]dz > 0. Also,

dSv

dt
= bv − (1− u1)βvSv − dvSv − pu3Sv

Therefore,

Sv(t) exp
[(

(1−u1)βv(R)+pu3+dv)t]} =

∫ m1

0
bv exp

[(

(1−u1)βv+pu3+dv)z]dz.

Then, we have Sv(m1) = Sv(0) exp
[

−
(

(1− u1)βv(R) + pu3 + dv)m1] + exp
[

−
(

(1−u1)βv(R)+pu3+dv)m1]×
∫m1

0 bv(R) exp
[(

(1−u1)βv(R)+pu3+dv)z]dz > 0.
It can as well be shown that Ih > 0, Rh > 0 and Iv > 0 for all t > 0. For the
proof of boundedness, it should be observed that 0 < Ih(t) ≤ Nv(t).
When we add the first three equations and the last two equations of the model
(1.0). It gives:

dNh

dt
= bh − dhNh − ψIh

dNv

dt
= bv(R)− dvNv − pu3Nv

(7)

Hence,

bh − (dh + ψ)Nh(t) ≤
dNh

dt
≤ bh − dhNh

bv(R)− (dv + pu3)Nv(t) ≤
dNv

dt
≤ bv(R)− (dv + pu3)Nv(t)

Therefore,
bh

(dh + ψ)
≤ lim inf

t→∞
Nh(t) ≤ lim sup

t→∞
Nh(t) ≤

bh

dh

and
bv

(dv + pu3)
≤ lim inf

t→∞
Nv(t) ≤ lim sup

t→∞
Nv(t) ≤

bv

(dv + pu3)

proved.
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3.2. Invariant region

We analyzed the malaria transmission model with seasonality in a biologically
feasible region as follows: The system (6) is divided into two parts, which is the
human population Nh with Nh = Sh + Ih + Rh and the mosquito population
Nv with Nv = Sv + Iv. Suppose the feasible region is

Ω = Ωh ∪ Ωv ⊂ R
3
+ × R

2
+

then

Ωh = {(Sh, Ih, Rh) ∈ R
3
+ : Sh + Ih +Rh ≤

bh

dh

Ωv = {(Sv, Iv) ∈ R
2
+ : Sv + Iv ≤

bv(R)

(dv + pu3)

We follow the steps below to establish the positive invariance of Ω(i.e., solutions
in Ω remain in Ω for all t > 0). The rate of change of the humans and mosquitoes
population is given by equation(7), it follows that

dNh(t)
dt

≤ bh − dhNh
dNv(t)

dt
≤ bv(R)− (dv + pu3)Nv

(8)

We used the standard comparison theorem(1989)[21 of agusto] to show that

Nh(t) ≤ Nh(0)e
−dht +

bh

dh
(1− e−dht)

Nv(t) ≤ Nv(0)e
−(dv+pu3)t +

bv

(dv + pu3)
(1− e−(dv+pu3)t)

More importantly, Nh(t) ≤
bh
dh

and Nv(t) ≤
bv

(dv+pu3)
if Nh(0) ≤

bh
dh

and Nv(0) ≤
bv

(dv+pu3)
respectively. Thus, the region Ω is positively invariant. Therefore, it is

enough to consider the dynamics of the flow generated by (6) in Ω. The model
can be considered to be epidemiologically and mathematically well posed in this
region. Hence, every solution of the model equation (6) with initial conditions
in Ω remains in Ω for all t > 0.The summary of the result is given below.
Theorem 2.:The region Ω = Ωh∩Ωv ⊂ R

3
+×R

2
+ is positively-invariant for the

model equation (6) with non-negative initial conditions in R
5
+.
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4. Stability Analysis

The model (6) has two non-negative equilibrium, which includes:
A Disease-Free Equilibrium

(S∗
h, I

∗
h, R

∗
h, S

∗
v , I

∗
v ) = (

bh

dh + u2
, 0,

u2bh

(dh + u2)(γ + dh)
,
bv(R)

dv + pu3
, 0).

An Endemic Equilibrium

(S∗∗
h , I

∗∗
h , R

∗∗
h , S

∗∗
v , I

∗∗
v ),

where

S∗∗

h
=

(dv + pu3) ((dh + ψ + qu4) (dv + pu3)Nh − φ bhβ2ǫv (1− u1))Nh

β2ǫvφ (φβ1ǫh (1− u1) bv (R) +Nh (dh + u2) (dv + pu3)) (1− u1)
,

I∗∗h =
β1ǫhφ

2bhβ2ǫv (1− u1)
2
bv (R) +Nh

2 (dv + pu3)
2
(dh + u2) (dh + ψ + qu4)

(1− u1) (φβ1ǫh (1− u1) bv (R) +Nh (dh + u2) (dv + pu3)) (dh + ψ + qu4)φ ǫvβ2
,

R∗∗

h
= φ2ǫvǫhβ2β1bh(1− u1)

2(qu4 + θ)bv(R)−Nh (((qu4 − u2 + θ)dh

− u2(θ + ψ))(dv + pu3)Nh + φ bhǫvβ2u2(1− u1))(dv + pu3)(dh + ψ + qu4)

(γ+dh)(−φβ1ǫh(−1+u1)bv(R)+Nh (dh+u2)(dv+pu3))ǫvβ2φ (1−u1)(dh+ψ+qu4)
−1,

S∗∗

v
=

Nh (φβ1ǫh (1− u1) bv (R) +Nh (dh + u2) (dv + pu3)) (dh + ψ + qu4)

(1− u1)φβ1ǫh ((dh + ψ + qu4) (dv + pu3)Nh − φ bhβ2ǫv (1− u1))
,

I∗∗v =
β1ǫhφ

2bhβ2ǫv (1− u1)
2
bv (R) +Nh

2 (dv + pu3)
2
(dh + u2) (dh + ψ + qu4)

(dv + pu3) (1− u1)φβ1ǫh ((dh + ψ + qu4) (dv + pu3)Nh − φ bhβ2ǫv (1− u1))
.

The basic reproduction number represent an important measure of disease
transmissibility and the expected number of secondary cases produced in a
completely susceptible population by a particular infected individual during its
entire period of infectiousness.
Theorem 3.: The basic reproduction number R0 associated to the system of
differential equation (6) is given by

R0 =

√

β1ǫhβ2ǫvbv (R) (1− u1)φ2 (γ + dh) (dh + u2)
(

dhθ + dhψ + dh
2 + dhqu4 + u2θ + u2ψ + dhu2 + u2qu4

)

(dv + pu3)

Proof.:
Suppose R0 < 1, then on average, an infected individual produces less than
one new infected individual during its entire period of its infectiousness and the
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disease cannot grow.In otherwise, if R0 > 1 then each individual infects more
than one person and the disease invades the population.Numerically, R0 is a
threshold for stability of a disease-free equilibrium and it has relationship with
the peak and final size of an epidemic. If R0 < 1, then the DFE(Disease-Free
Equilibrium) is stable otherwise, if R0 > 1, then it is unstable. R0 is obtained by

taking the largest dominant eigenvalues(Spectral radius) of [∂Fi(P0)
∂xj

][∂Vi(P0)
∂xj

]−1

where Fi = the rate of appearance of new infections in compartment i.
V +
i = is the transfer of individuals into compartment i.
V −
i = is the transfer of individuals/vectors into compartment i by all other

means.
P0 is the disease free equilibrium

F :=





0 (1−u1)β1ǫhφ bh
(dh+u2)Nh

(1−u1)β2ǫvφ bv(R)
(dv+pu3)Nh

0





and

V :=

[

θ + ψ + dh + qu4 0

0 dv + pu3

]

Hence ,the product of matrix F and V −1 is result into gives:

R0 =

√

β1ǫhβ2ǫvbv (R) (1− u1)φ2 (γ + dh) (dh + u2)
(

dhθ + dhψ + dh
2 + dhqu4 + u2θ + u2ψ + dhu2 + u2qu4

)

(dv + pu3)

as required

5. Optimal Control Analysis

A cost of implementation is required for the reduction of infected individuals
and infected mosquitoes through control strategies. We model this cost through
the development of an optimal control problem mathematically. Our aim is to
minimize the number of infected individuals and infected mosquitoes,Ih and Iv
while keeping the cost of the control strategy implementation low, that is, we
want to minimize

J(u1, u2, u3, u4) =
1

2

∫ T

0
(C1Ih(t)+C2Iv(t)+C3u

2
1+C4u

2
2+C5u

2
3+C6u

2
4) dt (9)

where the coefficients C1, C2, C3, C4, C5 and C6 represent the balancing cost
factors for infected individuals, mosquitoes and control strategies respectively.
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subject to system of Equation

dSh

dt
= bh + γRh − (1− u1)βhSh − dhSh − u2Sh

dIh
dt

= (1− u1)βhSh − (θ + ψ + dh + qu4)Ih
dRh

dt
= θIh − (γ + dh)Rh + u2Sh + qu4Ih

dSv

dt
= bv(R)− (1− u1)βvSv − dvSv − pu3Sv

dIv
dt

= (1− u1)βvSv − dvIv − pu3Iv.

(10)

subject to the initial conditions

Sh(0) = Sh,0, Ih(0) = Ih,0, Rh(0) = Rh,0, Sv(0) = Sv,0, Iv(0) = Iv,0.

where βh and βv represent the force of infection of humans and mosquitoes.And

βh =
β1εhφIv

Nh

and

βv =
β2εvφIh

Nh

. where bv(R) = λv0[1 +A1 sin(
2π
6 (t+10)) +A2 sin(

2π
12 (t− 4))] such that bv(R)

is a continuous positive ω-periodic function. A1 and A2 are the amplitudes of
seasonality or forcing terms,bv0 is the amplitude of oscillation or the baseline
rates. The optimal control problem involves in finding the control u∗1, u

∗
2, u

∗
3

and u∗4 such that the associated state trajectories (S∗
h, I

∗
h,R

∗
h,S

∗
v ,I

∗
v ) is solution

of the controlled systems of equation(6) in the interval [0, T ] with the initial
conditions and minimizing the cost functional J .

J(u1, u2, u3, u4) = min
u1,u2,u3,u4∈∆

{J(u1, u2, u3, u4)|u1, u2, u3, u4 ∈ U} (11)

where ∆ is the set of admissible controls given by

∆ = {(u1, u2, u3, u4) ∈ L
1[0, T ]|0 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1, 0 ≤ u3 ≤ 1,

0 ≤ u4 ≤ 1, t ∈ [0, T ]}.

We understand that the existence of the optimal control u∗1(·), u
∗
2(·), u

∗
3(·), u

∗
4(·)

∈ ∆ comes from the convexity of the cost functional(8) with respect to the
control and the regularity of the system (6). For the results on existence of
optimal solutions see[28]. By the Theorem of Pontryagin’s Maximum Princi-
ple[28]. If u∗1, u

∗
2, u

∗
3 and u∗4 is optimal for the problem (11) and (6) with the

initial conditions given by (6) and fixed final time T , then there exists an adjoint
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vector, λ = (λ1(t), λ2(t), λ3(t), λ4(t), λ5(t)) such that dSh

dt
= ∂H

∂λSh

, dIh
dt

= ∂H
∂λIh

,

dRh

dt
= ∂H

∂λRh

, dSv

dt
= ∂H

∂λSv
, dIv

dt
= ∂H

∂λIv

and
˙λSh

= − ∂H
∂λSh

, ˙λIh = − ∂H
∂λIh

, ˙λRh
= − ∂H

∂λRh

, ˙λSv = − ∂H
∂λSv

, ˙λIv = − ∂H
∂λIv

where

function H, referred to as the Hamiltonian function is defined by:
H = C1Ih(t) + C2Iv(t) + C3u

2
1 + C4u

2
2 + C5u

2
3 + C6u

2
4 + λSh

(bh + γRh − (1 −

u1)
β1εhφIvSh

Nh
− dhSh − u2Sh) + λIh((1− u1)

β1εhφIvSh

Nh
− (θ + ψ + dh + qu4)Ih) +

λRh
(θIh− (γ+ dh)Rh+u2Sh+ qu4Ih)+λSv(bv(R)− (1−u1)

β2εvφIhSv

Nh
− dvSv −

pu3Sv) + λIv((1 − u1)βvSv − dvIv − pu3Iv)
Hence, the condition for minimization is given by:
H(S∗

h, I
∗
h, R

∗
h, S

∗
v , I

∗
v , λSh

(t), λIh(t), λRh
(t), λSv (t), λIv (t), u1, u2, u3, u4) holds al-

most everywhere on [0, T ] along with the
transversality condition:
λi(T ) = 0, i = 1, 2, 3, 4, 5.. λSh

= λIh = λRh
= λSv = λIv = 0

Theorem 4.:The optimal control problem (9) with fixed initial condition
and fixed final time T admits a unique solution (S∗

h, I
∗
h,R

∗
h,S

∗
v ,I

∗
v ) associated to

the optimal control u∗1, u
∗
2, u

∗
3 and u∗4 on [0, T ] such that there exists adjoint

function λ∗Sh
(·), λ∗Ih(·), λ

∗
Rh

(·), λ∗Sv
(·) and λ∗Iv(·) such that

˙λ∗Sh(t)
= (λ∗Ih − λ∗Sh

)(1− u1)
β1εhφIv

Nh
+ (dh + u2)λ

∗
Sh

− u2λ
∗
Rh

˙λ∗Ih(t)
= (λ∗Sv

− λ∗Iv)(1− u1)
β2εvφSv

Nh
+ (θ + ψ + dh + qu4)λ

∗
Ih

− (θ + qu4)λ
∗
Rh

−C1
˙λ∗Rh(t)

= (γ + dh)λ
∗
Rh

− γλ∗Sh

˙λ∗Sv(t)
= (λ∗Sv

− λ∗Iv)(1− u1)
β1εhφIh

Nh
+ (dv + pu3)(λ

∗
Sv

+ λ∗Iv)

˙λ∗Iv(t) = (λ∗Ih − λ∗Sh
)(1− u1)

β1εhφIh
Nh

+ (dv + pu3)λ
∗
Iv

− C2.

(12)
with transversality conditions

λ∗Sh
(T ) = λ∗Ih(T ) = λ∗Rh

(T ) = λ∗Sv
(T ) = λ∗Iv(T ) = 0

Moreover,

u∗1(t) = min{max{0,
(λ∗Ih − λ∗Sh

)
β1εhφI

∗

vS
∗

h

Nh
+ (λ∗Sv

− λ∗Iv)
β2εvS

∗

vφI
∗

h

Nh

2C3
}, 1}

u∗2(t) = min{max{0,
(λ∗Rh

− λ∗Sh
)S∗

h

2C4
}, 1}
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u∗3(t) = min{max{0,
−p(λ∗Sv

S∗
v + λ∗IvI

∗
v )I

∗
v

2C5
}, 1}

u∗4(t) = min{max{0,
qI∗h(λ

∗
Rh

− λ∗Ih)

2C6
}, 1}

Proof.:We solved this problem usingMatlab, with the help of forward-backward
sweep method. It starts with an initial guess on the control variable. The state
equation are simultaneously solved forward in time and the adjoint equations
are solved backward in time. By inputting the new values of states and adjoints
into its characterization, we update the control and the process is repeated until
convergence occurs.�

6. Numerical Simulations

We present the numerical solution to the optimality system Equation (4.24) to
(4.31) using MATLAB with the following realistic weight factors, initial state
variables and parameter values: for the weight factors A1 = 20, A2 = 10,
A3 = 40, and A4 = 25, initial state variables Sh(0) = 8000, Eh(0) = 2000,
Ih(0) = 5000, Rh(0) = 3000, Sv(0) = 700, Ev(0) = 500, Iv(0) = 400 and
parameter values bv = 1000, bh = 100,ψ = 0.05,β1 = 0.8333, β2 = 0.09,dh =
0.00004, αh = 0.0588, αv = 0.0556, εv = 0.2, φ = 0.502, εh = 0.2, θ = 0.005,
dv = 0.1429,p = 0.25, q = 0.45, for which the reproduction number R0 =
0.0000753 in the presence of combined intervention strategies. We note that
the parameter values above were estimated such that the total population never
goes into extinction and it produces R0 > 1 in the absence of the four control
strategies applied in the model equation, this implies when u1(t) = 0, u2(t) = 0,
u3(t) = 0, and u4(t) = 0.

Variables Description
Sh Susceptible Human
Ih Infected Human
Rh Recovered Human
Sv Susceptible Mosquito
Iv Susceptible Mosquito

Table 1: Table showing the Variables in the model.
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Parameter Symbol Value Source
disease induced death rate ψ 0.05 [25]
probability of human getting infected β1 0.8333 [14,24]
probability of mosquito getting infected β2 0.09 [14,24]
per capita birth rate of mosquitoes bv 1000 [3,14]
Natural death rate of humans dh 0.00004 [29]
per capita biting rate of mosquitoes εv 0.2 [17,22,26]
contact rate of vector per human per unit time φ 0.502 [10]
per capita biting rate of humans εh 0.2 [5,17]
human spontaneous recovery θ 0.005 [11]
Natural death rate of mosquitoes dv 0.1429 [11]
rate of loss of immunity from humans γ 0.7902 [3,15,25]
per capita birth rate of humans bh 100 [28]

Table 2: Table showing numerical values of parameters used in the simula-
tions.

6.1. Optimal treated bedNets,educational campaign, Insecticides

spray and and treatment strategies

In this scenarios, the use of treated bedNets u1, educational campaign control
u2, insecticides spray u3 and treatment control u4 were applied to optimize the
cost functional J . The profile of optimal controls u1, u2, u3 and u4 can be
seen in Figure 5.9.From Figure 5.9, we observe that to eliminate the malaria in
30 days, use of treated bedNets,educational campaign, Insecticides spray and
treatment control must be hold intensively.By applying the optimal control
u1, u2, u3 and u4 in Figure 5.9, the dynamics of susceptible humans, exposed
humans, infected humans, recovered humans, susceptible mosquitoes, exposed
mosquitoes and infected mosquitoes and in Figure 5.7(a,b,c,d) and 5.8(a,b,c).
We detect that due to the control strategies applied, the proportion of infected
humans decreases with or without control(optimal control) strategies but slowly
decreases without the control strategies. The proportion of susceptible humans
increases without control strategies but decreases at a fast rate with optimal
control strategies. The number of exposed humans decreases with optimal con-
trol strategies very fast but decreases at a slow rate without control strategies.
The proportion of recovered humans decreases with or without optimal control
strategies. The proportion of susceptible mosquitoes increases without control
strategies while the proportion decreases with optimal control strategies.The
proportion of infected mosquitoes decreases with or without optimal control
strategies.
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(a)

(b)

Figure 1: Simulation showing the Optimal solutions for Susceptible
Human(Sh), Infected Human(Ih), via treated BedNets, educational
campaign,insecticides spray and treatments only

7. Discussion

Rainfall and other environmental drivers can either be an effective barrier or a
facilitator of vector-borne diseases. In this paper, we showed that the impact of
seasonal fluctuation in mosquito birth rate on malaria incidence in the presence
of multiple vector control strategies of malaria disease is of great concern. We
observed that the reproduction number is dependent on the seasonal fluctua-
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(a)

(b)

Figure 2: Simulation showing the Optimal solutions for Susceptible
Mosquitoes(Sv), and Infected Mosquitoes(Iv) via use of treated bed-
Nets,educational campaign, Insecticides spray and treatment only

tion in rainfall.In most regions where the disease is present, there is at least
two seasons, with distinct temperature and humidity. In this way, a periodic
function that allows to fit the mosquito population along the year can be a use-
ful tool to the design of mathematical models. Epidemiological modeling has
largely focused on identifying the mechanisms responsible for epidemics but
has taken little account on economic constraints in analyzing control strategies.
We realized that economic models have given insight into optimal control un-
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(a)

Figure 3: Simulation showing the profile for the Optimal control u1,
u2,u3 and u4

der constraints imposed by limited resources, but they frequently ignore the
spatial and temporal dynamics of the disease. Nowadays, the combination of
epidemiological and economic factors is essential.
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