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Abstract: In this paper, we introduce a Fourier transform method in distribution theory
to obtained exact solution of some partial differential equation in n dimension. It was found
that the solution of such equation obtained a diamond heat kernel which related to the heat

equation.

AMS Subject Classification: 46F10, 46F12

Key Words: Fourier transform, spectrum, diamond operator

1. Introduction

Considering the ultra-hyperbolic operator iterated k— times defined by

k
92 o 92 02 92 9?
F=lomtort e e, e, T an) 0 OV
Xy €Ty xp xp-i—l xp+2 xp+q

p+q = n. S.E. Trione[8] has shown that the generalized function Roy(x) defined
by (2.4) is the unique elementary solution of the operator (¥ that is OF Roy(z) =
d(z). Also M. Aguirre Tellez[1] has proved that Ro(x) exists only if n is odd
with p odd and ¢ even or only if n is even with p odd and ¢ odd.
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In 1996, A. Kananthai [3] first introduced the operator }* and named Di-
amond operator and defined by

i—1 9T je=pt1 93
The operator {* can be written as the product of the operators in the form
OF = AFOF = OFAF, (1.3)

where AF is the Laplacian operator iterated k— times and defined by

2 0 92 \"
A= (2 1.4
(6:1:% * 0z3 e 836%) ' (14)

and [ is the ultra-hyperbolic operator iterated k— times and defined by(1.1).
A.Kananthai [3] has shown that the convolution (—1)¥RS, (z) * RE (z) is an
elementary solution of the operator {>*, that is

OM(=1)* Ry (x) * Rij(2) = 8(x), (1.5)

where §(z) is Dirac-delta distribution and the function RS, (z) and R (v) are
defined by (2.6) and (2.4) respectively with o = 2k, k is nonnegative integer.

In 2002,the operator @F first introduced by A. Kananthai, S. Suantai and
V. Longani ,[4] and the operator & can be written in the form

k
P 2 4 p+q 2 4
- [(Za) | Z 50
= o7 j=p+1 0}
_ 9 N o- k N
<p 82> p+q 92 p82+.pq 92
- (a) () | [T
i=1 Oz; j=p—+1 890]- i=1 Oz; j=p+1 0 J
- E
- -
2 2|
= ox; Pt Oz}

(1.6)

where p + ¢ = n is the dimension of R", i = /—1 and k is the positive integer.
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Let us denote the operator

=1 ? p+1 J
and
P ptq
I 0?2 . 0?2
9 = g — —1 —.
Ox? Ox?
i=1 i j=p+1 ~7J

Thus the equation(1.6) can be written as
eF = OFLELS.

They studied the elementary solution or Green function of the operator ®* and
then such a solution is related to the solution of the wave equation and the
Laplacian equation.

Next, W. Satsanit [7] first introduced the \/* operator and is defined by

k "L o2 ’ g2
vt = @h@*izw

i=1 j=p+1
k
B A+D2+ A -0\
N 2 2
AZ 4 2\"
- (e )

where A2 and [1? defined by (1.4)and (1.1) respectively with k = 2.
It is well known that for the heat equation [2]

9 u(z,t) = A Au(x,t) (1.8)
ot
with the initial condition
u(z,0) = f(=),
where A is the Laplace operator and defined by(1.4) with k£ = 1, f(z) is a
continuous function and (z,t) = (z1,2,...,2n,t) € R™ x (0,00), we obtain
1 |z —yl?
) = ———— — d 1.9
) = s o (g ) o (19)
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as the solution of (1.8). The equation (1.9) can be written
u(z,t) = E(z,t) * f(z),

where

E(z,t) = ;exp —ﬁ (1.10)
’ (4c2mt)n/2 4%t ) '

E(z,t) is called the heat kernel, |z|? = 27 + 23 + -+ + 22 and ¢ > 0. Moreover,
we obtain E(x,t) — § as t — 0 where ¢ is the Dirac delta distribution.
Next, K. Nonlaopon and A. Kananthai [5] present the equation

%u(m,t) = *0u(x, t), (1.11)

where O is the ultra-hyperbolic operator defined by (1.1) with & = 1. They
obtained the ultra-hyperbolic heat kernel

Z'q p:l ;pQ — ZP:{H 562
E(z,t) = 72 CLP = 5 ST I (1.12)
(4c27t) 4dc=t

where p + ¢ = n is the dimension of the Euclidean space R" and ¢ = v/—1.
Now, the purpose of this work has been studied the equation

0
e OFu(z,t) — 2 @F u(x,t) =0, (1.13)
with the initial condition
Ofu(z,0) = f(x),
where (z,t) = (1,...,2,,t) € R" x (0,00),t is a time, ¢ is a positive constant,

u(x,t) is an unknown function and f(z) is a given generalized function for
x € R™. By the fourier transform method, we obtain

u(x,t) = ((=1)" R () * Ry} (2)) * B(x,t) * f(2)
as a solution of (1.13), where
k

1 , P , 2 p+q , 2
E(x,wzw/ﬂexp c*t (25) - j;lfj i€, x) | de.

(1.14)
and  C R" is the spectrum of E(x,t) for any fixed ¢t > 0. The convolution
(—1)*Rs,(z) * R (v)) * E(z,t) is called the Diamond Heat Kernel and will
be studied all properties in details. Before proceeding definitions and some
important concepts are needed.
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2. Preliminaries

Definition 2.1 Let f(z) € L;(R")-the space of integrable function in R™. The
Fourier transform of f(x) defined by

F©) = s [ 61wy o 2.)

where & = (§1,&2,...,&,) and © = (21, 22,...,2,) € R", ({,2) = &1 + oz +
s+ &pxy and dr = dxy dxs ... dxy,.
Also, the inverse of Fourier transform defined by

f@) = s [ @) de 22

2m)"/? [

If f is a distribution with compact supports[9] then the equation (2.1) can be

written as ]

(@2 <f(95)a efi(é’x)> :

Definition 2.2 The spectrum of the kernel E(xz,t) of (1.9) is the bounded
support of the Fourier transform F(¢,t) for any fixed ¢ > 0.

fle) =

Definition 2.3 Let & = (£1,&2,...,&,) be a point in R™ and be denoted by

Iy ={(eR":G+&G+.. +6 -1 - o—..—&6,,>0 and & >0}

the set of an interior of the forward cone, and T'; denotes the closure of I';.
Let Q be a spectrum of E(x,t) defined by definition 2.2 for any fixed ¢ > 0

and Q C T'y. Let E(&,t) be the Fourier transform of E(z,t) and defined by

P 2 p+q 2\ "
ETf\t) B W exp | 2t (Z {3) + Z 5]2- for ¢ e I'y,
T i=1 j=p+1
0 for € ¢ T

(2.3)

Definition 2.4 Let © = (z1,x9,...,2,) be a point of the n-dimensional Eu-
clidean space R™ and written as

_ .2 2 2 2 2 2
V=] + T+ . T =T — Tpyo — oo = Ty
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where p + ¢ = n is the dimension of the space R".
Let 'y = {x € R" : 1 > 0 and v > 0} be the interior of the forward cone
and 'y denote its closure. For any complex number «, define the function

a—n

v 2
Ré{(’l}) — Kn(Ol)’ fOl“ T € F+, (24)
0, forz ¢ 'y,
where the constant K, («) is given by the formula
n—1
=T 24a—n T 11—« T
Kn(a) = =2 LCSTCE () (2.5)

PSR

The function RZ(v) is called the ultra-hyperbolic kernel of Marcel Riesz and
was introduced by Y. Nozaki [6].

It is well known that R (v) is an ordinary function if Re(a) > n and it is
a distribution of « if Re(a) < n. Let supp R (v) denote the support of R (v)
and suppose supp RZ (v) C Ty, that is supp R (v) is compact.

Definition 2.5 Let x = (21,22, ...,2,) be a point of R" and |z| = (2% + 23 +
.- 4 22)1/2. The elliptic kernel of Marcel Riesz defined by

Ri(0) = o (2.6)
where . (0/2)
722 (/2

R CON 0

with « is a complex parameter and n the dimension of R™. It can be shown
that R, (z) = (—1)*Aks(x) where AF is defined by (1.4). It follows that
Ri(xz) = 6(x); [8]. The function RS (x) is called the elliptic kernel of Marcel
Riesz.

Lemma 2.1. The function RE (v) and (—1)*RS, (x) are the elementary
solutions of the operator 0F and AF respectively, where 0% and A* are defined
by (1.4) and (1.3) respectively. That is OF R (v) = §(z) and AF(=1)F RS, (z) =
o(x).

Proof. [See 1,8, p.31, see 9,p.31].

Lemma 2.2. The convolution R (v) * (—=1)*RS, (z) is an elementary
solution of the operator {* iterated k— times and is defined by (1.1),that is

OM((—1)" Ry () * Rij(2)) = 8(x). (2.8)
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Proof. [See 3, p.33].
Lemma 2.3. (The Fourier transform of V¥§)

1)%k k
(@ 8+ 48+ @+t + &)

(2m)n/2
(2.9)

where F is the Fourier transform defined by (2.1) and if the norm of £ is given
by [|€]] = (f% +E2+... +£§)1/2 , we obtain

FVhs =

M
Fvks < (27T)n/2\|§||4’“.

Since M is constant thus FV*§ is bounded and continuous on the space S’ of
the tempered distribution, thus

1 k
vie=r (( )21/2 (EG+8+. +8)"+(Zn+ G+ +64)7]
(2.10)

Proof.
By Eq. (2.10), we have

FURS = (Vho,emiem)

2
1 1 p Ptq e
+(27‘r)”/2 <57vk 15(_1)2 !(; 3) (;lgj)] e~ i€ )>
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1 k 11 2 - 2 -~ 2
= o\ GV ) | 2
=1

J=p+1
n 2
i=1

(—1)? k-1 2 AL 2 it
- (2m)n/2 0,V Zf Z & e i)

Jj=p+1

By keeping on operator V with £ — 1 times, we obtain

(1
(27‘(‘)"/2

k
FV*S = (E+8 4. 48+ (Gt Gt 847

Thus,

1
|FVFs| =

(27)
M

(27r)n/2 8+
™,

k
s (@B 4+ B+ Bt +E4)]

IN

ik

IN

(27‘(‘)"/2
where M is positive constant and ||¢]| = (F+ & + ... + 52)1/2, &(i=1,2,...,n) €
R. Hence we obtain FV*§ is bounded and continuous on the space S’ of the
tempered distribution. Since F is 1— 1 transformation from the space S’ of the
tempered distribution to the real space R, thus

3k F
Vi =7 (( 1)21/2 [(£%+5§+---+£§)2+(€§+1+€§+2+~-+55+q)2} '

That completes the proof.
Lemma 2.4. Let L be the operator and defined by

L= % —VF, (2.11)

where V¥ is the operator iterated k times defined by (1.7) for t € (0,00) and ¢
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is a positive constant. We obtain

1 P 2 p+q 2\
R [ 2 2 ~ .
E(z,t) = @) /Qe p |ct (;@) + j:;rlﬁj +i(&,x) | dE

(2.12)
as an elementary solution of (2.11)in the spectrum 2 C R™.

Proof. Let
LE(x,t) = (x,t),
where E(xz,t) is an elementary solution of operator L and § is the Dirac-delta
distribution. Thus
k

2
%E(x,t)_g 3 " > 87?) B(z,t) = 6(z)8(t). (2.13)

j=p+1 J

p+q8—2 2 <P 52

If we apply the Fourier transform defined by (2.1) to both sides of the
equation, we obtain

k
5 — P 2 p+q 2 - 1
e — 2 2 2 -
B0 — (Z @) | X @) | BEn = g
=1 Jj=p+1
Thus
p 2 p+g 2\
E/('g’\t) = _HO)_ exp | ¢*t ZEZ + Z I3
Y (27‘()"/2 ' (2 ' ] Y
=1 Jj=p+1
where H (t) is the Heaviside function. Since H(t) =1 for ¢ > 0. Therefore,
. 1 p 2 pt+q
= 2 2 2

By inverse fourier transform method, we obtained

1 F—
E(x,t) = R /Rn (I3

1

= o e EED
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or
k
1 P 2 p+q 2
E(z,t) = @n)" / exp | ¢t (Z 5?) + Z 532- +i(&, x) | de.
Q i=1 j=p+1
(2.14)
That complete the proof.
Definition 2.6 We can extend E(z,t) to R” x R by setting
( k
1 P 2 p+q 2
2 2 2
(277)"/QeXp c“t (Z@) + Z 3 , for ¢t >0
E(x, t) = =1 j=p+1
0, for t<O0.
3. Main Results
Theorem 3.1. Given the equation
0
En (Oku(:):,t)> — A eFu(x,t) =0, (3.1)
with the initial condition
OFu(z,0) = f(x), (3.2)
where (z,t) = (z1,...,%n,t) € R" x (0,00),t is a time, ¢ is a positive constant,

u(x,t) is an unknown function and f(z) is a given generalized function for
x € R™. and ¥ is Diamond operator iterated k times. Then we obtain

u(z,t) = ((=1)" R () * Ryj(2) * B(x,t) * f(2) (3-3)

as a solution of (3.1) where R (v) and RS, (x) are given by (2.4)and (2.6) re-
spectively and E(x,t) is given by (2.9).

Proof. The equation(3.1) can be written in the form

O (oFu(e,0) — O T ula 1) = 0. (3.4)
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Let w(z,t) = OFu(x,t). The above equation can be written as

aw(gc,t) — CQka(:c,t) =0. (3.5)

Applying the n— dimensional Fourier transform to both sides of (3.5)and
by Lemma 2.3 we obtain

2 ptq 2\
(&, 1) = K(&)exp ((Z@) + ( > f?-) ) (3.6)
J=p+1

where K () is constant and u(§,0) = K(&).Now, by (2.11) we have
1 ‘
o / =6 £(2) da (3.7)

and by the inversion in (2.2), (2.13) and (2.14) we obtain

K(&) =w(E,0) = f(¢) =

wlet) = g [ (e D) de

(2w
P+q ?
&)=Y £y exp | ((Z@) (Z 5?) )
: Jj=p+1

k

n

dy d€.
Thus
1
w(x,t):W
p 2 ptq :
/n/n §“”"’yexpc (<Z§3>+(Zf)) f(y) dyds§
=1 Jj=p+1
1
w(z,t) = @y
P p+q ‘
[ [ ew|e ((Zg§> (Z @)) i€, x—y) | £(y)dy de
/R i=1 Jj=p+1
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Set
2 p+q 2\
1
E(oxt)—(%)n/R exp ((Z@) (;lﬁj)) (&) | de.

(3.9)
We choose ©2 C R™ be the spectrum of E(z,t) and by (2.6), we have

k

1 P p+q 2
= exp | ¢ 2
E(w,w—(%)n/n P t(<215> (gEﬁjﬁ)) &) | dg
1 p p+q 2\ "
= exp | ¢ 2
=~y ’f((?éfl) (Zf)) )

(3.10)
Thus (3.8) can be written in the convolution form
w(zx,t) = E(z,t) % f(x). (3.11)
Since E(x,t) exists, then
lim E(x,t) = ! &) ge
t—0 (27’()” Q
! / (&)
— (2 T d£
2m)" Jrn
=d(z), for ze€R™ (3.12)
See [2, p.396].
Substituting w(z,t) = $Fu(x,t) into (3.11), we obtain
OFu(x,t) = E(x,t) x f(x) (3.13)

Taking convolution both sides of (3.13) by the function ((—1)* RS, (z) x RL (v)),
we obtain

(~1)*Rsy(2) * Rij.(v) * OFu(x, 1)

By properties of convolution

(1) Ry (2) * Ry (v)) * ul, t) = (1) Ry (2) * Rif(v)) = E(z, 1) * f(x).

(=1 Rg(x) * R3j.(v) * B(x, 1) * f ().
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By Lemma 2.2, we obtain
0 xu(e,t) = ((—1)* R, () * R (v)) * E(z,t) + f(2).

or
u(z,t) = ((=1)F RS, (z) * REL () * E(z,t) * f(z). (3.14)
is a solution of (3.1). Now, from (3.4) and by the continuity of convolution,
limFu(x, t) = lim (E(z,t) * f(z))
t—0 t—0

— 5+ f()
— f()

Theorem 3.2. (The properties of the Diamond Heat Kernel
((—1)"Rsy,(x) * Roj(x)) * B(w,1))
(1) ((—1)*RS,(z) x RIL(x)) x E(z,t) exists and is tempered distribution.

(2) ((—1)*RS,(z) = Rl (x)) * E(x,t) € C*> the space of continuous function
with infinitely differentiable.

(3) }51(1) (—1)*RS,.(z) = R (z) x E(x,1)) = ((—1)* RS, (z) = R ().

(4) ((—1)*RS,(z) = R (2)) x E(z,t)is bounded and

B, < 2 MW

< N fort >0,
= TET(E)

where M (t) is a function of t in the spectrum € and I' denote the Gamma
function. Thus E(z,t) is bounded for any fixed t > 0.

(5) LOF((—1)* Ry, (2) = REL (2))  E(2,t) — AVF((—1)F RS, () * REL ()
xE(x,t) =0

Proof. (1) Since E(z,t) is a tempered distribution and ((—1)F RS, (x) * RE (z))
also a tempered distribution with compact support. Then

(=1 Ry (2) * Rij(2)) * E(x,1)
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exists and is a tempered distribution.
(2) We have

e (1) R () » B () = B 1)) = (1) Ry (o) » B ()5 B, 1

Since E(x,t) is infinitely differentiable. Thus ((—1)*RS, (x) * RL (2))xE(z,t) €
%) By the continuity of the convolution,

(—=1)* RS, () * R (2)) * E(z,t) — ((—1)FRS,(z) * R (2)) %6 as t — 0.
Thus

lim ((—1)FRsy(2) + R, (2)) + Bz,1)) = (1) Rsy(@) « R ()

t—0

(4) We have
k
1 P 2 p+q ?
E(z,t) = @) / exp | ¢t (Z 53) + Z 5]2- +i(& ) | dE.
Q i=1 j=p+1
k
1 P 2 p+q ?
2 2 2
|E(x,t)] < G /Qexp At <Z @) + 'Z £ de.
=1 Jj=p+1
By changing to bipolar coordinates
§1=rwi, o =rwa,..., §& =rw, and
Ep+1 = SWpt1, Ept2 = SWpt2, ..., Eprq = SWpig
p p+q
where wa =1 and Z w]2- = 1. Thus
i=1 j=p+1
1
|E(z,t)] < G /Qexp [t (r? + s%)] rP~ 197 dr ds d€, dSY,

where d¢ = rP~ 1597 dr ds d€d, dQg, d€), and €, are the elements of surface area
of the unit sphere in R? and R? respectively. Since 2 C R" is the spectrum of
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E(z,t) and we suppose 0 < r < R and 0 < s < T where R and T are constants.
Thus we obtain

|E(x,t)| < (2p )g/ / exp | ct r +s )}rp Lsa=L ds dr
T

Q, Q
(2p " LM (t) for any fixed t > 0 in the spectrum (2
7r
227" M (t)
e INCHINCIN
where
R T
M(t) = exp [¢*t (r® + %) rP 189 ds dr
o Jo
orP/2 o7P/2
is a function of t, {1, = T an q T Thus, for any fixed ¢t >

r(5) r(3)
0, E(x,t) is bounded. Since ((—1 )kng( ) x Rl (z)) is a tempered distribu-
tion with compact support that is (—1)*RS, (x) * R (v) is bounded. Thus
(—1)* RS, (z) * RE (z) * E(x,t) is bounded.

(5) Since
OF (-1 Rsp(@) + RE()) = Elw,8)) = OF(~1)* Ry (w) * Rff()) * Bz, )
=0 E(x,t)
= E(z,1).
Thus 9 9
570" (D By (@)« B (@) « Bla.t)) = 2Bt (315)
And

" ((~1)* i) * Rik(@)) + B(2,)) = V* (0" (1) Rsp(2) + REk () = B, 1))
= V¥ (6% E(x,1))
= V"E(,t). (3.16)
By (3.8), (3.9), we get

%Qk ((_1)k Se(2) * REL(2)) * E(w,t))
- @ ()4 Ry (o) = R 5 B, 1) =0

This complete the proof.
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