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Abstract: Permeation of sodium (Na

+) and potassium (K+) ions through the Acetylcholine

(ACh) channel is fundamental to the initiation of action potential within excitible membranes.

Using molecular dynamics, we trace the trajectories of sodium and potassium ions as they

permeate the ACh receptor channel for the given geometry: the hyperboloid of one sheet. We

estimate the formidable energy barrier that a sodium or potassium ion traversing the ACh

channel encounters. The potential profile obtained from the simulations reveals a number of

salient features of the ACh channel.
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1. Introduction

Ion channels differ widely on their structure, gating and conductance charac-
teristics [1]. Understanding the properties and the complexities of ion channels
could assist in the design of novel systems of similar functionality which could
be utilized for practical applications such as new drugs [2, 3]. The complexities
of tracking and describing the trajectories of charged particles in ion channels
have led to different methods of ion channel permeation [4, 5, 6]. In this paper,
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we use a stochastic method to study the trajectories of both sodium and potas-
sium ions as they permeate the ACh receptor channel the prototype geometry:
hyperboloid of one sheet. We calculate the forces impinging on the ions using
the electrostatic potentials obtained from the solutions to the Poisson equation
and the Poisson Boltzmann Equation (PBE), and trace the trajectories of these
ions.

2. Model Assumptions

Various studies have been undertaken to analyze the motility of ions flowing
through membrane channels [7, 5, 8]. For most of these studies, the ion chan-
nels, including the ACh channel, have been approximated by the over-simplified
cylinder or toroidal catenary [9]. Using the more biologically realistic channel
geometry, we simulate the trajectories of such ions through the ACh channel.

To simplify our simulations for the trajectories of the sodium and potassium
ions as they move in the membrane channel, we make the following assumptions:

1. An ion is assumed to be a heavy spherical particle immersed in an aqueous
fluid made up of less heavy molecules.

2. The fluid molecules randomly collide with the Na+ and K+ ions in a
random order. Because of the differences in the properties of Na+ and
K+, we shall consider each of them separately.

3. The accelerating force is derived only from the electric potential in the
channel.

4. Forces exerted by the solvent and the collision forces are independent of
the state of the ion in the channel.

5. We further assume that the particles interact through a pairwise potential
Φ(r), which emanates from a Coulomb type and/or Leonard Jones type
interaction, where r is the coordinate vector. The Na+ and K+ ions
are subjected to white noise, and their motion result from external forces
acting on it. These forces are derived from the potential generated by
other ions in the channel.



COMPUTER SIMULATION OF ION TRAJECTORIES... 173

3. Permeation of Ions Across the ACh Channel

The motility of ions in receptor channels cannot be adequately described using
only the standard Newtonian equations. This is so because such motions do
not follow predetermined routes. The force acting on the molecules has a ran-
dom component which can only be studied and described in terms of statistical
probabilities. The appropriate approach lies in the domain of Brownian dynam-
ics which makes use of stochastic differential equations such as the Langevin
equation [7].

We consider two main possibilities for the flow of sodium and potassium ions
through the ACh channel. The first considers a single ion flowing through the
channel at a time. We then consider multi-ion permeation of the channel. Each
leads to a different form of the Langevin equation. Before we consider these
separate cases, we want to consider how stochastic forces affect the dynamics
of a moving particle.

3.1. Dynamics of a Particle Subject to Stochastic Forces

For the biological phenomenon described in Section 2, we consider a subset
of the coordinate space R

3, the ACh channel, defined by the set {q1, q2, q3}
(η, θ, ψ). The dynamics of this subspace are then modeled by

µ
d2

dt2
qi = −

∂

∂qi
Φ(q1, q2, q3)− γ

d

dt
qi + σiξi(t), i = 1, 2, 3 (1)

where µ is the mass of the particle, γ is the coefficient of frictional drag and
ξi(t) is the random force. Here, the first term on the right describes the force
field derived from the potential, Φ(q1, q2, q3), calculated from the ACh channel.
The second term is the frictional force, which is a function of the velocity of
motion while the third term is the fluctuating force, whose coupling constant,
σi, is time dependent.

We now consider the differential equation that describes a system of parti-
cles, in our case, Na+ or K+ ions immersed in water within the ACh channel.
We look for an equation that describes the effect of the solvent molecules on the
ion. To this end, we consider the Na+ or K+ ion in the ACh receptor channel
as a large, spherical Brownian particle immersed in a viscous fluid. Let Φ(r)
denote the potential of the external forces acting on this particle. Let γ denote
the frictional constant associated with the dissipative (viscous) forces and f(t),
the force due to the random impacts of adjacent molecules to the particle in-
ducing the Brownian motion. The potential in the ACh Channel is denoted by
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Φ. The motion of the particle can then be described by the modified form of
Equation (1), which can be rewritten as:

mr′′(t) +mγr′(t) = −
∂Φ

∂r
+R(t) (2)

wherem is the mass of the particle and the average value of R, the random force,
is assumed to obey Gaussian statistics with zero mean and a delta correlated
mean square function. Φ(r) is the potential at the coordinate point r in
the channel. The potential is assumed to be the sum of the Leonard Jones
potential and the potential that is obtained from the medium and determined
by the solution of the Poisson equation or PBE [10, 11]. The Stokes drag on
the ion, γ is given by the equation

γr′ = 6πηar′ (3)

Here, η is the dynamic viscosity of water at 293 K ( η = 0.01 P), a is the Stokes
radius of the united atom (a = 0.185 nm) and r′ is the velocity of the particle.
Equation (2) is the Langevin equation. In the presence of an external force
field, the Langevin equation is generalized to

dv

dt
= −γv +A(t) +K(r, t) (4)

where K(r, t) is the acceleration on the particle produced by the field, v is the
velocity vector and A(t) is the unit deterministic force. We note that, when
random forces vanish in Equation (2), the Langevin equation reduces to New-
ton’s equation of motion. The presence of the random term, R(t), implies that
the solution to the system in Equation (2) can only be described statistically.
That is, the description must be in terms of a probability distribution, P (t, r, ṙ).

3.2. Analytical Properties of the Langevin Equation

For the purpose of the analysis, we write Equation (2) in terms of the velocity.
This gives:

m
dv

dt
= −mγv+ F (t) +R(t) (5)

where the first term on the right-hand side of equation (4.5) accounts for the
effects of collision with solvent molecules. Equation (5) shows that the force on
the particle has been divided into three components. The first component is
the inter-atomic force, F (t). The second component is a frictional force which
describes the drag on the particle due to the solvent. The magnitude of the
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drag is related to the friction coefficient, γ. The third component, R(t), is the
random or stochastic force due to thermal fluctuations of the solvent.

The frictional term is assumed to be governed by Stokes Law for a spherical
particle of radius r and mass m given by:

βv = 6πrηv/m (6)

where η is the viscosity of the solvent.
The fluctuating part R(t) is assumed to be governed by the following as-

sumptions
(i) R(t) is independent of v
(ii) R(t) varies extremely rapidly compared to the variations of v.

This can be expressed as:

< R(t) > = 0 (7)

< R(t1), R(t2) > = 2γkBTδ(t1 − t2) (8)

where kB is the Boltzmann constant, T denotes absolute temperature, < · >
denotes the time average of the random force over an ensemble of particles and
δ is the Dirac delta function.

The potential, Φ, can be expressed as

Φ = ΦM +ΦLJ (9)

where ΦM is the electrostatic potential of the medium and ΦLJ is the Leonard
Jones potential. Letting F = F (t) + R(t), we can write Equation (2) in terms
of the velocity of the particle as

dv

dt
= −γv + F (10)

which leads to the analytical solution

v = v0e
−γt +

∫ t

0
e−γ(t−τ)F(τ)dτ (11)

The following derivations can then be made: We average the equation above
over all possible realizations of F(t). This leads to:

< v(t) · v(t) >v0
= v2

0e
−γ2t + 2

∫ t

0
e−γ(2t−τ)v0· < F(τ) >v0

dτ (12)

where the dot on the left handside denotes the dot product of the vector, v
with itself.
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In terms of mean values, since < F (t) >= 0, we have:

m < r′′ > +γ < r′ >= − <
∂Φ

∂r
> −a, (13)

where a is a constant. Using the simplifying assumption that mr′′(t) << γr′(t),
we discard the term mr′′. Then equation (14) becomes

γr′ = − <
∂φ

∂r
> −a (14)

For a uniform medium, equation (11) may be written as:

v̇ = −γv + F(t) (15)

we now form the scalar product of the position vector r with Equation (16) to
yield:

r · v̇ = −γr · v + r · F(t) (16)

Thus
1

2

d2

dt2
r2 +

1

2
γ
d

dt
r2 = v2 + r · F(t). (17)

Averaging the terms over a substantial span of time yields

d2

dt2
< r2 > +γ

d

dt
< r2 >=

6kBT

M
(18)

whereM is the mass of the particle. The last term vanishes since r and F(t) are
assumed uncorrelated, and 3kr/M is the equipartition value of v2. The above
equation has the solution

< r2 >=
6kBT

γM
t+ C1e

γt + C2 (19)

4. Solution to the Langevin Equation

With the explicit form of R(t) leading to

< ṙ(0)R(t) >= 0 (20)

we solve this equation numerically by choosing an appropriate time step ∆t.
From the potential, Φ, we calculate the magnitude of the electric force |∂Φ

∂r
|

acting on the ion at time t and the approximate derivative:

F (tn)− F (tn−1)

∆t
(21)



COMPUTER SIMULATION OF ION TRAJECTORIES... 177

4.1. Solution Algorithms

Adapting the method advocated by Hoyles et al (1998) leads to the Verlet
three-step algorithm given by:

Xn+1 = 2Xn −Xn−1 + (∆2/m)Fn (22)

where Xn−1,Xn,Xn+1 are positions at the three successive time steps. Each
time step is denoted by ∆. The systematic force applied at each time step is Fn,
and m is the mass of the particle. A more refined form of this algorithm, that
considers the stochastic properties of the random force is the Bruce-Brunger-
Karplus algorithm [12], given by:

Xn+1 = Xn+(Xn−Xn−1)[(1−0.5ξ∆)/(1+0.5ξ∆)]+(∆2m)(Fn+Rn)(1+0.5ξ∆)−1

(23)
Here, Rn is the random force applied at the n-th time step and ξ−1 is the time
relaxation constant. The random force is obtained from a uniform probability
distribution on the interval (0, 1). Equation (23) can be generalized to the form:

Xn+1 = Xn +A(Xn −Xn−1) +B(Rn + Fn) (24)

where A and B are constants and Rn, Fn have their usual meanings.
For the case where ξ∆ >> 1 the above equation can be modified into the

Brownian dynamics algorithms:

Xn+1 = Xn + (∆/mξ)Fn + Xn (25)

Xn+1 = Xn + (∆/mξ)Fn + (∆2/2mξ)Ḟn + Xn (26)

where Ḟn = (Fn − Fn−1)/∆ and Xn is the stochastic term which represents
random displacements. Xn has a Gaussian distribution with mean zero and
variance:

< X 2
n >= 2kBT∆/(mξ) = 2DT∆ (27)

In physiological simulations such as our situation, ∆ = 0.015 and ξ = 150ps−1.
The indicators of the stability of the algorithms above are determined by the
temperature, T , the kinetic energy and the total energy. The constants and
parameter values used are given in Table 1.

4.1.1. Calculation of Velocities

The corresponding velocity of the particle of whose trajectories satisfy Equation
(2) is given by the algorithm:

Un = (Xn −Xn−1)/∆ or (28)
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Table 1: Parameters and constants for the Langevin equation

Parameter/Constant Symbol Value

Dielectric Constant for water ǫw 80
Dielectric Constant for protein ǫp 2
Mass of Sodium mNa 3.8 × 10−26kg
Mass of Potassium mK 6.5 × 10−26kg
Diffusion Coefficient (Na) DNa 1.33 × 10−9m2s−1

Diffusion Coefficient (K) DK 1.96 × 10−9m2s−1

Radius of Sodium Ion rNa 0.95 Å
Radius of Potassium Ion rK 1.33 Å
Temperature T 298 K

Vn = (Xn+1 −Xn−1)/(2∆) = (Un+1 + Un)/2 (29)

5. Single Ion Permeation of the ACh Channel

We consider a single sodium or potassium ion passing through the ACh channel
at a time. In this case, the forces contributing to the motion emanate from:

1. electrostic potential

2. frictional forces

3. random bombardment encountered from solvent molecules

With these assumptions holding, equation (2) and (5) give the classical descrip-
tion of the trajectories and other dynamical properties of such an ion undergoing
the motion, whenever the ACh channel is open. Solution to equation (2) and
(5) are presented in Figures 1 through 4. Here, the ion is considered as moving
along the central axis of the channel. Interaction with the channel wall is not
considered since the radii of sodium and potassium ions are far less than the
ACh channel radius when open.

5.1. Single Channel Gating

The transition states for the channel may either be open or closed. The kinetic
scheme is then given by:
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k1
C ⇋ O

k−1

where C and O denote the closed and open states, respectively, of the channel
and k1 and k−1 are rate constants. In this case, the average closed time is given
by 1/k1 and the average open time by 1/k−1. Appropriate values for k1 and
k−1 have been determined as 5× 107M−1s−1 and 2× 103M−1s−1 respectively
[15]

The emission and transition probabilities may be estimated from a given
sample using the method of Maximum Likelihood from Statistical theory [16]).
We assume that the ACh channel opens and closes in a stochastic manner. This
opens up the possibility of an ion being trapped behind the gate when the gate
closes after ACh is detached from its receptor. The frequency of opening and
closing of the channel is assumed to be governed by a probability distribution.
However, the ion itself is driven by electrochemical gradient.

We consider the case where the ion hops up and down until the next cycle
of attachment of ACh to the receptor channel opens the gate. For the period
when the gate of the channel is closed, the potential is taken to be equal to the
resting potential for the channel (about -70 mV). This means that the force
due to the potential vanishes in Equation (2). This equation now becomes:

mr′′(t) +mγr′(t) = R(t) (30)

Equation (2) that governs the trajectory of the ion at all times is then given
by:

mr′′(t) +mγr′(t) = −δG(t)
∂Φ

∂r
+R(t) (31)

where δG is defined by:

δG(t) =

{

1, channel open
0, channel closed

(32)

From a uniformly distributed table of random numbers on the interval 0 ≤
p ≤ 1, where p is the random number, we obtain a sample of times when the
channel is open or closed [13].

6. Multi Ion Permeation of the ACh Channel

The major differences between multi ion occupancy of the ACh channel and
the single ion permeation is the contribution of the force field due to ion-ion
interaction and ion-channel interaction.
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We need two other assumptions for the multi ion permeation of the ACh
channel.

1. Since the ions are known to be in perpetual motion within the channel,
it is reasonable to assume that either

(a) an ion moves along the axis of the channel (line of least resistance)
and so does not come too close to the channel wall, or

(b) the channel wall is perfectly reflective.

In the latter case an ion colliding with the wall is elastically scattered.

2. We assume that a reservoir in which twenty ions are placed exist at each
end of the channel. The positions of the ions are assigned randomly, with
the minimum distance between ions being 2.7 Å [17].

To ensure that no two ions approach each other too closely, we included a
repulsive short-range potential that varies as 1/r9, where r is the distance
between ions [17]. Specifically, short-range forces accounted for by ion-ion
interaction by the potential:

ΦI(rij) =
f(Ri +Rj)

10

9r9ij
(33)

where rij is the distance between the i-th and j-th ions. Ri is the radius
of the ith ion and f is the magnitude of the short-range force at the
minimum distance ( f = 2× 10−12N).

In this case, Equation (2) becomes:

mi
dvi
dt

= −miγivi +Ri(t) + qiEi (34)

where mi, vi, qi are the mass, velocity and charge of the i-th ion respectively.
γi is the corresponding coefficient of friction and Ri(t) is the random force. In
this case, qiEi is the total electric force due to other ions.

The constricted section of the ACh channel has a radius of about 4 Å when
open. Therefore, it is possible for two ions of radii less than 2 Å to pass each
other. In particular, the radii of sodium and potassium ions are, respectively
0.9 Å and 1.33 Å.

Ion-protein wall interaction generates a potential that can be expressed in
the form:

ΦW (rip) =
f(Ri +Rp)

10

9
(

ρ(z) +Rp

)9 (35)
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where Rp is the radius of the atoms that constitute the protein wall, ρ(z) =
Rc(z)− r denotes the distance of an ion from the channel from the point Rc(z)
and Ri, i = 1, 2, are the radii of the ions. Here, Rp = 1.4 Å.

The total electrostatic potential experienced by the i-th ion can now be
expressed as:

Φi = Φxi +Φsi +
∑

j 6=i

(ΦIij +ΦCij) (36)

where the sum over j runs over all the other ions [18]. Here, Φxi represents
the external potential, such as those due to fixed charges on the protein wall or
due to an applied field. Φsi is the self potential induced on the i-th ion on the
protein wall that is due to surface charges, ΦIij is the potential induced by the
j-th ion and ΦCij represents the Coulomb potential due to the j-th ion. Thus
ΦCij can be obtained from the relation

ΦCij =
1

4πǫ0

Qj

ǫ|ri − rj|
(37)

where ri and rj are the position vectors of the ions.

In order to incorporate the ion-ion and ion-protein wall interactions, we had
to adjust the chosen time-step of 16 ps for the single ion Equation (2). Near the
entrance of the channel where ion-ion interaction is most prominent, we use a
shorter time-step of 2 ps. Within the constricted segment in the middle of the
channel, where ion-protein wall interaction is predominant, a long time-step of
16 ps is used.

The trajectories for the sodium and potassium ions for the single ion and
multi ion occupancy of the ACh channel are shown in Figures 2 through 6.

6.1. Validation of the Langevin Algorithm

In order to verify that the algorithm given in section 4.1 for the Langevin
equation we relied on the mean square displacement, < x2 >, of the trajectories.
For t >> ξ, we expect a linear relationship for the distribution of mean square
displacements plotted against the time. The mean square displacements satisfy
the linear equation:

< x2 >=
2kBT

mξ
t for t >> ξ−1 (38)

where kB is the Boltzmann constant, T is absolute temperature, m is the mass
of the ion, ξ−1 is the relaxation time constant and t is time. Since mNa =
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3.8× 10−26 and mK = 6.5× 10−26, we have mNa < mK , and so we expect the
slope of the graph for the mean squares of displacements for the potassium ion
to be more shallow than the corresponding sodium graph. This is verified in
Figure 1. This means that the potassium ion permeates with a lower speed.

Time (ps)

<
x
^2

>

0 10 20 30 40 50 60 70 80

0
1

0

Na
K

Figure 1: Validation of the algorithm for the numerical solution of the

Langevin equation. Mean square displacements of sodium and potas-

sium ions as they traverse the Acetylcholine channel obtained from en-

semble averages.

7. Observations From the Trajectories

Figure 2 illustrates the trajectories of sodium and potassium ions when no fixed
charges are present in the ACh channel, while figure 3 shows the respective
trajectories when fixed charges are assumed to be present. The fixed charges
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are assumed to be located on the protein wall of the constricted section of the
channel.
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Figure 2: Trajectories of sodium and potassium ions in the ACh channel

for the hyperboloid channel geometry. The Poisson equation was used

to calculate the force field in which the ions move. A single ion is

considered in each case. Top: Trajectory of a sodium ion and Bottom:

Corresponding trajectory of a potassium ion.
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In figure 4 we compared the trajectories of the sodium and the potassium
ions when

(i) they were under the influence of electric fields associated with the Poisson
equation for the absence of fixed charges, and

(ii) the PBE when fixed charges are present. For the sodium ion, we see
that the movement within the force field generated from the Poisson equation
is just a little faster than that for the PBE potential. That is, a sodium ion
placed at the beginning of the channel is ejected faster due to the force field
generated by the Poisson potential.

Figure 3: Comparison of the mobility of sodium ions due to the Poisson

potential and the PBE potential (Single ion permeation).

The distribution of channel shut times may be described by a probability
density function made up of the sum of separate exponential distribution. This
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Figure 4: Multi ion permeation of the ACh channel. (a) trajectories

of sodium ions (b) mean distance traversed.

is given by:

∞
∑

m=1

Wm exp(−λmt) (39)

where 1/λm is the mean of the m-th distribution and Wm is the corresponding
normalization constant (Colquhoun and Hawkes, 1982). The opening times of
the channel may, in this case, be interrupted by short period of closed states
during which the channel is occupied by an ion. Figure 4.6 illustrates this
phenomenon.

The higher mobility of the ions in the potential obtained from the Poisson
equation as compared to what prevails for the PBE is probably due to the
phenomenon of shielding by mobile charges. This amount of shielding might
not be considered significant since the two trajectories are generally similar.
In addition to this, ions in the potential are assumed to move mainly along
the central axis, and more importantly, none of the ions were trapped in the
channel, since no potential well exists in each case.

Our simulations emphasized the higher mobility of sodium than the potas-
sium ion. We also note from figures 2 and 5 that a single ion moves through
the channel faster than ions in the multi ion environment. This is mainly due
to the absence of collision with other ions.
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Figure 5: Trajectory of a sodium ion as it passes through the ACh

channel. This takes into account the case of the ion being trapped

behind the closed gate. Note the middle segment of the trajectory

which depicts when the ion remains trapped behind the closed gate.

8. Discussion and Conclusion

The stochastic dynamics method used here makes it possible for us to make
some important deductions about the flow of ions through the channel. From
our electrostatic calculations, we deduce that a sodium or potassium ion travers-
ing the ACh channel encounters a formidable energy barrier. This partly arises
from the induced surface charges. The potential profile obtained from the cal-
culations with the Poisson equation or PBE reveals a number of salient features
of the ACh channel. From our simulations, we deduce that in the absence of
fixed charges, the potential barrier in the channel is up to 2kBT midway into
the channel. In addition, many important properties of the motion of charged
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sodium and potassium ions, such as velocities, are confirmed.
The use of the Langevin equation to study the mobility of ions in the ACh

channel has many advantages. The most important advantage is that it is
based upon a time scale which is short enough to accommodate ion-ion inter-
action, if such interaction is included. On the other hand, the time-step is
long enough to allow averaging over thousands of ion-solvent interactions. This
allows ion-solvent interactions to be accounted for as part of the fluctuating
force impinging on the ion. Compared to other methods, the stochastic dy-
namics approach is the more appropriate way to accurately account for ion-ion
interaction since it solves the multi ion problem directly.

The Langevin dynamics formalism is known to yield accurate results for
trajectories of ions in channels. The main disadvantage is that it is computa-
tionally intensive. For example, it requires several data points and computation
of averages from a number of similar simulations before the trajectory of an ion
could be traced meaningfully. This approach also suffers from inaccuracies due
to approximation. For example, instead of using a large enough number of ions
going through the channel simultaneously, so that ion-ion interaction could be
accurately incorporated in the simulation, only a few ions are considered at a
time. This situation may adversely affect the calculation of the required aver-
ages, displacements and velocities and therefore improvements in the method
are required.

One component of the Langevin equation that requires improvement is the
dielectric function. The value of 80 for the dielectric constant of water in the
channel has not been verified by any direct experiment [17]. A lower value for
the dielectric constant, ǫw, inside the channel does not match the bulk value
outside the channel. To solve this problem, a choice of a variable value for ǫw,
as was done for the PBE, appears to be more appropriate. This approach, how-
ever, leads to a more complicated computational problem, since the piece-wise
continuous dielectric function, may introduce instabilities into the simulations
as ions cross the boundary between the channel dielectric and the external bath.
Problems related to appropriate time-step could also arise. This could easily
be adjusted, but with a price to pay computationally.
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