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Au+u(gi(u) — g2(v)) =0
in €,

Av +v(hi(v) — ha(u)) =0
ulon = v|aq = 0.
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1. Introduction

A lot of attention has been given to the following Lotka-Volterra system
that models the competitive interaction of two species of animal residing
in the same environment:

ug(x,t) = Au(z,t) + u(x, t)(a — bu(z,t) — cv(x, t))
in Q x RT,
ve(x,t) = Av(x,t) + v(x, t)(d — fo(z,t) — eu(x, t))
u(m‘,t)‘ag = U(%‘,t)‘ag =0,

(1)

where €2 is a bounded domain in R™. The solutions of (1) represent
population densities for the competing species. The positive constant
coefficients represent growth rates (a and d), self-limitation rates (b and
f) and competition rates (¢ and e). There are several results for exis-
tence, uniqueness and stability of positive steady state solution to (1)(see
1], [2], [3], [4], [6], [7]),i.e. positive solution to

Au(z) +u(z)(a — bu(z) — cv(z)) =0
in €, ()
Av(z) + v(z)(d — fo(x) —eu(z)) =0
u(z)lon = v(z)loq = 0.
Now, we pay attention to some existence and uniqueness results that
has already proven.
In 1984, Cosner and Lazer (see [4]) established the following sufficient

conditions for existence and uniqueness of positive steady state solution
to (2).

Theorem 1.1. (see [4]) Suppose:

(A) a> X\ + ch’ d > A1 + %, where \; is the smallest eigenvalue of
—A with homogeneous boundary condition,

2 2
(B) 4bf > f% supmeﬁ[#gzx)] + 2ce + b% supmeg[%], where
a=F
wyr(z) for M > 0 is the unique positive solution to the logistic equation

as mentioned in the next section.

Then (2) has a unique positive solution.
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Theorem 1.1 implies that if the self-reproduction and self-limitation
rates are relatively large, in other words, the competition rates are rel-
atively small, then there is a unique positive steady state solution of
(2).

Furthermore, in 1989, Cantrell and Cosner (see [3]) also proved that
we can extend the region of reproduction and self-limitation rates with-
out losing the uniqueness under certain conditions.

Theorem 1.2. (see [3]) Ifa=d > A\,b=f=1and 0 < c,e < 1,
then there is a neighborhood V' of (a,a) such that if (ag,dy) € V, then
(2) with (a,d) = (ag,dy) has a unique positive solution.

In the theorem above, the condition 0 < ¢,e < 1, which biologically
means the less competition rates of the two species, played an important
role. Actually, in their proofs that implied the invertibility of Frechet
derivative (linearization) of (2) at a fixed reproduction rate (a,a).

In the above model, the rate of change of densities largely depended
on the constant (reproduction, self-limitation and competition rates)
multiples of densities. However, in practice, the rate of change of densi-
ties may vary in a more complicated and irregular manner. Therefore,
in the last decade, many research works have been focused on existence
and uniqueness of steady state to the general competition model of two
species of animals

ug(x,t) = Au(z, t) + uz, t)(g1(u(z, 1)) — g2(v(z, 1))

in Qx R,
Ut(x7 t) = A’U(.%', t) + U(l’, t)(hl (’l}(.%'7 t)) - hg(u(x, t)))
u(x’t)bﬂ = v(x’t)bﬂ =0,
or equivalently, the positive solution to
Au(z) 4+ u(z)(g1(u(z)) — g2(v(x))) = 0
in Q

Av(z) + v(@)(h (o)) = ha(u(@))) = 0 ’ (3)
ulga = vloa = 0,

where g1, h1 mean reproduction and self-limitation and g2, ho imply com-
petition (see [8], [9], [10], [11]). There are some existence results (see
[10]), but few uniqueness result for the positive steady state solution of

(3)-
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In [8], we established the following uniqueness result that generalizes
Theorem 1.1.

Theorem 1.3. Suppose:

(U1) g1, 92,h1,ha € C,

(U2) g1,h1,—g2, —hg are strictly decreasing,
(U3) g2(0) = h2(0) =0,

(U4) there are ky, ko > 0 such that g1 (u) < 0 for u > ky and hy(v) <
0 for v > ko,

(U5) g1(0)—g2(ke) > A1, h1(0)—ha(k1) > A1, where \p is the smallest
eigenvalue of —A with homogeneous boundary condition,
(U6)

Ainf(—g}) inf(— 1) > sup(— 9 )(sup(gh)?
R R Q Uhi—ha(ky) R

0
+ sup(;——) (sup(h3)) + 2sup(g}) sup(h).
Q Ygi—ga(k2) R R R

Then (3) has a unique coexistence state.

Biologically, we can interpret the condition in Theorem 1.3 as follows.
The functions g1, g2, h1, he describe how species 1 (u) and 2 (v) interact
among themselves and with each other. Hence, the both conditions
(U5) and (U6) imply that species 1 interacts strongly among themselves
and weakly with species 2. Similarly for species 2, they interact more
strongly among themselves than they do with species 1.

Actually, the significance of the global uniqueness is to investigate
the stability of the positive steady state solution. There are several
stability results for the model with constant rates (see [3], [4], [7], [11]),
but the stability of the steady state solution for the general model still
remains open.

The question in this paper concerns small perturbation of g;, hy with-
out losing the uniqueness of coexistence state of (3) when g1, hq are nicer
bounded functions, which will generalize Theorem 1.2. The conclusion
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says the two species may have small relaxation with which they can still
coexist peacefully.

2. Preliminaries

In this section we will state some preliminary results which will be useful
for our later arguments.

Definition 2.1. (Super and Sub Solutions) Consider the problem
Au+ f(x,u) =0 in Q,
(4)
ulpn =0
where f € C%(Q x R) and 2 is a bounded domain in R".
(A) A function 4 € C%%() satisfying
Au+ f(r,u) <0 in Q,
oo > 0
is called an super solution to (4).
(B) A function u € C%%(Q) satisfying
Au+ f(z,u) 20 in Q,
ulpn <0
is called a sub solution to (4).
Lemma 2.1. Let f(x,£) € C%Q x R) and let 4,u € C*%(Q) be re-

spectively, super and sub solutions to (4) which satisfy u(x) < u(x )
Q. Then (4) has a solution u € C%%(Q) with u(r) < u(r) < @(x),

We also need some information on the solutions of the following
logistic equations.



114 J.H. Kang, J. Lee

Lemma 2.2. (see [10]) Let

Au+uf(u) =0 in Q,
u‘ag =0,u>0,

where f is a decreasing C' function such that there exists co > 0 such
that f(u) <0 for u > ¢y and Q is a bounded domain in R".

If f(0) > A1, then the above equation has a unique positive solution,
where Ay is the first eigenvalue of —A with homogeneous boundary con-
dition. We denote this unique positive solution as 6.

The main property about this positive solution is that 6 is increas-
ing as f is increasing.
Especially, for a > A\, the unique positive solution of

Au+ula—u) =0 in Q,
u|aQ:0,u>0,

is denoted by wy, = 0,_,. Hence, 6, is increasing as a > 0 is increasing.

3. Uniqueness with Perturbation

‘We consider the model
Au+u(g1(u) — g2(v)) =0
in €, (5)
Av +v(hi(v) — ha(u)) =0
ulgn = v|aq = 0.

Here € is a bounded, smooth domain in R" and:

(P1) g1,h1 € C};’a, g2, ho € C, where C® in general, is the set of
decreasing, bounded and continuous functions up to m-th order partial
derivatives whose m-th order partial derivatives are Holder continuous
with exponent a.

(P2) g1(0) > A1, h1(0) > A1, g2, ho are strictly increasing and g2(0) =
he(0) = 0,
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(P3) there are ky, ko > 0 such that g;(u) < 0 for u > ky and hy(v) <
0 for v > ks.

The following is the main theorem.

Theorem 3.1. Suppose:

(A) g1(0) > Ai(g2(6n,)), h1(0) > Ai(h2(fy,)), where in general, A1(q)
is the smallest eigenvalue of —A + ¢ with homogeneous boundary con-
dition, denoted by simply A1 when q = 0.

(B) (5) has a unique coexistence state (u,v),
(C) the Frechet derivative of (5) at (u,v) is invertible.

Then there is a neighborhood V' of (gi,h1) in C’}B’a such that if
(9,h) € V, then (5) with (g1,h1) = (g,h) has a unique coexistence
state.

Theorem 3.1 looks like the consequence of Implicit Function Theo-
rem. But the Inverse Function Theorem only guaranteed the uniqueness
locally. Theorem 3.1 concluded the global uniqueness. The techniques
we will use includes naturally Implicit Function Theorem and a priori
estimates on solutions of (5).

Biologically, the first condition in this theorem indicates that the
rates of self-reproduction is large. The condition of invertibility of
Frechet derivative also illustrates that the rates of self-limitation is rel-
atively larger than those of competitions which will be in Theorem 3.3.
Then the conclusion says that small perturbation of reproduction and
self-limitation rates does not affect to the existence and uniqueness of
positive steady state, i.e. they can still coexist peacefully even if there
is some slight change of reproduction and self-limitation rates.

Proof. Since the Frechet derivative of (5) at (u,v) is invertible, by
the Implicit Function Theorem, there is a neighborhood V' of (g1, h1)
in C’}B’a and a neighborhood W of (u,v) in [Cg’a(Q)]Q such that for
all (g,h) € V, there is a unique positive solution (ug,vy9) € W of (5).

Suppose the conclusion of the theorem is false. Then there are sequences
*

(tny By Uny Un)y (O, By wl,v) in Vox [C’g’O‘(Q)]2 such that (uy,v,) and
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(u),vr) are the positive solutions with (g1, k1) = (an, Bn) and (uy, v,) #

n»-n

(uk,v}) and (ay, Bn) — (91, h1). By the Schauder’s estimate in elliptic
theory and the solution estimate in the proof of Theorem 1.3, there is a

constant ¢ > 0 such that

Un 2,0 < €SUP,eq(Uun () < sup,cq(fa, (7)),

|’Un|2,a < Csupmeﬁ(vn(x)) < Supmeﬁ(aﬁn(x))’

foralln=1,2,....

But, by the convergence of {a,}, {8,} and the monotonicity of 0y,
we conclude that |up|2, and |vy|2 4 are uniformly bounded. So, there
are uniformly convergent subsequences of {u,} and {v,}, again will be
denoted by {u,} and {v,}.

Let

(Un, vp) = (U, ),

(up, v7) = (u*,0%).

Then (4, ), (u*,v*) € (C*%)? are also solutions of (5). Claim @ > 0,0 >
0,u* > 0,v* > 0. It is enough to show that # and v are not identically

zero because of the Maximum Principle. Suppose not. Then by the
Maximum Principle again, one of the following cases should hold:

(1) @ is identically zero and v > 0.

(2) w > 0 and v is identically zero.

(3) @ is identically zero and v is identically zero.
Without loss of generality, assume u is identically zero.
Let u,, = U, = vy, for all n € N. Then

Un
llunlloo

Atiy, + iy (o (uy) — g2(vy,)) =0 -
A, + 6o (Ba(t) — ha(un)) =0

From the elliptic theory, u,, — % and

At +a(g1(0) — g2(v)) =0
in €,

AU+ vhy(v) =0

by the continuity and uniform convergence, i.e., g1(0) = A1(g2(?)).



STEADY STATE WITH SMALL CHANGE... 117

(1) If v = 0, then by the monotonicity of g and A1, ¢1(0)
= M(g2(0)) = A(92(0)) < A1(g2(0p,)) which contradicts our assump-

(2) If v is not identically zero, then v = 6, and so g1 (0) = A\1(g2(?)) =
A1(g2(0p,)) which is also a contradiction to our assumption.

Consequently, (z,v) and (u*,v*) are coexistence states for (g1, hi).
But, since the coexistence state with respect to (g1, h1) is unique, (u,v) =
(u*,v*) = (u,v). But, since (un,vy,) # (uk,v}), it contradicts the Im-
plicit Function Theorem. O

The proof of the theorem also tells us that if one of the species
becomes extinct, in other word, if one is excluded by others, then that
means the reproduction rates are small, i.e. the region condition of
reproduction rates (A) is reasonable.

Theorem 3.2. If (ap, Bnytn,vn) — (91, h1,u,v) and if uw = 0 or
v =0, then

91(0) < A1(g2(0n,)) or h1(0) < Ai(h2(fy,)).

The condition, invertibility of Frechet derivative, in Theorem 3.1 is
too artificial. Now we turn out attention to get conditions to guarantee
the invertibility of the Frechet derivative.

Theorem 3.3. Suppose (u,v) is a positive solution to (5).
If 4infp(—g})infr(—h))uv > [(supg gh)u + (supg hh)v]?, then the
Frechet derivative of (5) at (u,v) is invertible.

Proof. The solution operator for (5) is A4 : (C*%)? — (C%)? such
that for all (v1,ve) € (C%9)2,

A((v1,v2)) = (w1, ws),

where
wy = —Avy —v1(g1(v1) — g2(v2)),

Wy = —A’UQ — ’U2(h1(’l)2) — hg(vl)).
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The Frechet derivative at (u,v) is

A=
—A = (91(u) — g2(v)) — ugi(u) ugh(v)
( ob(u) A= (n(0) = ha(w)) — ol (0) ) |
We need to show that N(A) = {0} by Fredholm alternative. If
—Ap = [(g1(u) — g2(v)) + ugy (u)lp + g3 (v)urp = 0,
{ —AY + hy(u)vy — [(ha(v) — ha(w)) + vhy(v)]ih = 0,
then
JallVel? = {(g1(w) = g2(v)) +ugi (u)}¢? + gh(v)upy)] =0,
JollVY PP + hy(u)vpr — {(hn(v) = ha(u)) +vhi (v)}¢?] = 0.
Since A1 (g2(v) — g1 (w)) = A (ha(u) — hy(v)) =0,
JollVel? = (g1(u) — g2(v))¢?] 2 0,
JolIVYP? = (hi(v) = ha(u))y?] = 0.

Hence,
Jo(ugl ()¢ + gh(v)upy) <0,

Ja(hy(w)vpd + hi(v)vy?) < 0.
Hence, [,[ug} (u)p? + (gh(v)u + hhy(u)v)ey + by (v)v?] < 0.
Hence, if 4infr(—g})infr(—h))uv > [(supg gh)u + (supg h%)v)?, then
the integrand in the left side is positive definite form in €2, which means

¢ =1 = 0. Therefore, the above Frechet derivative A is invertible. [

Combining Theorem 1.3, Theorem 3.1 and Theorem 3.3, we have
the following corollary, which is actually the main result in this section.

Corollary 3.4. Suppose:

(A) g1(0) > A1 + ga(kz), h1(0) > A1 + ha(k1), and
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(B)

. . 0
41nfR(—9/1) mfR(—hﬁ) > [SUPR(Qé) + SuPR(h/Z) Supg %]

g1 —92(k2)

0gy
[supr(g5) supq m + supp(hj)].

Then there is a neighborhood V' of (g1, hy1) in C} such that if (g, h) €
V, then (5) with (g1,h1) = (g, h) has a unique coexistence state.

Proof. From 6, < ki, 0y, < ko and the monotonicity of gs,ho we
have

91(0) > A1+ ga(k2) > A1(92(0n,)),

hl(O) > A\ + h2(k31) > )‘l(h2(ag1))'

4inf(—g¢" ) inf(—h'
1%( 91)1%( 1)

0
> [sup(gh) + sup(hy) sup -—2—][sup(gh) sup 72—

R R 0 Og-go(k)” R o Ony ha (k1)

+ sup(hj)]
R
) 0,

= [sup(gh)]? sup +sup(gz)sup(h2)

R Q Yhi—ha(ks) R

2] 0
+ sup g1 sup h sup(gh) sup(hb)
Q O — ha(ky) € 9g1 g2(k2) R R

0
+[sup(hh)]? sup —1—
R Q 691 —g2(k2)

> [sup(gh)]? sup +2sup(92)sup(h2)
R a Oh - hg(m) R

0
+[sup(hh)]? sup —1—
R Q 691 —g2(k2)
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SiDCG 991 > Hglfgz(kz)’ th > 9h1,h2(k2).

Therefore, (5) has a unique coexistence state (u,v) from Theorem
1.3. Furthermore, by estimate of the solution in the proof of Theorem
1.3,

4inf(—g¢" ) inf(—h'
1%( 91)1%( 1)

0, 0
> [sup(gy) + sup(hy) sup T ][sup(g3) sup T L
R R Q Vgi—ga(k2) R Q0 Yhy—ha(k1)

+ sup(hy)]
R
/ 1\ Y N /
> [sup(gy) + sup(hy)—][sup(gs)— + sup(hy)].
R R U R v R
Thus, we obtain

4inf(—g})) inf(=h))uv > [sup(gh)u + sup(hy)v]?.
R R R R

It implies that the Frechet derivative of (5) at (u,v) is invertible from
Theorem 3.2. Therefore, the result follows from Theorem 3.1. [l

4. Amount of Perturbation

In this section, we discuss how large we can perturb g; and h; without
losing the uniqueness of the positive solution. We consider the model
with the perturbation of (g1, h1)

Au+u(ogi(u) — g2(v)) =0
in €, (6)
Av +v(ohi(v) — ha(u)) =0
ulpg = vloa =0,

where € is a bounded domain in R"™, go, hy € C! are strictly increasing
functions with g2(0) = h2(0) =0 and 1 < o < ¢ is a parameter.

Theorem 4.1. Suppose:
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(A) (6) has a unique positive solution for g1, hy € C};’a (c=1),
(B) for all

1<o<e¢ 0g1(0) > A(92(05n,)), oh1(0) > Ai(h2(bsg,)),
g1(u) <0, hi(v) <0

for u,v > k > 0, the Frechet derivative of (6) with (cg1,0h;) at every
positive solution to (6) is invertible.

Then (6) has a unique positive solution with (cg1,ohy) for all 1 <
o < c. Furthermore, there is an open set W in (C']g’o‘)2 such that
{(cg1,0h1) : 1 < 0 < ¢} C W and for every (g,h) € W, (6) with
(g, h) has a unique positive solution.

Proof. Since (6) with (g1, h1) has a unique positive solution (u,v)
and the Frechet derivative of (6) at (w,v) is invertible, Theorem 3.1
implies that there is 1 < ¢/ < ¢ such that if 1 < o < ¢/, then (6) has a
unique positive solution.

Let

As = sup{l < ¢’ < c: (6) has a unique coexistence
state for all 1 <o <o'}.

We need to show that Ay = ¢. Suppose A\; < ¢. From the definition of A,
there are sequences {0y} and {(uy,v,) such that o, — A\; and (up,vy,)
is the unique positive solution of (6) with (0,91, 00h1) = (Asg1, Ash1).
Then by the elliptic theory as we mentioned in Theorem 3.1, there is
(u,v) such that (uy,v,) converges to (u,v) uniformly and (u,v) is a
solution to (6) with (Asg1, Ash1). We claim that u and v are not identi-
cally zero. Suppose this is false. Without loss of generality, assume w is
identically zero.
Let u, = U foralln € N. Then

n
| un [loo

A'lf[r/z + a\r/z(angl(un) - 92(vn)) =0,

AUn + Un(anhl (Un) - hQ(U’n)) = 07
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and u,, — u uniformly in Q by elliptic theory again, and
Au + u(Asg1(0) — g2(v)) =0,

Av 4+ vAshi(v) = 0.
It implies that Asg1(0) = A1(g2(v)).

(1) If v is identically zero, then by the monotonicity of go and Ap,
As91(0) = Ai(92(0)) < A1(92(0xr,n,)) which is a contradiction to our
assumption.

(2) If v is not identically zero, then v = 0)_, and so Asg1(0) =
A1(g92(0x,n,)) which is also a contradiction to our assumption.

Thus v and v are not identically zero. We claim that (6) with
(Asg1, Ash1) has a unique coexistence state. In fact, if not, assume that
(u,v) # (u,v) is another coexistence state. By Implicit Function The-
orem, there exists 1 < & < As which is very close to A\s and (6) with
(6g1,0h1) has a coexistence state very close to (@,v) which means that
(6) with (gg1,0h1) has more than one coexistence state. This is a con-
tradiction to the definition of A\s. But, since (6) with (Asg1, Ash1) has a
unique coexistence state and a invertible Frechet derivative, Theorem 3.1
concluded that Ag cannot be as defined. Therefore, for each 1 < o < ¢,
(6) with (0g1,0h1) has a unique coexistence state. Furthermore, by
the assumption, for each 1 < o < ¢, the Frechet derivative of (6) with
(cg1,0h1) at the unique solution is invertible. Hence, Theorem 3.1 con-
cluded that there is an open set W in (C’}éo‘)2 satisfying the theorem as
stated. O

Corollary 4.2. Suppose:

(A) there exist ki, ks > 0 such that for all 1 < o < ¢, 0g1(0) > A\ +
92(k2),0h1(0) > A1+ ha(k1) and g1 (u) < 0,h1(v) <O foru > ki, v = ko,

(B) The following inequalities is valid

0
4inf(—g))inf(=h}) > [sup(gh) + sup(h}) sup sup __Toh ]
R R R R 1<0<c Q@ Yogi—go(ka)
05
x [sup(gy) sup sup ——2—— + sup(hy)].
R ISUSC Q Hohlfhg(kl) R
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Then there is an open set W in (C’}B’o‘)2 such that {(cg1,0h1):1 <0 <
¢} CW and for every (g,h) € W, (6) with (g,h) has a unique positive
solution.

Proof. From 8,4, < k1,041, < k2 and the monotonicity of go, ho, we

have
ag1(0) > A1 + g2(k2) > Ai(g2(05n, ),

O'hl(O) > A+ hg(kﬁl) > Al(hg(eogl))
foralll <o <e.

The condition (B) already guarantees (U6) of Theorem 1.3, and
so by Theorem 1.3, (6) with (g1,h1) has a unique positive solution.
Furthermore, by the estimate of the solution in the proof of the Theorem
1.3, if (u,v) is a positive solution of (6) with (ogi,0h;) for 1 <o <,
then

4infg(—og})infr(—oh))uv
05
> [ousupg(gh) + ousupg(hy) sup;<,<. Supg g— 1]
og91—92(k2)
0o
[ovsupr(gh) SUP] <, <. SUPQ # + ovsupp(h})]
ohy—ha (k1)
> [ousupp(gh) + ousupp(hh) L] [ovsupp(gh) + ovsups (b))

= [supp(ogs)u + supp(ohy)v]*.

Hence, by the Theorem 3.3, if (u,v) is a positive solution of (6) with
(0g1,0hy) for 1 < o < ¢, then the Frechet derivative at (u,v) is invert-
ible. Therefore, the corollary follows from Theorem 4.1. U

Next, we look at the stationary solutions denoting the existence of
only one species in the same parameter regions(l < o < ¢). By Lemma
2.2, for each 1 < o < ¢,

Au+uogi(u) =0 in Q,
u|aQ =0,u>0
and

Av +vohi(v) =0 in £,

U‘ag =0,v>0
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have a unique positive solution 6,4, and 6,4, respectively. But, since
g2(0) = ha(0) = 0, for each 1 < 0 < ¢, (0yq,,0) and (0,6,p,) are
solutions to (6), which means either one of the two species may be
extinct, in other words, one may be excluded by the other. But, by the
comment after Lemma 2.2, the solutions are getting larger as o is getting
larger, in other words, it has the maximum solution when ¢ = ¢, which
biologically implies that the existing species has larger density when the
self-reproduction and self-limitation rates are larger.

5. The Case with Constant Growth Rates

In this section, we look at the uniqueness results of the case with constant
growth rates that can be easily derived from the previous sections.

First of all, by Corollary 3.4, we have the following uniqueness result.
Corollary 5.1. Suppose

(A)a>)\1+%i,d>)\1+%e,and

1, 1
(B) 4bf > (c+ esupq %uf dCd)(csupQ %j: — te).
a-gd -4

Then there is a neighborhood V' of (a, d) in R? such that if (ag, dy) €
V', then (2) with (ag, dy) has a unique coexistence state.

We also consider the model
Au+u(o(a —bu) — cv) =0
in Q, 7
Av+wv(o(d— fv) —eu) =0 (7)
ulan = vl|an = 0,

where 1 < o < ¢ is a parameter.

Then by Corollary 4.2, we have the following uniqueness result.
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e).

AS

Corollary 5.2. Suppose

(A)fora]]l§0§c,aa>)\1—|—07d,ad>)\1+% and

. Lioa
(B) 4bf > (C+ €SUPj <5< SUPg ffi)(csulhgagc Supgq lz}bw +

f O'd—%

Then there is an open set W in R such that [1,c] C W and for every
W, (7) with ~ in place of o has a unique positive solution.

It is important to note that the conditions in both Corollary 5.1 and

Corollary 5.2 imply that the reproduction and self-limitation rates are
relatively larger than competition rates.
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