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Abstract: In this paper we deal with growth and approximation of
solutions (not necessarily entire) of certain elliptic partial differential
equations. These solutions are called generalized bi-axially symmetric
potentials (GBSP). We obtain the characterization of g-type and lower
g-type of a GBSP having fast rates of growth in terms of ratio of ap-
proximation errors in LP norm.
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1. Introduction

Generalized bi-axially symmetric potentials (GBSP’s) are the solutions
of elliptic partial differential equation

0’H 0’°H 2a+10H 23+10H 1
== =0 —=, (11
Ox? * 0y? + y Oy r Ox B> 2’ (1.1)
which are even in z and y, cf. Gilbert [1]. A polynomial of degree n
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which is even in z and y is said to be a GBSP polynomial of degree n if
it satisfies (1.1). A GBSP H regular about origin can be expanded as

H=H(r,0) = Z anr? PP (cos 26), (1.2)

n=0

where z = rcosf, y = rsinf and PT(LO"B ) (t) are Jacobi polynomials.

Let Dg = {(z,9) : 2> +y> < R, 0 < R < oo} and Dg be the
closure of Dr. A GBSP H is said to be regular in Dp if the series (1.2)
converges uniformly on every compact subset of Dg. Let Hpr be the class
of all GBSP’s regular in Dg/ for every R’ < R but for no R’ > R. The
functions in the class H, are called entire GBSP’s.

McCoy [6] considered the approximation of an entire GBSP H by
GBSP polynomials and found the rate of decay of approximation error:

Enp(H,1) = inf | =gl

1/p

= inf /_/ w(x,y)|H(z,y) — g(z,y)[Pdz dy :
Dy

gETn

in terms of growth parameters associated with the maximum modulus
M(r,H) = max |H (r,0)|, where p is a weight function and 1 < p < oco.

Also, McCoy [7] considered the approximation of pseudo analytic
functions, constructed as complex combination of real valued analytic
functions to the Stokes-Beltrami system on the disc. These functions
include the GBSP’s. He obtained some coefficients and Bernstein type
growth theorems on the disc in sup norm.

A GBSP H is said to be regular in Dpg,, the closure of Dg, if it is
regular in Dg for some R’ > R,. Let Hp, be the class of all GBSP’s
regular on Dg,. For H € Hp,, set

H||gp, = max |H(x,y)|,
[Hl (M)eDROI (2,9)]

and for 1 < p < oo,

1/p

HH%Mz(A%wmmmmummww> a3
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1/p

1H %, » = /@(x,y)lﬂ(x,y)lp dvdy| (1.4)
o

where the functions w and w are positive and integrable (in the sense of
Lebesgue) such that = and 1 are bounded and | &, , and || %, , are

LP-norms on Hp,. For H € Hp, approximation errors E,ap(H , R,) and
E? (H,R,) arc defined as

EL(H.R,) = inf [~ gllh,, (15)

E?L,p(H? R,) = gienwfn | H — 9”%%04)’ (1.6)

where 7, consists of all GBSP polynomials of degree at most 2n. The
concept of index ¢, the g-order p(q) and lower g-order A(q) were intro-
duced by Sato [8] in order to obtain a measure of growth of the maximum
modulus when it is rapidly increasing. Thus, let M (r, H) - cc asr — R
and for ¢ = 2,3, ..., we define

logl®) M (r, H)

P(q)(H, R) = limsup ©
r—RrR  log(z*

where logl® M (r, H) = M(r, H) and
logl™ Y M (r, H) = log(logl?=2 M (r, H)).

The GBSP H € Hp, is said to have the index ¢ if p,(H, R) < co and
pg—1)(H,R) = oo. If q is the index of H then p,(H, R) is called the
g-order of H. The notions of the index and g-order play a significant
role in classifying the rapidly increasing functions analytic in Dg. To
compare the growth of two functions analytic in Dg that have same
g-orders the distinct growth parameters are used.

We have the following definition.

Definition 1. A GBSP H € Hi, 0 < R < oo having g-order
pq(H, R)(py(H, R) > 0) is said to have g-type T, (H, R) and lower g-type
t,(H, R) if
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T,(H,R) SUP ogla=1 M (1, HY)

tq(H,R) 'SR inf < R >Pq(H7R)
R—r

)

0 < t,(H,R) < T,(H,R) < oc.

In this paper we study the growth and approximation of solutions
(not necessarily entire) of certain elliptic partial differential equations.
These solutions are called generalized bi-azially symmetric potentials
(GBSP’s). The GBSP’s are taken to be regular in a finite hyperball
and influence the growth of their maximum moduli on the rate of de-
cay of their approximation errors in LP-norm defined by (1.3) and (1.4).
The results and methods employed are different from those of McCoy
[7]. The text has been divided into three parts. Section 1 consists of in-
troductory exposition of the topic and Section 2 includes some lemmas.
Finally, we prove some theorems which characterize the g-type T;,(H, R)
and lower g-type t,(H, R) of a GBSP H € Hg,, 0 < R, < 00, in terms
of ratio of approximation errors thp(H, Ro0),0 < Ro< R< o0,i=1,2.

2. Preliminary Results

In this section we give some lemmas as preliminary results which have
been used in the sequel.

Lemma 2.1. Let H € Hgr, R > R,. Then there exist GBSP
polynomials g, € m, such that

HH - gnH < KM(T‘, H)(n + 1)77+1/2(R/74)2(n+1)

for all r sufficiently near to R and all sufficiently large values of n. Here
K is a constant independent of r and n and n = max(«, 3).

Proof. The proof of this lemma follows from [4]. O

Lemma 2.2. Let H € Hgr,, R > R,. Then there exist GBSP
polynomials g, € 7, such that

i 1/2 2(n+1 .
El (H,R,) < Ki(n+ 1)"™2(Ro/r)*™ DM (r,H), i=1,2 (2.1)
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for all r sufficiently near to R and all sufficiently large values of n. Here
K; is a constant depending on R,, w, and p only and Ky a constant
depending on R,, w and p.

Proof. Using (1.3), (1.4), (1.5), (1.6) and Lemma 2.1 we get the
required result. O

Lemma 2.3. Let H € Hp. Then for n > 1,
‘an\Rg"

_ TP em)V 20+ a4+ B+ DP(n,a, BT (n + 1+ 1)
- F'n+1)I'(n+1)

Erlzfl,p(H’ RO)’

where

P(n,o,p,) =T(n+1)I'(n+a+B+1)/(n+a+1)(n+B8+1).

Proof. By (1.5), for H € FRO, there exists a GBSP polynomial
gy _1 € Tp—1 such that

2Er1L—1,p(H7 RO) > HH - g;kz—lH}%o,p

1 2m 1/p
= T </0 [H(Ro,0) — g1 (Ro, 0)[” dH) . (2.2)

since 1/w is bounded and we have w > A T >0. For p > 1 choose v*
such that 1/p + 1/v* = 1. Using Holder’s inequality we get

27
/0 H(Ro,0) — g, (Ro, 0)|d8

< ( /O " H(Ry0) gle(RO,G)]pd«?)l/p ( /O " d@)W. (2.3)

Combining (2.2) and (2.3), we get
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1 2T .
21 (H,Ry) 2 /0 |H(Ro»0) — g1 (R, 0)]d

1 w/2 i

= W/o |H(Ro,0) — g5,_1(Ro,0)|d
for p > 1, since GBSP’s H and g _; are even in x and y. For p =1, (2.4)
is obvious with v* = 0. From the orthogonality of Jacobi polynomials
[9] and uniform convergence of the series (1.2) on Dpg,, we have

an R
(2n+ o+ B+ Lp(n, o, B)

w/2
=2 / H(R,,0)p\%" (cos 20) sin®***+! g cos?* 1 9 db.
0
Thus, for any g € m,—1 we have

anRZ"p(n, o, )
Cntatptl)

/2
= 2/ (H(R,,0) — g(Ry,0))p{?) (cos 20) sin?**!  cos?P+1 6 df.
0

(2.4)
From [9], we know that
(@) py —  L(E+n+1) _ )

Taking, in particular g;_,, it follows that

an R2"
(2n+a+ B+ 1)p(n, o, B)

2I'(n+n+1)
T+ 1)I(n+1

w/2
)/0 |H (Ro,0) — gn_1(Ro,0)|df. (2.6)

Combining (2.5) and (2.7), the lemma follows. O
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Lemma 2.4. Let H € Hg,. Then for n > 1, we have

‘an‘R§n+2

B TUr(r R (20 +2)(2n + a + B+ 1)P(n,a, BT (n + n + 1)
= T(n+ 1) (n+1)

x E2_ ,(H, Ry).

Proof. By (1.6), for H € Hp,, there exists §,_1 € m,_1 such that

QEZ—l,p(Hv RO) = HH - gn—llﬁ%o,p

1/p
> | [ ] @) - gl dody
Dg,
1/p
z?mzigﬁg /;/Hﬂ%w—ﬁnﬂ%WMM@ @)
Dpgr,

where w = 1/T, T > 0 and (1/p) 4+ (1/v*) = 1. From the orthogonality
of Jacobi polynomials and uniform convergence of the series (1.2) on
Dp,, we have for 0 <r < R,
anr2n
@ntat B+ DPmaf)

w/2
=2 / (H(r,0) —G,_1(r,0)) PP (cos 0) sin?** g cos?P+1 6 df.
0

Using (2.6), we get

anr2"

2n+a+p+1)P(n,a,pB)
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I'(n+n+1)
T 2(n+ 1))+ 1

27
) /O \H(r,0) — Go_1(r.0)] do.

Since H and g,—1 are even in z and y. Multiplying both sides of the
above inequality by r dr and integrating from 0 to R,, we get

anr®t2(2n +2)71
2n+a+p+1)P(n,a,pB)

F(n+n+1)
H( n— dx d 2.
< s i ] e gl dy 9
Dro
Combining (2.8) and (2.9) we obtain the required result. O

Lemma 2.5. Let H € Hg, 0 < R < oo(R > R,). Then

TP (27) /v
M(r,H) < |ao| + —————M(r, h),
(1. H) < Jao| + =M (1. h)
where
- I'(n+n+1)
h(u) = 2 1P _
(u) ;(n+a+6+ (s B) =57 =73
u n
XE}L—Lp(HaRo)(R—) :
Proof. Using (2.6) and Lemma 2.3 we get
> > I'(n+n+1)
2n p(a,B) 2n
n P, 20)| < |a, n
|3 P eos20)] < ool + 3ol
Tl/p 27) 1o 22 T o
< ‘aO, E n l,p )(R_)2
F(n+n+1)

X (2n+a+ B+ 1)P(n,a,p) NCESI

which agrees with the desired result. O
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Lemma 2.6. Let H € Hr, 0 < R < oo. Then

Tl/p(ﬂ)l/v* NV
M(r,H) < R M (o,
(n )— ‘a0’+ F(n+1) Ro (T,h )7
where
: = L(n+n+1)
— 2 2)(2 1P —_—
() = 3o(n-+ 2 +a-+ 5+ DP(a A —pe

2n
2 u
X Enfl,p(Ha Ro) <R_o> .

Proof. Using Lemma 2.4 the proof has the same analysis as that of
Lemma 2.5. O

Lemma 2.7. Let f(z) =Y ° anz" be analytic in |z| < R. Then
the function f(z) is of g-order and q-type T'(q) if and only if

where

)

<log+ |a, | R" ) pla)+A(q)

V(g) = limsup(loglt=2 n) -

n—oo

B(q) = (p+1)P*1/pP, A(q) =1forq=2; B(qg) =1, A(q)=0forq=
3.4....

Proof. The lemma can be proved by simple manipulation of the
results in [2] and [3]. O

Lemma 2.8. Let f(z) = > " janz" be analytic in |z| < R and
have q-order p(q) (p(q) > 0) and g-type T(q). If )(n) = |an/an41| forms
a nondecreasing sequence of n for all n > n,, then

limsuplogl=/ n (log |an /an_1| R)" D@ = B(q)T(g).

n—oo

Here B(q) and A(q) have the same meaning as in Lemma 2.7.
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Proof. Denoting p(q) + A(q) by p*(q), we let

p*(q)
R> =Q.

First consider 0 < @ < oo. For given € > 0 and n > ny(e), we have

1/p*(q)
R< (ﬂ) .

log[q_Q] n

Gn

n—00 an—1

limsuploglt=2 n <log

an

log

Ap—1

Writing above inequality for n = N + 1, N 4+ 2,... .k and adding, we
obtain

k

ag k—N [q—2] 1/p*(q)
log|—| R < Z (Q+¢)/logl"=n
aN n=N-+1 < >
1/p*(q)
< (h-nN) (e .
logli=2 py
Hence for all large k,
n K l—2] 1/p*(q)
log™ |ag| R* < O(1) + (1 + 0(1))k log'? k:) ,
or
1 + Rk; p*(a)
og™ |ag| Qj—e +o(1),
k logla—2 k)
or

lim sup log[q_Q} k <Q, (2.9)

k—o0

log |ay| R¥ r*(q)
k

which implies (in view of Lemma 2.7), T'(¢)/B(q) < Q. In (2.11) equality
holds. To prove this let us assume that the left hand side expression of
(2.11) equal to V(q) such that V(¢) < Q. Then, for arbitrary € > 0 we
have for all large values of n > N (e),

log™ |an|R" < n((V(q) + €) logld=2 n)1/7" (@), (2.10)
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Now we use the assumption that ¢ (n) = log |a, /a,—1| is a nondecreasing
function of n. Then for large n,

log v\ log + ...+ log n-1
Qp, AGN+1 n
< (n=N)p(n—1)
or
log™ |a,|R" > log|an|+ (n — N)log™ (IZ: + nlog R. (2.11)

Combining (2.10) and (2.11), we have

10g+ |an|Rn:| p(a)+A(q)

lim sup logl?=2 n [
n

n—oo

Gn

R

p(9)+A(g)
> limsup logl? 2 n <logJr >

n—oo

an—1

But this contradicts our assumption, and hence the lemma holds
true. [l

3. Main Results

Theorem 3.1. Let H € Hg, 0 < R < oo(R > R,) and have g-order
pq(H,R) > 0 and g-type T,(H, R). Then

where, for i = 1,2,

G'(q) = limsup(logl?=2 n)

n—oo

. Eé,p(H,Ro) R\2 pq(H,R)+A(q,H)
x [ logt —mei Tl (T . (32)
E? (H,R,) \ R,

n—1,p
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Proof. By the definition of G'(g), for given € > 0 and n > n,(e), we

have
; "(9)
. B, (H.R)) [ R\*\"
(log[q 2] TL) (10g+ m (F) ) < G/(Q) + €,

n—1,p

or

E! (H,R, 2 1 1/p'(q)
ot ZhaIL ) (VY (G )0

EY,,(H,R,) \R, logle=4n
where p/'(q) = pys(H,R) + A(q,H). Writing the above inequality for
n=N+1,N+2,... k and adding

. By, (H, R) (R >2(k_N) < s <G/(Q) +e>1/”/(q)
N+1

EYp(H, Ro)

1
og R

log[q72] n

< (k= N) (%) i)

1Og[qf2} k
or
‘ 2(k—N)
IOng Eil’p(H, RO) <R£>
G'(q) + ¢ 1/¢'(a)
< O(l) + (1 + 0(1))k (w) )
or
log" B (H,Ro) [ R\*\"@ & +e o
k (R_O> loglt=2 & +0(),
or

lim sup logl9~2 k

k—o0

log* Bl (H, R,) ( R\
k R,

<G'(q).
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Using Theorem 1 of [5], we get T,(H, R) B(q, H) < G'(g). This inequal-
ity is obviously true if G'(¢) = oo. To prove the reverse inequality we
use Lemma 2.5 for ¢ = 1 and Lemma 2.6 for ¢ = 2 and apply Lemma 2.7
and Lemma 2.8 to the functions h(u) and h*(u). O

Theorem 3.2. Let H € Hg, 0 < R < oo(R > R,) and have g-order
pq(H,R) > 0 and lower g-type t,(H,R). Let {n;} be an increasing
sequence of natural numbers. Then

Bl(q, H) ty(H, R) > liminf logle=2 n;_;

k—o0

E% ’ (H,Ro) P/(Q)
og” B, 1T ( R >2<"k"k1> 53
X e .
Nk — Ng_1 R,
Proof. Let
lim inf log[q_Q] Nk_1
k—o0
lou Fhin(HRo) @
%% B, ,(HE) (R >2("’“‘"’“1) C
X — =C.
ng — Ng—1 R,

The inequality (3.3) obviously holds if C' = 0. Hence we assume that
0 < C < c0. Then, for given € > 0 and sufficiently large values of k, we

have
B}, »(H.Ro) <£>2(nk—nk_1) N - 1/¢'(9)
N — Nkg—1 R, 10g[q_2] . ,

or
i 2(np—ng_—
log™ —E”k’p(H’ Ro) (ﬁ) (i)
Eﬁbk_hp(H, R,) \ R,

> (nk — nk—l) (

1 /
O /p'(q)
log[q72] N1 ’
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Writing the above inequality for k = N+ 1, N +2,... ,j and adding, we
get

% 2(n;—n
log™ E,"jvp(H’ R,) <R> (ng =)

H,R,) \ R,

-
j 1/p'(q)
C—c¢
> E (ng —ng—1) | ———— . (34)
k=N-+1 <10g[q 2 nkl)

To estimate the right hand side we put f(t) = ((C' — €)/logli=2 ¢)1/¢'()
and n(t) = n; for nj_; <t < n;. Hence right hand side of (3.4) can be
written as

> F(ng—1) (g — np—1)

F=N+1
= (vt —nn)F(ny) + (ny —ny-1) F(ny-1)
+o (= nj-1)F(n-1)
= nF(nj1) —nj 1 {F(nj1) = F(nj2)}--
—nn1 {F(nn41) = F(ny)} —nyF(ny)
j

= niF(nj1) = Y mea {F(ng1) — F(ng—s)} —nn F(ny)
k=N-+1

= njF(nj_l) — /nJl n(t) dF(t) — nNF(nN)

N

1 -1 n(t)
= niF(n;j_1)+ / ———————dF(t) + O(1).
n; (n] 1) p’(q) .. tHgn;Ql log[m] ; ( ) ( )

Since n(t)/t > 1, on substituting the above expression in (3.4),

R
log™ B (H, Ro)(R—)Q(nj —nN)

(]
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(nj—1 —nn)F(nj—1)

q—2
JORIRE

> njF(nj_1)+ +0(1)

nj-1(1+o(1))

= F(nj_1)n; |1+ +0(1)

q—2
¢ (@n; TT log™ n;—y

1/p'(q)
(%) n;(1+ o(1)) + O(1),

-2
logl? ]nj_
for all large j. Since nil—;l < 1, it follows that
1

log™ E,. ,(H,R,) { R\ O 7 (@)
og ]7p( ) <_> > 776 n] + 0(1)
n; R, logl?=2 nj—1

Proceeding to limits, we get

p*(q)
> (.

lim inf logl9~?! nj—1 7
(o}

J—00

log* En, ,(H, Ry) ( R )2"f

1

Combining Theorem 2 [5] and above inequality the result (3.3) is ob-
tained. O
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