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0. Introduction

In [7]-[10], [23], [24] the optimal control problems for systems described by
hyperbolic operators with an infinite order have been discussed. To obtain
optimality conditions the arguments of (see [18]) have been applied. Making use
of the Dubovitskii-Milyutin theorem (see [11]), following [12]-[14] Kotarski have
obtained necessary and sufficient conditions of optimality for similar systems
governed by second order operator with an infinite number of variables. The
interest in the study of this class of operators is stimulated by problems in
quantum field theory [2]-[5].

In this paper the optimality conditions for distributed control system gov-
erned by Dirichlet problem for hyperbolic equations of infinite order are given.
The optimality condition is expressed in terms of a set of inequalities.

This paper is organized as follows. In Section 1 we introduce some functional
spaces of infinite order. In Section 2, we define the hyperbolic equation with
infinite order. In Section 3, we formulate the optimal control problem and we
introduce the main results of this paper.

1. Some Functinal Spaces (see [2]-[5])

The object of this section is to give the definition of some function spaces of
infinite order and the chains of the constructed spaces which will be used later.

We define the Sobolev space W∞{aα, 2}(R
n) (which we shall denoted by

W∞{aα, 2}) of infinite order of periodic functions φ(x) defined on all boundary
Γ of Rn, n ≥ 1, as follows

W∞{aα, 2} = {φ(x) ∈ C∞(Rn) :

∞
∑

|α|=0

aα||D
αφ||22 <∞} ,

where aα ≥ 0 is a numerical sequence, and ||.||2 is the canonical norm in the
space L2(Rn) (all functions are assumed to be real valued) and

Dα =
∂|α|

(∂x1)α1 . . . (∂xn)αn

,

where α = (α1, . . . , αn) is a multi-index for differentiation,
|α| =

∑n
i=1 αi.
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The space W−∞{aα, 2} is defined as the formal conjugate space to the space
W∞{aα, 2}, namely:

W−∞{aα, 2} = {ψ(x) : ψ(x) =

∞
∑

|α|=0

aαD
αψα(x)},

where ψα ∈ L2(Rn) and
∑∞

|α|=0 aα||ψα||
2
2 <∞.

The duality pairing of the spaces W∞{aα, 2} and W−∞{aα, 2} is postulated
by the formula

(φ,ψ) =

∞
∑

|α|=0

aα

∫

Rn

ψα(x)Dαφ(x)dx,

where

φ ∈W∞{aα, 2}, ψ ∈W−∞{aα, 2}.

From above, W∞{aα, 2} is everywhere dense in L2(Rn) with topological
inclusions and W−∞{aα, 2} denotes the topological dual space with respect to
L2(Rn), so we have the following chain:

W∞{aα, 2} ⊆ L2(Rn) ⊆W−∞{aα, 2}.

Analogous to the above chain we have:

W∞
0 {aα, 2} ⊆ L2(Rn) ⊆W−∞

0 {aα, 2},

where W∞
0 {aα, 2} is the set of all functions of W∞{aα, 2} which vanish on the

boundary Γ of Rn, i.e.

W∞
0 {aα, 2} = {φ ∈ C∞

0 (Rn) :

||φ||2 =
∞

∑

|α|=0

aα||D
αφ||22 <∞,Dωφ|Γ = 0, |ω| ≤ α− 1}.

We now introduce L2(0, T ;L2(Rn)) which we shall denoted by
L2(Q), where Q = Rn×]0, T [, denotes the space of measurable functions t →
φ(t) such that

||φ||L2(Q) = (

∫ T

0
||φ(t)||22dt)

1

2 <∞,

endowed with the scalar product (f, g) =
∫ T

0 (f(t), g(t))L2(Rn)dt, L
2(Q) is a

Hilbert space. In the same manner we define the spaces
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L2(0, T ;W∞{aα, 2}), L
2(0, T ;W∞

0 {aα, 2}) and L2(0, T ;W−∞{aα, 2}), L
2(0, T ;W−∞

0 {aα, 2})
as its formal conjugate respectivrly.

Finally, we have the following chains:

L2(0, T ;W∞{aα, 2}) ⊆ L2(Q) ⊆ L2(0, T ;W−∞{aα, 2}),

L2(0, T ;W∞
0 {aα, 2}) ⊆ L2(Q) ⊆ L2(0, T ;W−∞

0 {aα, 2}).

2. Infinite Order Type Equation

The paper [24] is a review article for previous results, that earlier obtained by
I.M. Gali, H.A. El-Saify and S.A. El-Zahaby. The results obtained there are
for the case of operators with an infinite number of variables which are elliptic,
parabolic, hyperbolic or well-posed in the sense of Petrowsky.

Subsequently, J.L. Lions suggested a problem related to this result but in
different direction by taking the case of operators of infinite order with finite
dimension in the form

(AΦ)(x) =
∞

∑

|α|=0

(−1)|α|aαD
2αΦ(x, t) . (2.1)

For this operator the bilinear form π(t; Φ,Ψ) := (AΦ,Ψ)L2(Rn) is coercive on
W∞

0 {aα, 2}.
The operatorA is a bounded self-adjoint elliptic operator mappingW∞

0 {aα, 2}
onto W−∞

0 {aα, 2}.
Now let us consider the following evolution equation:-

Ay +
∂2y

∂t2
= f, x ∈ Rn, t ∈ (0, T ), (2.2)

y(x, 0) = y1(x), x ∈ Rn, (2.3)

∂y

∂t
(x, 0) = y2, x ∈ Rn, (2.4)

Dωy(x, t) = 0, x ∈ Γ, t ∈ (0, T ), (2.5)

|ω| = 0, 1, 2, . . . , |ω| ≤ α− 1,

where f ∈ L2(0, T ;W−∞
0 {aα, 2}), y1 ∈W∞

0 {aα, 2}, y2 ∈ L2(Rn).
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Remark 2.1. From [9], [10] and the results of (see [18]) we know that there
is the unique solution (y, ∂y

∂t
) ∈ L2(0, T ;W∞

0 {aα, 2}) × L2(Q) to the equations
(2.2)-(2.5) and the mapping

(f, y1, y2) → (y,
∂y

∂t
) : L2(0, T ;W−∞

0 {aα, 2}) ×W∞
0 {aα, 2} × L2(Rn)

→ L2(0, T ;W−∞
0 {aα, 2}) × L2(Q)

is (norm, norm)- continuous. Moreover, the operator A+ ∂2

∂t2
(see [9], [10]) is the

linear bounded which maps L2(0, T ;W∞
0 {aα, 2}) onto L2(0, T ;W−∞

0 {aα, 2}).

3. Optimal Control Problem for Infinite Order

Type Equation: Optimality Conditions

We consider the following optimization problem:

Ay +
∂2y

∂t2
= u, x ∈ Rn, t ∈ (0, T ), (3.1)

y(x, 0) = y1(x), x ∈ Rn, (3.2)

∂y

∂t
(x, 0) = y2, x ∈ Rn, (3.3)

Dωy(x, t) = 0, x ∈ Γ, t ∈ (0, T ), (3.4)

Let us denote by Y = L2(0, T ;W∞
0 {aα, 2})×L2(Q) the space of states and

by U = L2(Q) the space of controls. The control time T is assumed to be fixed.

The performance functional is given by:

I(y, u) =

∫

Q

F (x, t, y, u) dxdt → min, (3.5)

where F : Rn × (0, T ) ×R1 ×R1 → R1 satisfies the following conditions:

(A1) F (x, t, y, u) is continuous with respect to (x, t, y, u),

(A2) there exists Fy(x, t, y, u), Fu(x, t, y, u) which are continuous with re-
spect to (x, t, y, u),
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(A3) F (x, t, y, u) is strictly convex with respect to the pair (y, u), i.e.:

F (x, t, λy1 + (1 − λ)y2, λu1 + (1 − λ)u2) < λF (x, t, y1, u1)

+ (1 − λ)F (x, t, y2, u2),

∀y1, y2, u1, u2 ∈ R1, (y1, u1) 6= (y2, u2), λ ∈ (0, 1).

The Control-state Constranits.

We assume the following constraints:

on controls u ∈ Uad is a closed, convex subset in the spaceL2(Q) (3.6)

and

on states y ∈ Yad is a closed, convex subset in L2(0, T ;W∞
0 {aα, 2})

with non-empty interior. (3.7)

Also we assume the following condition: there exists (ỹ, ũ) such as ỹ ∈
intYad, ũ ∈ Uad and (ỹ, ũ) satisfies the equations (3.1)-(3.4) (the so-called Slater
condition).

Making use the Dubovitskii-Milyutin Theorem (Theorem 6.1, [11]) we de-
rive the necessary and sufficient optimality conditions to the problem (3.1)-
(3.7). The solution of the stated optimal control problem is equivalent to seek-
ing a pair (y0, u0) ∈ E = Y × U that satisfies Eqs. (3.1)-(3.4) and minimizes
the performance functional (3.5) subject to the control constraints (3.6) and the
state constraints (3.7). We formulate the necessary and sufficient conditions of
optimality in the following theorem.

Theorem 3.1. Under the assumptions mentioned above, there is a unique
solution (y0, u0) to problem (3.1)-(3.7). Moreover, there is an adjoint state
p, (p, ∂p

∂t
) ∈ L2(0, T ;W∞

0 {aα, 2}) × L2(Q), which satisfies (in weak sense) the
adjoint equation given below, and so the necessary and sufficient conditions
of optimality are characterized by the following system of partial differential
equations and inequalities:

State equation.

Ay0 +
∂2y0

∂t2
= u0, x ∈ Rn, t ∈ (0, T ), (3.8)
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y0(x, 0) = y1(x), x ∈ Rn, (3.9)

∂y0

∂t
(x, 0) = y2, x ∈ Rn, (3.10)

Dwy0(x, t) = 0, x ∈ Γ, t ∈ (0, T ). (3.11)

Adjoint equation.

Ap+
∂2p

∂t2
= Fy, x ∈ Rn, t ∈ (0, T ), (3.12)

p(x, T ) = 0, x ∈ Rn, (3.13)

∂p

∂t
(x, T ) = 0, x ∈ Rn, (3.14)

Dwp(x, t) = 0, x ∈ Γ, t ∈ (0, T ). (3.15)

Maximum conditions.

∫

Q

(p + Fu)(u− u0)dxdt ≥ 0 ∀u ∈ Uad, (3.16)

∫

Q

(Fy + FuF)(y − y0)dxdt ≥ 0 ∀y ∈ Yad, (3.17)

where F : {y ∈ L2(0, T ;W∞
0 {aα, 2});A + ∂2

∂t2
∈ L(Q)} → U is the operator

related to the equations (3.1)-(3.4) with zero-initial conditions, Fy, Fu are the
Frèchet derivatives of F with respect to y, u, respectively at the point (y0, u0).

Outline of Proof. (see [12]-[15]) We apply the generalized Dubovitskii-
Milyutin theorem, we approximate the set representing the inequality condi-
tions by regular admissible cone, the equality constraints by a regular tangent
cone, and the performance functional by a regular improvement cone.

Let us denote by Q1, Q2, Q3 the sets in the space E := Y ×U with elements
z := ((y, ∂y

∂t
), u) so that

Equality constraint. The set Q1 representing the equality constraint
has the form:

Q1 :=







































z ∈ E;

A(t)y +
∂2y

∂t2
= u, x ∈ Rn, t ∈ (0, T ),

y(x, 0) = y1(x), x ∈ Rn,

∂y

∂t
(x, 0) = y2, x ∈ Rn,

Dwy(x, t) = 0, x ∈ Γ, t ∈ (0, T ).
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Control constraints. The set Q2 = Y × Uad representing the inequality
constraints is closed and convex with nonempty interior in the space E has the
form:

Q2 := {z ∈ E : (y,
∂y

∂t
) ∈ Y, u ∈ Uad}.

State constraints.

Q3 := {z ∈ E : y ∈ Yad,
∂y

∂t
∈ L2(Q), u ∈ U}.

Thus the optimization problem my be formulated in such a form as

I(y, u) → min subject to (y, u) ∈ Q1 ∩Q2 ∩Q3.

We approximate the sets Q1 and Q2 by the regular tangent cones (RTC), the
set Q3 by the regular admissible cone (RAC) and the performance index by the
regular cone of decrease (RFC).

The cone tangent to the set Q1 at z0 has the form:

RTC(Q1, z
0) = {z ∈ E; P ′(z0)z = 0} =

=







































z̄ ∈ E;

Ay +
∂2y

∂t2
= u, x ∈ Rn, t ∈ (0, T ),

y(x, 0) = 0, x ∈ Rn,

∂y

∂t
(x, 0) = 0, x ∈ Rn,

Dwy(x, t) = 0, x ∈ Γ, t ∈ (0, T ),

where P ′(z0)z is the Frèchet differential of the operator

P (y,
∂y

∂t
, u) :=

(

Ay +
∂2y

∂t2
− u, y(x, 0) − y1,

∂y

∂t
(x, 0) − y2(x)

)

mapping from the space W := L2(0, T ;W∞
0 {aα, 2}) × L2(Q) × L2(Q) into the

space Ω := L2(0, T ;W−∞
0 {aα, 2})×W

∞
0 {aα, 2}×L

2(Rn). According to Remark
2.1 there exists a unique solution to the equation (3.1)-(3.4) for every u, y1 and
y2 and it is easy to prove that P ′(z0) is the mapping from the space W onto Ω,
as need in Lusternik theorem (Theorem 9.1, [11]).

The tangent cone RTC(Q2, z
0) to the set Q2 at z0 has the form Y ×

RTC(Uad, u
0), where RTC(Uad, u

0) is the tangent cone to the set Uad at the
point u0.
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Following [21] it is easy to show that

RTC(Q1 ∩Q2, z
0) = RTC(Q1, z

0) ∩RTC(Q2, z
0).

We only need to show the inclusion ” ⊃ ”, because we always have ” ⊂ ” [16].

It can be easily checked that in the neighborhood V0 of the point ((y0, ∂y0

∂t
), u0)

the operator P satisfies the assumptions of the implicit function theorem [6].
Consequently, the set Q1 can be represented in the neighborhood V0 in the form

{

((y,
∂y

∂t
), u) ∈ E; (y,

∂y

∂t
) = ϕ(u)

}

, (3.18)

where ϕ : L2(Q) → L2(0, T ;W∞
0 {aα, 2}) × L2(Q) is the operator of class C1

satisfying the condition P (ϕ(u), u) = 0 for u, such as (ϕ(u), u) ∈ V0.

From this we get

RTC(Q1, z
0) = {z ∈ E; (y,

∂y

∂t
) = ϕu(u0)u}. (3.19)

Let ((y, ∂y
∂t

), u) be any element of the set RTC(Q1, z
0) ∩RTC(Q2, z

0).

From the definition of the tangent cone we know that there exists an oper-

ator r2u := R1 → U , such as r2
u(ǫ)
ǫ

→ 0 with ǫ→ 0+ and

((

y0,
∂y0

∂t

)

, u0

)

+ ǫ

((

y,
∂y

∂t

)

, u

)

+ (r2y, r
2
u) ∈ Q2 (3.20)

for a sufficiently small ǫ and with any r2y(ǫ).

From (3.18) it results that for sufficiently small ǫ, we get

(

ϕ(u0 + ǫu+ r2u(ǫ)), u0 + ǫu+ r2u(ǫ)

)

∈ Q1.

Since ϕ is a differentiable operator, therefore

ϕ(u0 + ǫu+ r2u(ǫ)) = ϕ(u0) + ǫϕu(u0)u+ r1y(ǫ)

for some r1y(ǫ) such as
r1
y(ǫ)

ǫ
→ 0 with ǫ→ 0+.

Taking into account (3.18) and (3.19), we can get

((

y0,
∂y0

∂t

)

, u0

)

+ ǫ

((

y,
∂y

∂t

)

, u

)

+ (r1(ǫ)y, r
2
u(ǫ)) ∈ Q1. (3.21)



248 W. Kotarski, H.A. El-Saify, G.M. Bahaa

If in (3.20) we have r2u(ǫ) = r1y(ǫ), then it results from (3.20) and (3.21) that
((

y, ∂y
∂t

)

, u

)

is an element of the cone tangent to the set Q1 ∩ Q2 at z0. It

completes the proof of the inclusion ” ⊃ ”. From [16] it is known that the
tangent cones are closed. Further applying Theorem 3.3 [22] we can prove that
the adjoint cones [RTC(Q1, z

0)]∗ and [RTC(Q2, z
0)]∗ are of the same sense [22].

The admissible cone RTC(Q3, z
0) to the set Q3at z

0 is

RAC(Yad, y
0) × L2(Q) × U,

where RAC(Yad, y
0) is the admissible cone to the set Yad at y0.

Using Theorem 7.5 [11] we find the regular cone of decrease

RFC(I, z0) = {z ∈ E; I ′(z0)z < 0},

where I ′(z0)z is the Frèchet differential of the performance functional.
With the assumptions (A1), (A2) this differential exists (compare with the

Example 7.2 [11]) and can be written as follows:
∫

Q

(Fyy + Fuu)dxdt.

If RFC(I, z0) 6= ∅, then the adjoint cone consists of the elements of the
form (Theorem 10.2 [11]):

f4(z) = −λ0

∫

Q

(Fyy + Fuu)dxdt,

where λ0 ≥ 0.
Since RTC(Q1, z

0) is a subspace of E, then the functionals belonging to
[RTC(Q1, z

0)]∗ are (Theorem 10.1 [11]):

f1(z) = 0 ∀z ∈ RTC(Q1, z
0).

The functionals f2(z) ∈ [RTC(Q2, z
0)]∗ can be expressed as follows

f2(z) = f1
2 (y,

∂y

∂t
) + f2

2 (u),

where f1
2 (y, ∂y

∂t
) = 0 ∀(y, ∂y

∂t
) ∈ Y (Theorem 10.1 [11]), f2

2 (u) is the support
functional to the set Uad at the point u0 (Theorem 10.5 [11]).

Similarly, the functionals f3(z) ∈ [RTC(Q3, z
0)]∗ can be expressed as fol-

lows:

f3(z) = f1
3 (y) + f2

3 (
∂y

∂t
) + f3

3 (u),
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where f1
3 (y) is the support functional to the set Yad at the point y0 (Theorem

10.5 [11]), f2
3 (∂y

∂t
) = 0 ∀∂y

∂t
∈ L2(Q) and f3

3 (u) = 0 ∀u ∈ U (Theorem 10.1
[11]).

Euler-Lagrange equation. Since all assumptions of the Dubovitskii-
Milyutin theorem are satisfied and we know suitable cones we are ready now to
write down the Euler-Lagrange equation in the following form:

f2
2 (u) + f1

3 (y) = λ0

∫

Q

(Fyy + Fuu)dxdt =
1

2
λ0

∫

Q

(Fyy + Fuu)dxdt

+
1

2
λ0

∫

Q

(Fyy + Fuu)dxdt ∀z ∈ RTC(Q1, z
0). (3.22)

We transform
∫

Q
Fyydxdt introducing the adjoint variable p with the equa-

tion (3.12)-(3.15) and taking into account that (y, ∂y
∂t

) is the solution of P ′(z0)z =
0 for any fixed u.

We get

∫

Q

Fyydxdt =

∫

Q

(

Ap +
∂2p

∂t2

)

ydxdt =

∫

Q

pAydxdt

+

∫

Rn

∂p

∂t
y

∣

∣

∣

∣

T

0

dx−

∫

Rn

p
∂y

∂t

∣

∣

∣

∣

T

0

dx+

∫

Q

p
∂2y

∂t2

∣

∣

∣

∣

T

0

dxdt =

∫

Q

pudxdt.

Further
∫

Q
Fuudxdt can be replaced by

∫

Q
FuFydxdt.

Taking the above into account, from (3.22) we obtain

f2
2 (u) + f1

3 (y) =
1

2
λ0

∫

Q

(p + Fu)udxdt +
1

2
λ0

∫

Q

(Fy + FuF)ydxdt. (3.23)

A umber λ0 in (3.23) cannot be equal to zero, because in this case all functionals
in the Euler-Lagrange equation would be zero, which is impossible according to
the Dubovitskii-Milyutin theorem.

Using the definition of the support functional and dividing both sides of the
obtained inequalities by 1

2λ0, we finally get (3.16), (3.17).

If RFC(I, z0) = ∅, then optimality conditions (3.8)-(3.17) are fulfilled with
equalities in the maximum conditions (3.16), (3.17).

In order to prove sufficiency of the derived conditions of optimality we make
use of the fact that the constraints are convex, the performance functional is
continuous and convex, and the Slater condition is satisfied.
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Really, there exists a point (ỹ, ũ) ∈ intQ2, such that (ỹ, ũ) ∈ Q1. This fact
follows immediately from the existence of a nonempty interior in the set Q2 and
from Remark 3.1.

The uniqueness of the solution to the problem (3.1)-(3.7) follows from the
strict convexity of the performance functional (3.5) (assumption (A3)). This
last remark completes the proof of Theorem 3.1.
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