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Abstract: We develop a general formalism to describe the dynamical be-
haviour of an ensemble of a two-level system interacting with a bimodal cav-
ity field including arbitrary forms of nonlinearities of both the field and the
intensity-dependent coupling. We present a derivation of the unitary operator
within the frame of the dressed state approach, by means of which we identify
and numerically demonstrate the region of parameters where significantly large
entanglement can be obtained. The influences of the nonlinearity, Stark shifts
and detuning on the degree of entanglement are examined. It is shown that
features of the degree of entanglement is influenced significantly by different
kinds of the nonlinearities. We propose a generation method of Bell-type states
having a simple initial state preparation of two different modes of electromag-
netic field. This investigation may be useful for developing non-linear optical
devices, and providing some guidelines to experimentalist in the identification of
thekind of unknown non-linear medium and the utilization of the nonlinearities
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1. Overview

Quantum entanglement is at the very heart of Quantum Mechanics so there is
a vast amount of literature on the subject. Of particular interest to workers in
the field of Quantum Information Theory are the issues of quantification and
manipulation of entanglement. An important step in that direction was taken
in [1], [2], [3], [4], [5]. It is of paramount importance that a general theory
of entanglement be developed in order to understand how it can and cannot
be manipulated. The development of an efficient formula for the entanglement
present in arbitrary mixed states is a crucial goal of quantum information sci-
ence. Such a formula would lead to great advances in the theory of quantum
communication, as well as possibly revealing the correct role entanglement plays
in quantum computational speed-up. The authors in [6] have shown that en-
tanglement can always arise in the interaction of an arbitrary large system in
any mixed state with a single qubit in a pure state.

An entangled quantum state is one, where the wave function of the overall
system cannot be written as a product of the wave functions of the subsystems.
In this case, a measurement on one of the subsystems will affect the state of the
other subsystems. One of the main goals of theory of entanglement is to develop
measures of entanglement. A number of entanglement measures have been dis-
cussed in the literature, such as the quantum field entropy [7], [8], [9], [10], [11],
the von Neumann reduced entropy, the relative entropy of entanglement [12],
the so-called entanglement of distillation and the entanglement of formation
[4]. Several authors proposed physically motivated postulates to characterize
entanglement measures [5], [12], [13]. These postulates (although they vary from
author to author in the details) have in common that they are based on the
concepts of the operational formulation of quantum mechanics [14]. A method
using quasi-mutual entropy to measure the degree of entanglement in the time
development of the Jaynes-Cummings model has been adopted in [16], which
we called it DEM (degree of entanglement due to mutual entropy). We have
formulated the entanglement in the time development of the Jaynes-Cummings
model with squeezed state [16], and then we have shown that the entanglement
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can be controlled by means of squeezing. In these theoretical works, atten-
tion was paid to the detailed discussion on single-mode case. There have been
no publication concerning the two-mode case so far, and this motivates us to
study in the present paper the a generalized model in which the transition are
mediated by two different modes of photons.

The goal of this paper is to shed some light on the quantification of entangle-
ment due to a quasi-mutual entropy, for a general two-level system. The model
we shall consider is consisting of a single atom interacting with two modes of
the field in a perfect cavity, including acceptable kinds of nonlinearities of both
the field and the intensity-dependent atom-field coupling. To reach our goal we
have to find the exact time dependent expressions for the dynamical operators.
This can be achieved by solving the Heisenberg equations of motion, however
to deal with the quasi-mutual entropy it will be more convenient to use exact
expression for the unitary operator Ût in the frame of the dressed state for-
malism. This will be considered in Section 2. Section 3 is devoted to derive
the equation of the entanglement degree due to the quasi-mutual entropy by
employing the analytical results obtained in Section 2. Numerical results and
discussion of the properties of the entanglement degree will be considered in
Section 4. We conclude in Section 5 with some general comments.

2. Basic Formalism

The system we introduce and analyze in this section is an effective two-level sys-
tem interacting with two quantized electromagnetic fields including acceptable
forms of nonlinearities of both the field and the intensity-dependent atom-field
coupling. In the two-photon processes, some intermediate states are involved,
which are assumed to be coupled to the levels |↑〉 and |↓〉 by dipole-allowed
transitions. If we assume that the intermediate states do not admit dipole
transitions between themselves and the interacting field modes are far off res-
onance with these intermediate states, the atom can be seen as an effective
two-level atom by means of adiabatic elimination of the intermediate state [19],
[20]. In the rotating wave approximation, the total Hamiltonian can be written
as

Ĥ = ĤA + ĤF + Ĥin. (1)

The atomic part of the Hamiltonian has the following form

ĤA = E↑ |↑〉 〈↑| + E↓ |↓〉 〈↓| , (2)
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where E↑(E↓) is the energy for level |↑〉 (|↓〉). The frequencies of transition

between the levels are defined by the equality ω0 =
(E↑−E↓)

~
. The field part of

the Hamiltonian is the usual expression

ĤF = ~Ω1â
†
1â1 + ~Ω2â

†
2â2, (3)

where Ω1 and Ω2 are the field frequencies. âi and â†i ,are the annihilation and
the creation operators for the i-th mode of the cavity field, respectively. The
interaction part of the Hamiltonian in the electric-dipole approximation and in
the presence of an arbitrary non-linear medium can be written as

Ĥin =
∆

2
(|↑〉 〈↑| − |↓〉 〈↓|) + â†1â1β1 |↓〉 〈↓| + â†2â2β2 |↑〉 〈↑|

+ ℜ(â†1â1, â
†
2â2) + ~γ

(
f(â†1â1, â

†
2â2)â

†k1
1 âk2

2 |↓〉 〈↑|

+ |↑〉 〈↓| â†k2
2 âk1

1 f(â†1â1, â
†
2â2)

)
, (4)

where β1 and β2 are parameters describing the Stark shifts of the two levels
that are due to the virtual transitions to the intermediate relay level, |j〉 〈i| are
the atomic pseudo-spin operators, and ∆ = ω0 − (Ω2 − Ω1) is the detuning.

f(â†1â1, â
†
2â2) and ℜ(â†1â1, â

†
2â2) are Hermitian operators functions of photon

number operators of the two modes, such that γf(â†1â1, â
†
2â2) represents an

arbitrary intensity-dependent atom-field coupling, while ℜ(â†1â1, â
†
2â2) denotes

the two mode fields nonlinearity, which can model Kerr-like medium nonlinear-
ity, as will be discussed later. We denote by γ the effective coupling constant.
In this paper we will consider the influence of Stark shift through the parameter
ξ =

√
β1/β2. We now suppose that the atom is in a mixed state such as

ρ = cos2 φ |↑〉 〈↑| + sin2 φ |↓〉 〈↓| , (5)

where cos2 φ/(1 − cos2 φ) = exp(−∆E/kT ) (∆E being the energy difference
between |↑〉 and |↓〉 and T the temperature). HA and HF represent the Hilbert
space for the system of atom and field, respectively. S also represents the set
of all density operators, namely state space. We suppose that the initial state
of the field is the coherent state:

̟ = |θ1, θ2〉〈θ1, θ2| ∈ S(HF ), |θi〉 = exp
(
− n̄i

2

) ∞∑

l=0

n̄
l/2
i√
l!
|ni〉, (6)

where n̄i = |θi|2 is the intensity of the initial coherent field. The continuous
map E∗

t : S(HA) → S(HA ⊗ HF ) describing the time evolution between the
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atom and the field is defined by the unitary operator generated by Ĥ such that

E∗
t ρ = Ût (ρ̂⊗̟) Û∗

t , Ût ≡ exp

(
−itĤ

~

)
. (7)

To find this unitary operator Ût, we will use the dressed-state representation.
The dressed state representation consists of the complete set of the Hamiltonian
including the atom-field interaction. Hence Ût can be written as

Ût =
∞∑

n=0

{
exp(−itE(n1,n2)

+ )
∣∣∣Ψ(n1,n2)

+

〉 〈
Ψ

(n1,n2)
+

∣∣∣

+ exp(−itE(n1,n2)
− )

∣∣∣Ψ(n1,n2)
−

〉 〈
Ψ

(n1,n2)
−

∣∣∣
}
, (8)

where

E
(n1,n2)
± = ~Ω1

(
n1 +

k1

2

)
+ ~Ω2

(
n2 −

k2

2

)
+

1

2
[ℜ(n1, n2)

+ ℜ(n1 + k1, n2 − k2)] +
1

2ξ

[
n2 + ξ2(n1 + k1)

]
± µn1,n2 (9)

are the eigenvalues with

µn1,n2 =
√
ν2

n1,n2
+ τ2

n1,n2
,

νn1,n2 =
~∆

2
+

1

2

(
ℜ(n1, n2) −ℜ(n1 + k1, n2 − k2)

)

+
1

2ξ

[
n2 − ξ2(n1 + k1)

]
, (10)

τn1,n2 = ~γ

√
(n1 + k1)!n2!

n1!(n2 − k2)!
f(n1, n2),

where µn is a modified Rabi frequency and ξ =
√
β1/β2. The eigenvectors are

given by

∣∣∣Ψ(n1,n2)
±

〉
=

[
sin θn1,n2

cos θn1,n2

]
|n1, n2, ↑〉

±
[

cos θn1,n2

sin θn1,n2

]
|n1 + k1, n2 − k2, ↓〉 , (11)
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where

θn1,n2 = tan−1

(
τn1,n2

νn1,n2 − µn1,n2

)
. (12)

Having obtained the explicit form of the unitary operator Ût, the eigenvalues
and the eigenfunctions for the system under consideration, therefore we are in
position to discuss the atomic inversion and the degree of entanglement due to
quasi-mutual entropy (DEM) of the system. This will be the subject of the
following sections.

3. Derivation of DEM

Quantum entanglement is the most surprising nonclassical property of compos-
ite quantum systems [21], [22], [23], [24], [25], [26], [27], [28], [29]. The exis-
tence of entangled states within quantum mechanics is one of the most striking
features of the theory. These states have the potential to show nontrivial non-
classical effects [21], [22], [23], [24], [25], [26], [27], [28], [29]. It is now well
recognized that the Einstein-Podolsky-Rosen paradox is based on the existence
of entangled states, because only such states exhibit correlations that are capa-
ble of violating Bell’s inequalities. It is rather interesting to note that entangled
states play a crucial role in quantum computation as well, and it is the entan-
glement between qubits that gives a quantum computer its inherent advantage.
In the theory of open system or the reduction theory, one often considers two

subsystems H1 and H2 represented by Hilbert space. Let S(Hi), (i = 1, 2) be
state spaces (the set of all density operators). Also, S(H1 ⊗ H2) denotes the
state space in the composite system H1⊗H2. The following decomposed states
in composite system are called disentangled states:

|Ψ〉 = |ψ1〉 ⊗ |ψ2〉, |ψ1〉 ∈ S(H1), |ψ2〉 ∈ S(H2). (13)

However, in general, it is almost impossible to decompose the states in
composite system like the above, that is, the following states exist:

|Ψ〉 = α|ψ1〉 ⊗ |ψ2〉 + β|φ1〉 ⊗ |φ2〉, (14)

where |ψ1〉, |φ1〉 ∈ S(H1), |ψ2〉, |φ2〉 ∈ S(H2) and |α|2 + |β|2 = 1, α 6=
0, β 6= 0. The above states which can not be described by product states
of two subsystem are called entangled states.

A quantum state ̺ ∈ S(H1 ⊗H2) is disentangled [4] if and only if

̺ =
∑

i

λi̺
(i)
1 ⊗ ̺

(i)
2 , (15)
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where ̺
(i)
1 = trH2̺ ∈ S(H1), ̺

(i)
2 = trH1̺ ∈ S(H2),

∑
i λi = 1, and λi ≥ 0

for all i. Then if a state is not disentangled, it is said to be an entangled
state. In order to scientifically treat such entangled states, we need a mea-
sure for the degree of entanglement. For pure entangled states, it has been
used the von Neumann entropy to measure the degree of entanglement. How-
ever, von Neumann entropy does not have a unique value for mixed entangled
states, namely it depends to take the patrial trace of the coupled system [5].
Therefore one need the proper measure of the degree of entanglement, and then
several measures have been introduced by many authors such as entanglement
of formation and relative entropy entanglement and so on. However, almost
measures are not suitable for the actual calculation of the realistic model, be-
cause one must take the minimum over all the possible realization of the state
or all disentangled states, respectively. Thus, the quasi-mutual entropy [15] has
been adopted to measure the degree of entanglement for some physical mod-
els [16], [17], [18]. Also, in the present paper, we will adopt it to analyze a
nondegenerate bimodal multi quanta two-level system. Here we should note
that the term quasi means that this mutual entropy does not depend on the
channeling transformation describing the physical processes. In classical infor-
mation theory, the mutual entropy is a very important quantity to analyze the
communication processes and physical transformations. However, in this paper
we apply the quasi-mutual entropy and not the quantum mutual entropy to
analyze the nondegenerate bimodal multi quanta two-level atom.

For the entangled states ̺ ∈ S(H1⊗H2), the entanglement degree is defined
by the following formula as a distance (difference) from a disentangled state
trH1̺⊗ trH2̺ ∈ S(H1 ⊗H2) :

DEM(̺) = tr̺(log ̺− log(trH1̺⊗ trH2̺)). (16)

Note that if the entangled state ̺ ∈ S1 ⊗ S2 is an entangled pure state, then
its von Neumann entropy is equal to 0 (S(̺) = 0). Moreover, according to
the following triangle inequality of Araki and Lieb [30], |S(̺1) − S(̺2)| ≤
S(̺) ≤ S(̺1) + S(̺2), we have S(̺1) = S(̺2). Thus, we have DEM(̺) =
tr̺(log ̺ − log(trH1̺ ⊗ trH2̺)) = S(̺1) + S(̺2) − S(̺) = 2S(̺1). Therefore,
for entangled pure states, the entanglement degree becomes twice of the en-
tropy of the induced marginal state. That is, if we want to know the degree
of the entangled pure states, sufficient to use von Neumann entropy. However,
for entangled mixed states, which appear in many cases, we have to use the
entanglement degree (DEM). We now consider the alternative scenario, where
the atom is in the initial thermal state, then using equations (5) and (7) the



148 A.-S. F. Obada, M. Abdel-Aty, S. Nakamura, S. Furuichi

final state at any time t is given by

E∗
t ̺ ≡ Ût (ρ⊗̟) Û∗

t

=

∞∑

m=0

∞∑

n=0

(
e
−itE

(n1,n2)
+ ∣∣∣Ψ(n1,n2)

+

〉 〈
Ψ

(n1,n2)
+

∣∣∣

+ e−itE
(n1,n2)
−

∣∣∣Ψ(n1,n2)
−

〉 〈
Ψ

(n1,n2)
−

∣∣∣
)

× (ρ⊗̟)

(
eitE

(m1,m2)
+

∣∣∣Ψ(m1,m2)
+

〉 〈
Ψ

(m1,m2)
+

∣∣∣

+ eitE
(m1,m2)
−

∣∣∣Ψ(m1,m2)
−

〉〈
Ψ

(m1,m2)
−

∣∣∣
)

= η1(t)|n1, n2, ↑〉〈m1,m2, ↑ | + η4(t)|m1 + k1,m2 − k2, ↓〉
〈m1 + k1,m2 − k2, ↓ |

+ η2(t)|n1, n2, ↑〉〈m1 + k1,m2 − k2, ↓ |
+ η3(t)|n1 + k1, n2 − k2, ↓〉〈m1,m2, ↑ |, (17)

where

η1(t) =
1

4

∞∑

m=0

∞∑

n=0

bn,m

{
e

h

−it(E
(n)
+ −E

(m)
+ )

i(
4 sin2 φ| sin θn|2| sin θm|2

+ cos2 φ sin 2(θn + θm)

)

+e

h

−it(E
(n)
+ −E

(m)
− )

i(
4 sin2 φ| sin θn|2| cos θm|2

− cos2 φ sin 2θm sin 2θn

)

+e

h

−it(E
(n)
− −E

(m)
+ )

i(
4 sin2 φ| cos θn|2| sin θm|2

− cos2 φ sin 2θm sin 2θn

)

+e

h

−it(E
(n)
− −E

(m)
− )

i(
4 sin2 φ| cos θn|2| cos θm|2

− cos2 φ sin 2θm sin 2θn

)}
, (18)
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η2(t) =
1

2

∞∑

m=0

∞∑

n=0

bn,m

{
e

h

−it(E
(n)
+ −E

(m)
+ )

i(
sinφ| sin θn|2 sin 2θm

+ cosφ| cos θm|2 sin 2θn

)

+e

h

−it(E
(n)
+ −E

(m)
− )

i(
− sin2 φ| sin θn|2 cos 2θm

+ cos2 φ| sin θm|2 sin 2θn

)

+e

h

−it(E
(n)
− −E

(m)
+ )

i(
sin2 φ| cos θn|2 sin 2θm

+ cos2 φ| cos θm|2 sin 2θn

)

+e

h

−it(E
(n)
− −E

(m)
− )

i(
− sin2 φ| cos θn|2 sin 2θm

+ cos2 φ| cos θm|2 sin 2θn

)}
, (19)

η3(t) =
1

2

∞∑

m=0

∞∑

n=0

bn,m

{
e

h

−it(E
(n)
+ −E

(m)
+ )

i(
sin2 φ| sin θm|2 sin 2θn

+ cos2 φ| cos θn|2 sin 2θm

)

+e

h

−it(E
(n)
+ −E

(m)
− )

i(
sin2 φ| cos θm|2 sin 2θn

− cos2 φ| cos θn|2 sin 2θm

)

+e

h

−it(E
(n)
− −E

(m)
+ )

i(
− sin2 φ| sin θm|2 sin 2θn

+ cos2 φ| sin θn|2 sin 2θm

)

+e

h

−it(E
(n)
− −E

(m)
− )

i(
− sin2 φ| cos θ|2 sin 2θn

− cos2 φ| sin θn|2 sin 2θm

)}
, (20)
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η4(t) =
1

4

∞∑

m=0

∞∑

n=0

bn,m

{
e

h

−it(E
(n)
+ −E

(m)
+ )

i(
sin2 φ sin 2(θn + θm)

+ cos2 φ| cos θn|2| cos θm|2
)

+e

h

−it(E
(n)
+ −E

(m)
− )

i(
− sin2 φ sin 2θn sin 2θm

+ cos2 φ| cos θn|2| sin θm|2
)

+e

h

−it(E
(n)
− −E

(m)
+ )

i(
− sin2 φ sin 2θm sin 2θn

+ cos2 φ| sin θn|2| cos θm|2
)

+e

h

−it(E
(n)
− −E

(m)
− )

i(
sin2 φ sin 2θn sin 2θm

+ cos2 φ| sin θn|2| sin θm|2
)}

. (21)

For simplicity, in the above equations we have used n instead of (n1, n2) and m
instead of (m1,m2), respectively. Then equation (16) is given by

DEM(E∗
t ̺) = −2(η1(t) log η1(t)

+ η4(t) log η4(t) + κ+(t) log κ+(t) + κ−(t) log κ−(t), (22)

where

κ±(t) =
1

2






(
η1(t) + η4(t)

)
±

√(
η1(t) − η4(t)

)2

+ 4η2(t)η3(t)




 .

Note that η1(t) − η4(t) represents the atomic inversion from which the phe-
nomenon of collapse and revival can be observed [31], [32]. As one can see, it is
unlikely to express the sums in the above equations in a closed form, however
for reasonably large value of n̄i, direct numerical evaluations can be performed.
In what follow we shall discuss the dynamical behaviour of entanglement degree
of the present model.
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4. Numerical Calculation and Discussion

Based on the above observations, we present some interesting numerical results
for different parameters to demonstrate the effect on the entanglement degree.
Therefore we shall concentrate on examining the temporal evolution of the
DEM. As initial condition and for all our plots we have taken the coherence
parameter θi to be real, where its square is equal to the intensity of the initial
coherent field. We use two independent coherent states as the example of
uncorrelated field states. A coherent state has the characteristic of Poisson
distribution equation (6) and the probability bn,m(0) (assumed to be real) that
there are m and n photons present in the field at time t = 0, for two modes of
coherent state,
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Figure 1: The evolution of the DEM as a function of the scaled time λt.
The initial mean photon number n̄ = 5, ∆ = 0, βi = 0, in the absence
of the two mode fields nonlinearity ℜ(n1, n2) = 0, where (a) f(n1, n2) =
1, φ = π

6 , (b) f(n1, n2) = 1, φ = π
3 , (c) f(n1, n2) =

√
n1n2, φ = π

3 , and
(d) f(n1, n2) = 1√

n1n2
, φ = π

3 ,

bn,m(0) =
|θ1|2n|θ2|2m

m!n!
exp

(
−

[
|θ1|2 + |θ2|2

])
. (23)
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Taking into consideration important technological limits of the apparatus cur-
rently used in laboratory, the probability of realizing the state |n,m〉, decreases
with n and m maintaining, however values of experimental interest in corre-
spondence to n,m ≈ 10, has been shown [33]. At this point, it is important
to observe that, notwithstanding the high values of the quality factor Q of the
resonators today available, it could be illegitimate to neglect the cavity losses
when n and m are too large. These considerations suggest that from an exper-
imental point of view it should be better to choose initial conditions such that
the number of photons contained in both cavity modes at t = 0 does not exceed
10.

In Figures 1a and 1b, we plotted the evolution of the entanglement de-
gree as a function of the scaled time λt, where we assume that the field in
the coherent state and the initial average photon numbers n̄1 = n̄2 = 5,
f(n1, n2) = 1,ℜ(n1, n2) = 0, we fix ϑ = 0, ∆/λ = 0 and give different val-
ues for φ, where φ = π/6, for Figure 1a and φ = π/3 for Figure 1b. As
has been shown in Figure 1a, the phenomena of quantum revival and quan-
tum collapse of the Rabi oscillation appears. They are more compact than
those of one-photon interaction but are not as regular as those in degenerate
two-photon case. It is because in the degenerate case, the distribution of the
spectral components of the Rabi frequency is one-dimensional since only one
mode is involved. However, in the nondegenerate case, the distribution of the
spectral components of Rabi frequency is two dimensional. In the latter case,
each component of Rabi frequency couples the two modes and gives the form
of µn1,n2. With the time-dependent photon distribution, the double summation
over the two modes thus causes a certain extent of diffusion among the spectral
components of the two modes. As the time increases the amplitudes of the
revival and collapse resulting from the interference of the Rabi frequency will
be diminished due to the diffusion of spectral components which also causes the
irregularity of the period of the revivals. Comparing the behaviour in Figure
1c, where we set the intensity coupling constant f(n1, n2) =

√
n1n2, with cases

considered in Figure 1b, we may say that the effect of the intensity coupling
is rather different, where the oscillating period for f(n1, n2) =

√
n1n2 is longer

than that of f(n1, n2) = 1 case. Also, it is noted that the entanglement degree
is periodic function with period nπ, (n integer). This can be thought of to imply
that the effects on the entanglement degree of both specific intensity-dependent
coupling and the initial field photon statistics can be counterbalanced in some
special cases. The case in which the intensity-dependent coupling is taken to be
f(n1, n2) = 1/

√
n1n2 is quite interesting, where in this case the entanglement

degree function oscillates between 0.6 and 0.8 (see Figure 1d). We have shown



QUASI-MUTUAL ENTROPY OF... 153

here a new phenomena the periodic oscillations occur in the presence of the
intensity-dependent coupling. This difference reflects the various influences of
intensity-dependent media on the interaction between atom and field.
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Figure 2: The evolution of the DEM as a function of the scaled time
λt. The initial mean photon number n̄ = 5, ∆ = 0, βi = 0, in the
presence of the two mode fields nonlinearity ℜ(n1, n2) = χ1n1(n1−1)+
χ2n2(n2−1), (χ1 = χ2 = χ, where (a) f(n1, n2) = 1, φ = π

3 ,
χ
λ = 0.1, (b)

f(n1, n2) = 1, φ = π
3 ,

χ
λ = 0.3, (c) f(n1, n2) =

√
n1n2, φ = π

3 ,
χ
λ = 0.1,

and (d) f(n1, n2) = 1√
n1n2

, φ = π
3 ,

χ
λ = 0.1.

When dealing with a situation, where the nonlinearity (Kerr-like medium)
takes place and starts to effect on the system, we can easy realize a lot of
changes are occurring in the entanglement degree. For example if we set
ℜ(n̂1, n̂2) = χ1n1(n1 − 1) + χ2n2(n2 − 1), where χi, (i = 1, 2) (which are
related to the third-order nonlinear susceptibilities for the processes of self-
phase-modulation of the two modes), and let f(n̂1, n̂2) = 1 , then by taking
χ1 = χ2 = χ and χ/λ = 0.1, while the mean photon number is taken to be
n̄1 = n̄2 = 5, we find the DEM start to decreases. In fact, the optical Kerr
effect is one of the most extensively studied phenomenon in the field of non-
linear optics because of its applications ranging from frequency conversions [31],
[32] to quantum nondemolition measurements [34], [35]. Recently, Schmidt and
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co-workers [36], [37], [38] have proposed a non-linear scheme based on elec-
tromagnetically induced transparency [39] to enhance the magnitude of the
cross-phase modulation. A scheme depending on applications of the displacing
operator and propagating a laser beam in a non-linear Kerr medium has been
proposed to perform quantum gates [40]. We show that a non-linear interaction
of the Kerr-like medium with the field mode leads to increasing values of the
minimum DEM and of the sustainment time of the maximum DEM. In this case,
the field and the atom almost retain a strong entanglement in the time evolu-
tion process. With the increase of the non-linear interaction of the Kerr-like
medium with field mode (see Figure 2b), the maximum value of entanglement
degree becomes less and less (i.e. the increasing of the non-linear interaction
of the Kerr-like medium with field mode leads to a decrease of the maximum
value of entanglement degree). This is because at higher values of the Kerr
nonlinearity there is a competition between the processes: atom+fields interac-
tion and nonlinearity+fields interaction. As a matter of fact the latter process
dominates over the former and the system goes into a kind of regular evolu-
tion, characteristic of the Kerr-like medium. As soon as the intensity coupling
is changed such that f(n1, n2) =

√
n1n2, or 1/

√
n1n2, in the presence of the

Kerr-lime medium the fluctuations are washed out from the function behaviour,
where we can see regular oscillations but for small periods of the scaled time.
This behaviour has been broken, when intensity coupling f(n1, n2) = 1/

√
n1n2

has been considered, see Figure 2d. While as the nonlinear Kerr-type takes
place the situation is changed completely, since while increasing the non-linear
Kerr-type Stark the maximum value of the DEM decreases. It is to be remarked
that the oscillations become smaller as time develops, and we obtain a disap-
pearance of the structure, when the time increases further. To visualize the
influence of the Stark shifts on the entanglement degree we set different values
of the parameter ξ =

√
β1/β2, (where β1 and β2 are parameters describing the

intensity-dependent Stark shifts of the two levels that are due to the virtual
transitions to the intermediate relay level, β1 = λ2

1/∆, β2 = λ2
2/∆) and all

the other parameters are the same as in Figure 1b. In this case, the probability
of finding the atom in its excited state is expressed as the diagonal element
of the reduced atomic density matrix. The Rabi oscillation frequency in the
absence of the non-linear medium reduces to the following form

µn1,n2

=

[
γ2n2(n1 + 1)f2(n1, n2) +

1

4
(∆ + β2n2 − β1(n1 + 1)2

] 1
2

. (24)
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Figure 3: The evolution of the DEM as a function of the scaled time λt.
The initial mean photon number n̄ = 5, ∆ = 0, φ = π

3 , in the absence of
both the two mode fields nonlinearity and intensity-dependent coupling
ℜ(n1, n2) = 0, f(n1, n2) = 1, where (a) ξ = 0.1, (b) ξ = 0.7, (c) ξ = 2,
and (d) ξ = 10.
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Obviously, the arbitrariness of n1 and n2 leads to the fact that the factor
1
4 [β1(n1 + 1) − β2n2]

2 fails to vanish for general two-mode field states, i.e.,
in most situations the Stark shifts cannot be ignored, even the two levels | ↑〉
and | ↓〉 are equally coupled to the virtual level |i〉. Let us consider the case
of ξ =

√
β1/β2 = 1. If the two-mode field states have such strong correlation

that n1 = n2 + q, where q is an invariant integer (which means the difference
in the number of photons for the two modes remains constant), then the factor
[ξ2(n1+1)−n2]

2/4ξ2 reduces to 1
4(q+1)2 which is intensity independent. More-

over, if q = −1, the factor 1
4 (q + 1)2 vanishes, then from the above equations,

we find that the Stark shifts are removed while we are evaluating the ensemble
averages relevant to the phase insensitive terms for the pair-coherent state. To
illustrate the effect of the Stark shift on entanglement degree we have plotted
Figure 3. If we take the parameter ξ large enough or small enough then one

can see the entanglement degree decreases drastically and further increasing or
decreasing of ξ leads to the entanglement degree tends to zero, see Figures 3a
and 3d. However, any change of the Stark shift parameter leads to changing
in the DEM and consequence, increasing the Stark shift parameter ξ leads the
DEM to approach its minimum value which is DEM ≈ 0 (i.e. the atom is
completely in pure state). We see that the Stark shift leads to a decreasing of
the values of the maximum entanglement degree and the evolution period of
the entanglement degree decreases with the parameter ξ deviates from unity. It
is seen that when ξ = 1, (i.e β1 = β2), which corresponds to the case in which
the two levels of the atom are equally coupled with the intermediate relay level,
the evolution of the entanglement degree is almost similar for the case when
Stark shifts are ignored. This may be interpreted as follows. Physically, this
result corresponds to the fact that the Stark shift creates an effective intensity
dependent detuning ∆N = β2−β1 [41], [42]. When ξ = 1, ∆N = 0, in this case,
the Stark shift does not affect the time evolution of the entanglement degree.
From our further investigation, we see that as soon as we take the detuning

effects into consideration, it is easy to realize the amplitudes of the oscillations
are decreased by increasing the value of the detuning parameter. However, any
change of the detuning parameter leads to changing in the DEM and conse-
quence, increasing the detuning parameter ∆ leads the DEM to approach its
minimum value.

It is interesting to show that, in the present system, we may prepare the
initial state as the one in equation (5), but with n1 = 0 (first cavity field in
the vacuum state) and n2 = 1, (the second cavity field has one photon). After
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having detected the atom in the internal state | ↓〉, the resulting state will be

|ψ〉 =
−i√

2
(|1〉 ⊗ |0〉 + exp(−iτ)|0〉 ⊗ |1〉) , (25)

which is a Bell-type state involving the quantized cavity fields. In the above
equation τ is a controlled phase factor, taking τ = ±π/2 , we are able to obtain
the four states constituting the Bell state basis. Similarly, if we find the atom
in the |n1, n2〉 state, it must be found in the | ↑〉 state. Such correlations are
central to EPR experiments [21], [22], [23], [24], [25], [26], [27], [28], [29]. More
general states could also be generated, depending on the initial conditions.
Therefore, the bimodal cavity system represents a very promising system for
quantum information processing.

5. Conclusion

We have established a general formalism for a two-level atom interacting with
two modes, taking into account arbitrary forms of nonlinearities of both the
field and the intensity-dependent atom-field coupling. The work here extends
previous studies in this context. We have explored the influence of the various
parameters of the system on the entanglement degree. It is found that entangle-
ment is affected strongly, when a nonlinear medium is taken into account. The
interesting feature is that the entanglement degree attains the zero value (i.e.
disentanglement), when Stark shift parameter ξ takes values deviate from the
unity, while strong entanglement occurs, when the inversion is equal to zero (co-
herent atomic state). When the non-linear interaction of the Kerr-type medium
with the field mode is very strong, it leads to a decrease of the entanglement
degree. We have proposed a generation method of Bell-type states having a
simple initial state preparation of two different modes of electromagnetic field.
The necessary and obvious future steps, to make the problem more realistic,
are the inclusion of the atom decay and cavity decay. We hope to report on
such issues in a forthcoming paper.
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