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Abstract: Periodically-forced excitable systems arise in many biological
and physiological applications. Chaotic dynamics of a forced piecewise-linear
Fitzhugh-Nagumo-like system under large-amplitude
forcing was identified by Hans G. Othmer and Min Xie in their work [7]. In
this paper we study the chaotic behaviour of a special type of canonical return
maps for a singular system, in some regions of parameter space. Using symbolic
dynamics, in particular, some results concerning the Markov partitions associ-
ated to maps on the interval, we characterize the topological entropy of the
singular system and we study the variation of this topological invariant with
the parameters A, θ and T . This work is still another illustration of the role
that the theory of dynamical systems can play in study of excitable systems.
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1. Motivation and Introduction

Mathematics may be used to give insight into physiological questions, and physi-
ological questions can, in turn, lead to new mathematical problems. Excitability
is an important aspect of cell physiology.

To understand electrical signaling in cells, it is helpful to divide all cell types
into two groups: excitable cells and nonexcitable cells. Many cells maintain a
stable equilibrium potential. For some, if currents are applied to the cell for
a short period of time, the potential returns directly to its equilibrium value
after the applied current is removed. Such cells are called nonexcitable. How-
ever, there are cells for which, if the applied current is sufficiently strong, the
membrane potential goes through a large excursion, called an action potential,
before eventually returning to rest. Such cells are called excitable.

An important landmark in the study of excitability is the work of Alan
Hodgkin and Andrew Huxley, who developed the first quantitative model of
the propagation of an electrical signal along a squid giant axon. Fitzhugh (in
particular) showed how the essentials of the excitable process could be dis-
tilled into a simple model upon which mathematical analysis could make some
progress. Because this simplified model turned out to be of such great theo-
retical interest, it contributed enormously to the formation of a new field of
applied mathematics — the study of excitable systems.

There is considerable value in studying systems of equations that are simpler
than the Hodgkin-Huxley equations but that retain many of their qualitative
features. This is the motivation for the Fitzhugh-Nagumo equations and their
variants.

Motivations for studying the response of excitable systems to a periodic
forcing arises in the context of cardiac dynamics. Ventricular tachycardiac
and ventricular fibrillation, are thought to result from a breakup of the normal
activation wave by local unexcitable regions or localized high-frequency forcing.
In order to understand such phenomena one must understand the response of
excitable tissue to external forcing. In particular, one must first understand the
local dynamics. We address here a contribution for this study.

This work is based on recent papers of Othmer, Watanabe and Xie [5], [6]
and [7].

Our goal in this paper is to introduce the topological entropy as a measure
of chaos in a special type of return maps for a singular system and to exhibit
the variation of this topological invariant with the parameters A, θ and T .

We use the tree structure introduced in [2] which orders symbolic sequences
representing iterates of a turning point of each canonical map. From the par-
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tition of the interval that corresponds to the itinerary of the turning point, we
introduce 0-1 transition matrices [2], which allows us to compute the topological
entropy.

To facilitate the analysis and to make this paper self-contained, we present
in Sections 2, 3 and 4, some aspects of the work given in [5], [6] and [7].

2. Description of the Model and Setup for the

Singular Limit ε = 0

In [5] Othmer and Watanabe studied a planar piecewise linear system for which
the equations are given by







ǫ
dv

dt
= f(v) − w + ψ(t) ≡ F (v,w, t),

dw

dt
= v − δw ≡ G(v,w).

(1)

Here f : ℜ −→ ℜ is the continuous, piecewise linear function defined by

f(v) =







−α1v + γ1 for v < vl ,
α2v − γ2 for vl ≤ v < vr ,
−α3v + γ3 for v ≥ vr ,

where αi and γi, i = 1, 2, 3, are fixed positive constants and 0 < vl < vr.
Without loss of generality we assume that γ1 = 0.

The forcing function ψ : ℜ −→ ℜ is a piecewise constant periodic function
of period T , defined by

ψ(t) =

{
0 for mT ≤ t < (m+ θ)T ,
A for (m+ θ)T ≤ t < (m+ 1)T, m = 0,±1,±2, ...,

where A > 0 and θ ∈ [0, 1] . In the context of Fitzhugh-Nagumo-like models
of excitable membranes, this forcing corresponds to injection of a depolarizing
current during a fraction (1 − θ)T of each cycle.
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Figure 1: A schematic of the nullclines of (1). The analytic def-
inition of the lines is given in Table 2 and the coordinates of the
labelled points are given in Table 1. The second column of Table
1 gives the coordinates for the standard values of the parameters,
which are α1 = 2, α2 = α3 = 1, γ2 = 0.6 and γ3 = 1.8. For these
parameters A1 = 0.4, A2 = 0.8, A3 = 1.8, vl = 0.2 and vr = 1.2.

The Fitzhugh-Nagumo model has two dynamical variables, one fast v and
one slow w. The fast variable v represents the voltage and is called the excitation
variable, while the slow variable w is called the recovery variable.

We assume that ǫ is small. This purely mathematical assumption is made to
simplify analysis, and it have worked pretty well so far. The assumption ǫ << 1
often appear in the literature in the form ǫ → 0. Since the small parameter

multiplies the derivative
dv

dt
, the system is singularly perturbed.

Figure 1 shows the nullclines of the system (1), Table 2 gives the analytic
definitions of the lines, and Table 1 gives the definitions of the special points
shown in that figure.
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Coordinates Coordinates W

A 0.6

Q1 vl(1,−α1) (0.2,−0.4) −0.4

Q2 (0, 0)T (0, 0) 0

Q3 −
(α2vr − γ2 +A)

α1
(1,−α1) −(0.6 +A)(0.5,−1.0) 1.2

Q4 (vl,−α1vl +A) (0.2,−0.4 +A) 0.2

Q5 A/(1 + δα1)(δ, 1) A(0.25, 0.5) 0.3

Q6 (
−(α2vr − γ2)

α1
, α2vr − γ2 +A) (−0.3, 0.6 +A) 1.2

Q7 (
(γ3 + α1vl)

α3
,−α1vl) (2.1,−0.4) −0.4

Q8 (vr, α2vr − γ2) (1.2, 0.6) 0.6

Q9 (
(γ3 + α1vl +A)

α3
,−α1vl) (4.2 +A,−0.4) −0.4

Q10 (vr, α2vr − γ2 +A) (1.2, 0.6 +A) 1.2

Q11
(A+ γ3)

(1 + δα3)
(δ, 1) (

(A+ 1.8)

3.0
,
(A+ 1.8)

1.5
) 1.6

Q12
γ3

(1 + δα3)
(δ, 1) (0.6, 1.2) 1.2

Q13 (
(γ3 + α1vl −A)

α3
,−α1vl +A) (2.2 −A,−0.4 +A) 0.2

Q14 (
(γ2 + γ3 − α2vr)

α3
, α2vr − γ2) (1.2, 0.6) 0.6

Table 1: The coordinates of labelled points in Figure 1

Labels Equations

L−
1 w = −α1v, v ≤ vl

L+
1 w = −α1v +A, v ≤ vl

L−
2 w = α2v − γ2, vl < v ≤ vr

L+
2 w = α2v − γ2 +A, vl < v ≤ vr

L−
3 w = −α3v + γ3, v > vr

L+
3 w = −α3v + γ3 +A, v > vr

Table 2: The analytic definitions of the lines shown in Figure 1

The system (1) is an autonomous system in each of the time intervals
[mT, (m+ θ)T ) and [(m+ θ)T ,(m+ 1)T ). The v-nullcline is given by w =
f(v), when t ∈ [mT, (m+ θ)T ) and by w = f(v)+A, when t ∈ [(m+ θ)T, (m+ 1)T ).
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The continuity of f implies that γ2 = (α1 + α2)vl and γ3 = (α2 + α3)vr −
(α1+α2)vl. Like in [5] we assume that α2vr−γ2 = α2vr−(α1+α2)vl > 0, which

implies that f(r) > 0. We also assume that
1

δ
> α2. Then G = 0 intersects

F = 0 at exactly one point, when the forcing is off and exactly one point, when
it is on.

As Othmer and Xie showed in [5] and [6], in the singular limit ǫ = 0, the
system (1) reduces to

dw

dt
=

{
−λi(w −w∗

i ) for (v,w) ∈ L−
i ,

−λi(w − (w∗
i +A∗

i )) for (v,w) ∈ L+
i , i = 1, 3,

(2)

where

w∗
i ≡

γi

1 + δαi

and A∗
i ≡

A

1 + δαi

.

The w∗
i (resp., w∗

i + A∗
i ) are the w-coordinates of the rest points (resp.,

virtual rest points, i.e., the intersection of the extension of L±
i with G = 0).

From Figure 1 and Table 1 one see that

w∗
1 = 0, w∗

1 +A∗
1 = W5, w∗

3 = W12, w∗
3 +A∗

3 = W11.

Since solutions are constrained to the lines L±
i when ε = 0, we assign the

symbols:

0, 1, 2 and 3,

to the segments

Q1Q3, Q4Q6, Q7Q8 and Q9Q10,

respectively, and solutions are described as follows. To each solution we attach
a semi-infinite symbol sequence

I ≡ (a0, a1, a2, ..., an, ...) ,

where ai ∈ {0, 1, 2, 3} and a0 is either 0 or 2. This sequence is constructed by
adding a symbol ai each time a solution visits the corresponding segment. The
n-period itinerary In, of a solution is the finite sequence obtained for n cycles
of the forcing. In is a subsequence of I. (See [5] and [6] for details).

Let T±
i (w0, w) denote the time to reach w from w0 while remaining on L±

i .
Then for i = 1, 3:

T−
i (w0, w) =

1

λi
ln

[
wo − w∗

i

w −w∗
i

]

(3)
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and

T+
i (w0, w) =

1

λi

ln

[
wo − (w∗

i +A∗)

w − (w∗
i +A∗)

]

. (4)

3. Discrete Dynamics. Maps on the Interval. Topological Entropy

and Chaos

The techniques and ideas of symbolic dynamics have found significant applica-
tions.

One simplification in the study of dynamical systems is to discretize time,
so that the state of the system is observed only at discrete ticks of a clock, like a
motion picture. This leads to the study of the iterates of a single transformation.
The theory of symbolic dynamics arose as an attempt to study systems by
means of discretezing space, as well as time. The idea is to divide up the set
of possible states into a number of pieces, and keep track, of which piece the
state of the system lies in at every tick of the clock. Each piece is associated
with a symbol, and in this way the evolution of the system is described by an
sequence of symbols. This leads to a symbolic dynamical system that helps us
to understand the dynamical behaviour of the original system.

The paper of Milnor and Thurston [4] sets up an effective method for de-
scribing the qualitative behaviour of the successive iterates of a piecewise mono-
tone mapping.

In this section, using symbolic dynamics, in particular, some results con-
cerning the Markov partitions associated to maps on the interval, we try to
characterize the dynamics of a special type of canonical maps, by the study of
topological entropy.

Let I be a closed interval of real numbers. By definition, a mapping f
from I to itself is piecewise-monotone, if I can be subdivided into finitely many
subintervals

I1 = [c0, c1], I2 = [c1, c2], ..., Il = [cl−1, cl],

on which f is alternately strictly increasing or strictly decreasing. Here it is to
be understood that

c0 < c1 < ... < cl,

where I is the interval [c0, cl]. Each such maximal interval, on which the func-
tion f is monotone is called a lap of f , and the number l = l(f) of distinct laps
is called the lap number of f . The separating points c1, ..., cl−1, at which f has
a local minimum or maximum are called the turning points of f . These points
play an important role.
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Consider fp a one parameter family of maps on the interval I = [0, 1] that
has invariant regions with one turning point c. As in [2] the orbit (xj)j∈ℵ0 of
the critical point is defined by an iterative process characterizing completely
the dynamics.

xj = f j
p(c) = fp(xj−1).

Associate to this orbit a symbolic sequence S = (Sj)j∈ℵ0 ∈ Σ3, where
Σ3 = {C,L,R}ℵ0 , by letting:

S0 = C,

Sj = L if f j
p(c) < c,

Sj = C if f j
p(c) = c,

Sj = R if f j(c) > c.

We introduce in the set of symbols a order relation (R-parity of a sequence,
meaning odd or even number of occurrence of a symbol R in the sequence):

L < C < R in position j, if the number of R, NR(CS1...Sj−1) is even;
R < C < L in position j, if the number of R, NR(CS1...Sj−1) is odd.
Define a kneading sequence as a cut S(j) = S1S2...Sj−1C from the shifted

symbolic sequence σ (CS1S2...Sj−1CS1S2...), where the original symbolic se-
quence was obtained from the itinerary of a j-periodic orbit of the turning point.
In case of non-periodicity, is the shifted sequence σ (S). The σ-shift acting on a
kneading sequence S(j) is a cyclic group Cj over j symbols. Only are realizable
the sequences that are maximal, i.e., only those that verify σi

(
Sj

)
< S(j) for

all 1 ≤ i ≤ j − 1.
The partition of the interval introduced by the itinerary of the turning point

and systematic use of the shift operation on a symbolic sequence and their
reordination allows us to present a matrix of elements 0 and 1, representing a
transition matrix.

The dynamics of the interval that are defined by iteration of fp are fully
characterized by the critical point itinerary. Thus, to each stable, k-periodic
orbit of the turning point, we associate a (k − 1) × (k − 1) Markov transition
matrix. Denote by

X(k) =
{

xi : xi = f i
p(c), i = 1, ..., k, fk

p (c) = c
}

the k-periodic orbit of the turning point c. To each xi associate a symbolic
sequence σi(S(k)) = σo...oσ

︸ ︷︷ ︸

i

(S(k)), where S(k) is the corresponding kneading

sequence to fp(c).
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According to [2], let:

Y (k) =
{

yi : xi(j) = f i(j)
p (c), i(j), j ∈ {0, 1, ..., k − 1} , xi(j) < xi(j+1)

}

denote the ordered sequence of xís that determines a partition P (k) of the
interval I =

[
f2

p (c), fp(c)
]

= [y0, yk−1] = [x2, x1] , where

P (k) = {I1 = [y0, y1] , I2 = [y1, y2] , ..., Ik−1 = [yk−2, yk−1]} ,

and M = [aij ] the transition matrix that is implied by fp, with

aij =

{
1 if Ij ⊂ fp(Ii) ,
0 if Ij ⊆ fp(Ii) .

We now consider an important numerical invariant within symbolic dy-
namics. Entropy measures the complexity of mappings. In one-dimensional
dynamical systems we can use the topological entropy as a measure of chaos.
In order to compute entropy we do a reference to the Perron-Frobenius theory
of nonnegative matrices.

A possible definition of chaos in one dimensional dynamical systems state
that a dynamical system is called chaotic if its topological entropy is positive.
In this context is important to establish the next characterization.

It is well known that for an arbitrary nonnegative matrix M , its Perron
eigenvalue λM is the largest eigenvalue of M [3]. This proposition shows that
the spectral radius of a nonnegative matrix M is its Perron eigenvalue λM .

Proposition 1. Let M be a transition matrix associated to a partition

of the interval for a piecewise monotone map fp, in the context of kneading

theory. Then the topological entropy is given by

ht = log2 λM

where λM is the spectral radius of matrix M

Proof. See [2] and [3]. �

Mapping from an interval to itself provide a simple and helpful context,
which allow us to study interesting properties of several dynamical systems.

As in [5] and [6], we shall use a map derived from the singular system.
To facilitate comparison of canonical maps for different combinations of the
parameters A, θ and T , we map the w-coordinate into the unit interval via
transformation

x =







w

W8 +W10
if (v,w) ∈ L−

1 and w ≥ 0 ,

1 −
w

W8 +W10
if (v,w) ∈ L−

3 and w ≥ 0 .
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In effect this mapping takes the segment of L−
3 lying between Q8 and the

v axis and appends it to L−
1 (truncated above w10) and rescales the result.

Thus, the segment of L−
1 lying between the origin and the intersection of the

horizontal line with w-coordinate W4 is mapped into the interval [0, x4], and so
on.

The 3-parameters family gA,,θ,T (x) of return maps are obtained by numer-
ically computing the trajectories of a certain number of points in (0, 1) for one
period of the forcing. By a period one (or return map) we mean a map from
the unit interval to itself that maps a point into its image after time T . The
interval (0, 1) decomposes into a disjoint union of characteristic intervals (see
[5] and [6] for more details).

We can gain some qualitative insights by studying representatives return
maps that arise for several parameters values. The numerical-computed graphs
of the return maps for A ∈ (A2, A3) and various values of (θ, T ) are shown in
Figure 2.

The Figures 2 (a) and 2 (c) correspond to W4 < W8 and Figures 2 (b), 2 (d)
and 2 (e) correspond to W4 > W8. If we consider the invariant regions of the
return maps for specials values of the parameters, we find that we can have one
of the following three types of canonical maps, which arise when 0.8 < A ≤ 1.8:
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Figure 2: The computed return map for (a) (A, θ, T ) =
(0.9, 0.6, 1.5), (b) (A, θ, T ) = (1.1, 0.6, 0.8), (c) (A, θ, T ) =
(0.9, 0.1, 2.4), (d) (A, θ, T ) = (1.1, 0.1, 1.8), (e) (A, θ, T ) =
(1.1, 0.1, 2.1).
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• Type A map - A = 1.1, θ = 0.1 and T ∈ (∼ 0.2,∼ 1.25)

• Type B map - A = 1.1, θ = 0.1 and T ∈ (∼ 1.25,∼ 2.0)

• Type C map -

{
A = 1.1, θ = 0.1 and T ∈ (∼ 2.0,∼ 2.4)
A = 0.9, θ = 0.1 and T ∈ (∼ 3.0,∼ 3.2)

In this paper we restricted our attention to the Type C maps, which have
two branches and one turning point. The Type C map is quadratic-like, and
one expects similarities with the dynamics and bifurcation sequence for the
standard family of quadratic maps x → ax(1 − x). The latter are smooth
in the parameter a. In contrast, the Type C map is not differentiable at the
intersection of the two branches and the slope of the left branch is always greater
than 1. The absolute value of the slope of the right branch of the map increases
as the period T decreases.

We emphasize that the entropy function h can be computed to express
whether the map has chaotic behaviour. In particular, if the entropy is posi-
tive, then the map is called chaotic. Therefore, in this section, we attempt to
compute the entropy and see how the entropy h varies as parameters A, θ and
T change.

Instead of formulating general statements at this point, we discuss the fol-
lowing example, which illustrate well the nature of our work [1].

Figure 3: The computed return map for A = 0.9, θ = 0.1 and
T = 3.1

Example 2. Let consider the map of Figure 3. The orbit of the turning
point define the sequence S(7) = RLRRLRC. The σi(S(7)) corresponding to
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the xi ś are: RLRRLRC, LRRLRCR, RRLRCRL, RLRCRLR, LRCRLRR,
RCRLRRL and CRLRRLR. Putting there in order, one obtains the sequences
corresponding to the yi ś: LRRLRCR, LRCRLRR, CRLRRLR, RRLRCRL,
RCRLRRL, RLRCRLR and RLRRLRC, which define the partition P (7):

AS(7) =











0 0 0 1 0 0
0 0 0 0 1 1
0 0 0 0 0 1
0 0 1 1 1 0
0 1 0 0 0 0
1 0 0 0 0 0











,

which has the characteristic polynomial

dS(7)(t) = 1 − t− t2 + t3 − t4 − t5 + t6.

By Proposition 1, the value of the topological entropy is

ht = 0.63787

The following graphs represent the variation of the topological entropy with
each of the parameters A, θ and T.

Figure 4: Variation of the entropy for A ∈ (∼ 1.0,∼ 1.13), θ = 0.1
and T = 2.1.



174 J. Duarte, J.S. Ramos

Figure 5: Variation of the entropy forA ∈ (∼ 0.88,∼ 0.92), θ = 0.1
and T = 3.1.

Figure 6: Variation of the entropy for A = 0.9, θ ∈ (∼ 0.0,∼ 0.25)
and T = 3.1.

Figure 7: Variation of the entropy for A = 0.9, θ = 0.1 and
T ∈ (∼ 3.0,∼ 3.3).
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Figure 8: Variation of the entropy for A = 1.1, θ = 0.1 and
T ∈ (∼ 2.0,∼ 2.2).

Notice that the left branch of the Type C maps have slope always greater
than 1 and the absolute value of the slope of the right branch increases as
the period T decreases. Thus, the map is expansive and this fact implies the
positiveness of the topological entropy (chaotic behaviour).

The enormous number of cases studied, which we present only a few exam-
ples, suggest the following result:

Theorem 3. Let gA,θ,T (x) be the 3-parameters family of canonical return

maps of Type C associated to the Othmer-Watanabe singular system. Then

the topological entropy ht(gA,θ,T (x)) is monotone decreasing with the three

parameters A, θ and T .

Proof. The proof is based on the expansiveness of the return maps gA,θ,T (x).
This property allows us to establish a semiconjugacy to the tend maps. Then
we only need to see that the slope of these maps are decreasing with the three
parameters A, θ and T , which can be done by numerical arguments.

4. Final Considerations

In this paper we have studied the local dynamics of the singular system as-
sociated with a piecewise linear model of an excitable system under periodic
step-function forcing.

Our methods, based on symbolic dynamics, in particular, on some results
concerning the Markov partitions associated to maps on the interval, allowed us
to compute the topological entropy and study the variation of this topological
invariant with the parameters A, θ and T.
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This work is still another illustration that the theory of dynamical systems
has the ability to define and quantify complexity on an abstract level.

Acknowledgment

We would like to gratefully thank Hans G. Othmer and Min Xie for their
enlightenments that helped us enormously in this work.

References

[1] J. Duarte, Soluções Harmónicas e Caos no Sistema de Fitzhugh-Nagumo
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