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Abstract: Let X be a random variable taking values in R and let Y be a nonnegative bounded random variable. Assume a right censoring random variable
C, with continuous distribution function, operating on Y such that Y and C are
conditionally independent on given X. In this randomly censored situation, we
want to estimate the conditional distribution of Y given X. For this purpose, we
construct a nonparametric partitioning estimate Fn (y|x) which is regressogramlike mean regression function estimate, and prove its uniform consistency using
Dvoretzky-Kiefer-Wolfwitz [1] type inequality under censoring.
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1. Introduction

In life time data analysis, nonparametrically estimated conditional survival
curves (such as the conditional Kaplan-Meier estimate) are useful for assessing the influence of risk factors, predicting survival probabilities, and checking
goodness-of-fit of various survival regression models. Let Y and C be nonnegative random variables having a joint distribution that depends on a covariate X,
and assume that Y is independent of C given X. Set F (y|x) = P (Y ≤ y|X = x)
and G(y|x) = P (C ≤ y|X = x). In survival analysis, Y and C are referred to
as the survival time (or failure time) and censoring time, respectively. Let
Z = min(Y, C) and δ = I(Y ≤ C), where I(.) is the indicator function.
It is well known that in medical studies the observation on the survival
time of a patient is often incomplete due to right censoring. Classical examples
of the causes of this type of censoring are that the patient was alive at the
termination of the study, that the patient withdrew alive during the study, or
that the patient died from other causes than those under study.

We observe (Xi , Zi , δi ), i = 1, ..., n which are n independent replications
of (X, Z, δ). Then our goal is to estimate nonparametrically the conditional
distribution function F (y|x) from the censored data. The first fully nonparametric approach was given by Beran [2], who introduced a class estimators for
the conditional survival functions in the presence of right censoring, and proved
their strong consistency. Dabrowska [3] proved weak convergence results for
these estimators. More development about these estimators can be found also
in McKeague and Utikal [4], Dabrowska [5], Li and Doss [6] and Li [7], among
others. An alternative approach was taken by Horváth [8], who proposed an
estimator of the conditional survival function by integrating an estimator of the
conditional density. Here, we introduce a so-called partitioning Kaplan-Meier
estimate Fn (y|x), which generalizes the notion of regressogram estimate to the
situation under censoring, and prove its uniform consistency. Our approach is
similar to that developed by Carbonez et al [9] for estimating the conditional
expectation. We emphasize that our model is fully nonparametric like the ones
treated by Beran and Dabrowska.
The next section recalls the classical Kaplan-Meier estimator and provides
the explicit expression for the partitioning proposed here. The main result
regarding the consistency of this estimator is also given in this section. Finally,
Section 3 contains the proof of this main result.
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2. Estimation and Main Result
Let us first recall the Kaplan-Meier estimator. Then we exhibit the partitioning
estimator of conditional distribution and study its consistency.
2.1. The Kaplan-Meier Estimator
The survival functions of Y and C are defined by S(t) = 1 − F (t) = P (Y > t)
and R(t) = 1 − G(t) = P (C > t), where F and G are the distribution function
of Y and C, respectively. Set TS = sup{t : S(t) > 0}, TR = sup{t : G(t) > 0}
and TK = min{TS , TR }.
Let Sn be the estimator of S introduced by Kaplan and Meier [10]. As often
in the literature we treat the largest observation as uncensored. In this case,
Sn is expressed as
( Q
δ

(i)
n−i
if t ≤ TK,n ,
Z(i) ≤t n−i+1
(1)
Sn (t) =
0
otherwise,
where Z(1) ≤ · · · ≤ Z(n) are the order statistics of Z1 , . . . , Zn , δ(i) is the δi
associated with the Z(i) , and TK,n = max{Z1 , . . . , Zn }. It is easy to show that
TK,n −→ TK .
Obviously, from (1) an estimator of the distribution function F is given by
(
δ

Q
(i)
n−i
if t ≤ TK,n ,
1 − Z(i) ≤t n−i+1
(2)
Fn (t) = 1 − Sn (t) =
1
otherwise.
Note that, if S is arbitrarily chosen, some of Zi may be identical. So that the
ordering is not unique. However, the Kaplan-Meier estimator is unique (see
Peterson [11]).
Let ε = inf{t ∈ R; (1 − F (t))(1 − G(t)) = 0}. For τ < ε, Földes and Rejtö
[12] proved the following Dvoretzky-Kiefer-Wolfwitz exponential inequality:


√
4 2
(3)
n sup |Fn (t) − F (t)| ≥ λ) ≤ αe−η((1−F (τ ))(1−G(τ ))) λ ,
P
t≤τ

where α and η are absolute constants.
A Glivenko-Cantelli Lemma was obtained e.g. by Stute and Wang [13].
Their results imply that, for continuous S,
sup |Sn (t) − S(t)| −→ 0 (n −→ ∞).

t≤TK
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Remark 1. Bitouzé et al [14] improved Földes and Rejtö result and gave
more explicit bound in (3). Nevertheless, their result is not usable in this note.
Let us now introduce the partitioning estimator.
2.2. The Partitioning Kaplan-Meier Estimator
Suppose that the covariate X is available for predicting Y . Let (πn,q )q∈Z a
sequence of partitions of R such that
πn,q = [(q − 1)hn , qhn [ ,

(4)

where hn is a positive real number. For a given x, find the πn,j to which x
belongs (this set is denoted by πn (x)) and select the Yi , whose corresponding
Xi ’s fall in πn (x). In the uncensored case, the partitioning estimator F1,n (t|x)
of F (t|x) is defined as follows:
 n
X



I(Yi ≤t)I(Xi ∈πn (x))



 i=1
n
X
F1,n (t|x) =

I(Xi ∈πn (x))




i=1


0

if

n
X
i=1

I(Xi ∈ πn (x)) > 0,

otherwise.

The a.s. consistency of F1,n was proved by Gannoun [14].
In the censored case (where instead of the (Xi , Yi ) only the (Xi , Zi , δi ) are
available), let us denote q(x) = card (πn (x)), i.e. the number of Xi in πn (x),
π ) the observations Z (respectively
π
(respectively δ1π , ..., δq(x)
and by Z1π , ..., Zq(x)
i
π
δi ) such that Xi belong to πn (x). As in (2), we also denote Fq(x)
the Kaplanπ
π
Meier estimator obtained with (Zi , δi ), i = 1, ..., q(x). Then, the partitioning
estimate Fn (t|x) of F (t|x), under censoring, is defined by
Fn (t|x) =



π (t)
Fq(x)
0

if q(x) > 0,
otherwise.

We are able now to formulate our main result.

(5)
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2.3. Main Result
Let us first write εx = inf{t ∈ R; (1 − F (t|x))(1 − G(t|x)) = 0}, and τ such that
0 < τ < εx .
Theorem. Assume that:
(H1) the marginal distribution of X admits a density f satisfying:
for any x ∈ R, there exists ρ > 0

such that f (x) > ρ in a neighborhood of x,

nhn
−→ ∞.
log n
Then, for all x ∈ R,
(H2) hn −→ 0 and

sup |Fn (t|x) − F (t|x)| −→ 0
t≤τ

as

(n −→ ∞).

Remark 2. It is very easy to extend the result to multivariate X. In this
case, the support of X should be partitioned, for example, on hypercubes. The
nhdn
nhn
hypotheses are still the same except log
n → ∞, which is replaced by log n → ∞,
where d is the dimension of X.
Remark 3. It is also possible to use another partition on R (or on the
support of X). This partition should satisfy some regularity conditions (see
Carbonez et al [9] or Bosq and Lecoutre [16] for more details).
Remark 4. If the values of X belong to a compact set, it is easy to obtain
the uniform convergency on both x and y. The idea is to cover this compact
set by a finite number of intervals and to proceed as in Berlinet et al [17], for
example.
Remark 5. The idea of our estimator is of course similar to that of Beran,
but its construction is based on a fixed partitioning. Moreover, our proof of the
uniform consistency presented below is different and uses more recent exponential inequality. Similar result is also given by Van Keilegom and Veraverbeke
[18].
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3. Proof of the Theorem

Let F (x, y) denote the joint distribution function of (X, Y ), and p(x, hn ) =
P ((X, Y ) ∈ πn (x)). It is clear that
p(x, hn ) = F (q ∗ hn , +∞) − F ((q ∗ − 1)hn , +∞) ,

(6)

where q ∗ is such that πn (x) = πn,q∗ .
Set
d((Fn (t|x) − F (t|x)) = sup |Fn (t|x) − F (t|x)| .

(7)

t≤τ

By Total Probability Theorem and (6), we get
P (d((Fn (t|x) − F (t|x)) > λ)
n
X
(nj )p(x, hn )j (1 − p(x, hn ))n−j P (d((Fn (t|x) − F (t|x))
=
j=0

> λ|q(x) = j) . (8)

From (5), it follows that
P (d((Fn (t|x) − F (t|x)) > λ|q(x) = j) = P (d(Fjπ (t), F (t|x)) > λ).

(9)

By (3) and (9), (8) becomes
P (d((Fn (t|x) − F (t|x)) > λ)
4 jλ2

≤ α(nj )p(x, hn )j (1 − p(x, hn ))n−j e−η((1−F (τ |x))(1−G(τ |x)))
n
X
4 2
= α (nj )(p(x, hn )e−η((1−F (τ |x))(1−G(τ |x))) λ )j

(10)

j=0

× (1 − p(x, hn ))n−j
n

4 2
= α (1 − p(x, hn )(1 − e−η((1−F (τ |x))(1−G(τ |x))) λ ) .

Now, let β = η((1 − F (τ |x))(1 − G(τ |x)))4 , and observe that

n



2
2
(1 − p(x, hn )(1 − e−βλ ) = exp n log 1 − p(x, hn )(1 − e−βλ ) .

By the Mean Value Theorem and using (6), there exists ξ ∈ ](q ∗ − 1)hn ,
q ∗ hn [ such that
p(x, hn ) = hn f (ξ).
(11)
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Moreover, log(1 − x) ≤ −x, for x ≪ 1. Therefore, using (H1) and (11), we
get for n sufficiently large


2
2
n log 1 − p(x, hn )(1 − e−βλ ) ≤ −nhn ρ(1 − e−βλ )

≤ −nhn ρβλ2 , (12)

2

because 1 − e−βλ ≤ βλ2 . Now, from (10), (11) and (12), it follows
P (d((Fn (t|x) − F (t|x)) > λ) ≤ α exp(−nhn ρβλ2 ),

(13)

which is very similar to Dvoretzky-Kiefer-Wolfwitz inequality obtained by Földes
and Rejtö [12].
Using Borell-Cantelli Lemma, the theorem is established if we prove the
following:
∞
X
P (d((Fn (t|x) − F (t|x)) > λ) < ∞.
n=0

From (13), and using (H2), we get
∞
X

P (d((Fn (t|x) − F (t|x)) > λ)

n=0

≤α

∞
X

exp(−nhn ρβλ2 ) = α

n=0

∞
X

n=0

n−(

nhn ρβλ 2
)
log n

< ∞. 
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[16] D. Bosq, J.P. Lecoutre, Théorie de L’estimation Fonctionnelle, Economica
(1987).

A NOTE ON PARTITIONING ESTIMATE OF...

101

[17] A. Berlinet, A. Gannoun, E. Matzner-Løber, Asymptotic normality of convergent estimates of conditional quantiles, Statistics, 35 (2001), 139-169.
[18] I. Van Keilegom, N. Veraverbeke, Uniform strong convergence results for
the conditional Kaplan-Meier estimator and its quantiles, Commun. in
Stat., Theory and Methods, 25 (1996), 2251-2265.

102

