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1. Introduction

Let (M, g) and (N, h) be Riemannian manifolds and let φ : M → N be a
smooth map from M to N . The energy density of φ is given by the formula
e(φ) = 1

2 |dφ(x)|2, where |dφ(x)| is the Hilbert-Schmidt norm of the linear map
dφx : Tx M → Tφ(x) N . The energy of φ, denoted by ǫ(φ), is defined by

ǫ(φ) =

∫

D

e(φ) dvh , (1)

where dvh is the volume element of M and D is any compact domain of M . The
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covariant derivative of the differential dφ, denoted by ∇ dφ, is called the second
fundamental form of φ, where ∇ is the Levi -Civita connection on M . The
tension field , denoted by τ(φ), is defined by the trace of ∇ dφ. It is known that
φ is harmonic (that is φ is a critical point of ǫ(φ)) if and only if τ(φ) vanishes.
Also, φ is a minimal map if ǫ(φ) ≤ ǫ(φ

i
) for all φ

i
in the component of the

space of all smooth maps between M and N . Thus, a minimal map is a special
harmonic map. Most papers on harmonic manifolds are between Riemannian
manifolds (see Harmonic maps bibliography [5]). A subcase of a harmonic map
is called harmonic morphism, first studied by Fuglede [15] and Ishihara [20].
φ is a harmonic morphism if it carries germs of harmonic functions to germs
of harmonic functions. This means that whenever µ : U → R is a harmonic
function on N and φ−1(U) is non-empty, then the composite µ◦φ : φ−1(U) → R

is also harmonic. Since harmonic functions are solutions of Laplace equation
△µ = 0, any constant map is a harmonic morphism. Also, it is known that
a non-constant harmonic morphism only exists if dim(M) ≥ dim(N). For a
bibliography of papers on harmonic morphisms see [18]. The validity of the
energy equation (1) for any semi - Riemannian manifold is not obvious for the
following reasons:

(a) The Hopf-Rinow Theorem (which guarantees the completeness of all Rie-
mannian metrics for a compact Riemannian manifold) does not hold for an
arbitrary semi-Riemannian manifold (see Beem et al [2]). Therefore, the
existence of a compact domain D, of the integral in (1), for an arbitrary
semi-Riemannian manifold M is questionable.

(b) The possibility of degenerate (lightlike) fibers. If M is with boundary
∂ M , then null (lightlike) ∂ M is a physically important case.

Thus, the harmonic maps and morphisms between semi-Riemannian man-
ifolds behave differently and their study must be subject to some restricted
classes of semi-Riemannian manifolds. For example, among all Lorentzian man-
ifolds the globally hyperbolic manifolds may be preferred since they do possess
compact regions (see Beem et al [2]). There are a handful of recent papers
on semi-Riemannian manifolds (see [1, 3, 17, 24]), and some have discussed
the case of degenerate fibers, however, more work is needed to be done on
semi -Riemannian manifolds to address above stated possibilities. Since for
any semi-Riemannian manifold, there is a natural existence of a lightlike sub-
space (null curve, hypersurface or submanifold), whose metric is degenerate,
one fails to use the theory of harmonic maps of non-degenerate manifolds. For
example, if the target space N is lightlike, with φ : M → N , then φ−1(TN)
will not exist because the metric of N is degenerate and the tension tensor can
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not be defined. In this paper, we explain how this anomaly can be removed
if the target space N belongs to a class of lightlike manifolds. The paper is
organized as follows. In Section 2, we recall from [8, 9] some results needed
for the rest of this paper. In Section 3, we introduce a new class of harmonic
maps into a class of lightlike manifolds, called globally null manifolds (see Def-
inition 1). We study the existence problem and establish an interplay between
harmonic maps and the geometries of globally null manifolds and globally hy-
perbolic spacetimes. In Section 4, we study harmonic morphisms into globally
null manifolds N by showing the existence of harmonic functions on N and M .
The objective is to introduce a new class of harmonic maps and morphisms by
justifying the validity of equation (5) for harmonic maps and Definition 2 for
harmonic morphisms.

2. Preliminaries

Let (N ,h ) be a real n - dimensional smooth manifold, where h is a symmetric
tensor field of type (0 , 2). We assume that N is paracompact. The radical or
the null subspace of Tx (N), denoted by Rad Tx (N), is defined by

Rad Tx(N) = {ξx ∈ Tx (N) ; h ( ξx , X ) = 0, X ∈ Tx (N) }. (2)

The dimension, say r, of Rad Tx (N) is called nullity degree of h.
Rad TN is called the radical distribution of rank r on N . Clearly, h is de-
generate or non-degenerate on N iff r > 0 or r = 0 respectively. We say that
(N ,h ) is a lightlike manifold [11] if 0 < r ≤ n. Consider a complementary
distribution S (TN), called a screen distribution, to Rad TN in TN . Thus

TN = S(TN) ⊕ Rad TN, (3)

where the distribution S (TN) is non-null. In this paper, we assume that r = 1.
Thus, the 1 - dimensional nullity distribution Rad TN is integrable.

Theorem 1. (Duggal [8]) Let (N ,h ) be a lightlike manifold, with Rad TN

of rank r = 1. Then, there exists a metric connection on N with respect to the
degenerate metric tensor h and Rad TN is Killing.

Theorem 2. (Duggal [9]) Let (N, h ) be an (n + 1) - dimensional lightlike
manifold with r = 1. Then, there exists a quasi - orthonormal frame

F = {ξ, W1, . . . ,Wn } , g(Wa , Wa) = 1 , g(ξ, Wa) = 0, (4)



422 K.L. Duggal

∀a ∈ {1, . . . , n }, along a null curve C, generated by a null vector field ξ, on N .
Also, there exists a special affine parameter with respect to which C is a null
geodesic of N .

In this paper, we study a special class of lightlike manifolds, introduced by
the present author (Duggal) in [8], as follows:

Definition 1. A lightlike manifold N is called a globally null manifold if it
admits a global null vector and a complete Riemannian hypersurface.

Theorem 3. (Duggal [8]) Let (N, h) be an (n + 1) -dimensional globally
null manifold (n > 1). Then, the following assertions are equivalent:

(a) The screen distribution S(TN) is integrable.

(b) N = L × N ′ is a global product manifold, where N ′ is a leaf of S(TN)
and L is a 1-dimensional integral manifold of a null curve C in N .

(c) S(TN) is parallel with respect to the metric connection ∇ on N .

Theorem 4. Suppose N is a globally null hypersurface of a time orientable
Minkowski spacetime N̄ . Then, N is: (a) Ricci flat; (b) totally geodesic; (c)
totally umbilical; (d) minimal lightlike hypersurface of N̄ if and only if any leaf
of its screen distribution is so immersed as a spacelike submanifold of N̄ .

Proof. Follow the proof of Theorem 5 in Duggal [10].

Note 1. We refer Duggal [8, 9, 10] for up-to-date information on globally
null manifolds and several geometric/physical examples. Also, it follows from
Duggal and Bejancu [11, p. 88] that N is totally geodesic in N̄ if and only if
there exists a unique metric connection induced by a metric connection on N̄ .
In general, we assume that N has a torsion-free linear connection.

3. Harmonic Maps

Let (M, g) and (N,h) be smooth Riemannian (or semi -Riemannian) and glob-
ally null manifolds respectively. Define a harmonic map

φ : M → N ′ ⊂ N , φ(M) = N ′, (5)

where N ′ denotes a complete Riemannian hypersurface of N . In this way, the
energy equation (1) can be defined since the target space N ′ is Riemannian for
which we do have the pull back φ−1(TN ′) to define the tension field needed
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for setting up φ as a harmonic map. Observe that, throughout this paper the
study on semi-Riemannian domain manifolds M is subject to restrictions as
mentioned in item (a) of introduction. The Laplace-Beltrami operator △

M
on

M is given in local coordinates xi by

△
M

=
1

√

|g
M
|

m
∑

i

∂xi (
√

|g
M
|

m
∑

i

gij ∂xj ),

where g
M

= |det(g
ij
)|. Any harmonic function µ is C2 - smooth local solution

to the Laplace-Beltrami equation △
M

µ = 0. The tension field τ(φ) is a vector
field along φ which assigns each tangent vector τ(φ)(x) = Tφ(x)(N

′) for each
point x ∈ M . It is the trace of ∇dφ, where ∇ is the Levi -Civita connection
on M . The map φ is called a harmonic map if and only if the tension field
τ(φ) = 0. To justify the validity of the equation (5), with no loss of the geom-
etry of globally null manifold N , we now discuss the following properties of N

to show that its geometry essentially reduces to the Riemannian geometry of
its hypersurface N ′. Using Theorem 3 we assume that (N ′, h′) is a complete
spacelike hypersurface of the globally null manifold N , with induced Rieman-
nian metric h′. Also, using Theorem 2, if we consider a congruence of null

geodesics, given by the null vector field
d

dp
, with respect to the distinguished

parameter p, the induced metric h′ can be expressed by

h′ = w1 ⊗ w1 + . . . + wn−1 ⊗ wn−1 , (6)

where {w1, . . . , wn−1} is the dual set of an orthonormal basis {W1, . . . , Wn−1}
of Γ S(TN). Clearly h′ being Riemannian metric its inverse exists and is also
Riemannian. In this way, any tensor (including degenerate metric h) on N can
be projected onto its screen distribution and all the analysis on N can be done
on its integral spacelike hypersurface N ′.

Note 2. Theorem 4 is important since it justifies the validity of harmonic
maps to N ′ ⊂ N , defined by (5), without any loss of the geometry (directly
related to the possibilities (a)−(d)) of N , if N is a hypersurface of a Minkowski
spacetime N̄ .

Recall that the existence problem for harmonic maps concerns the min-
ima and critical points of the energy in homotopy classes of maps defined by
(5). To deal with this problem, we assume that M is either compact or has
a compact domain D of the integral (1). Since N ′ can be a complete integral
manifold of S(TN) (see Theorem 3), the existence result for harmonic maps,
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due to Eells and Sampson [14], must hold for φ defined by (5). Let M and N

be Riemann surfaces and N carries a degenerate metric associated to a holo-
morphic quadratic differential form. Thus, dim(N ′) = 1. For this case, recall
the following existence result:

(see Leite [22]) If M and N are two Riemann surfaces and N carries
a degenerate metric associated to a holomorphic quadratic differential
form, then every non-trivial homotopy class contains a Hölder continu-
ous harmonic map.

Note 3. If M and N are two surfaces of the same genus p ≥ 2, then
Leite’s result is a characterization of Teichm̈uller maps which satisfy Beltrami’s
equation, whose coefficients involve some holomorphic quadratic differentials.
Here, in above case, the target space of harmonic map φ is a 1 - dimensional
space N ′ in N .

Note 4. If (N̄ , ḡ) is globally hyperbolic, with Hs its Cauchy surface, it is
easy to see that (N,h) is a globally null manifold, embedded in N̄ .

Based on Note 4, we consider a harmonic map

φ : M → N ′ ⊂ N
i→ N̄ , φ(M) = N ′ , (7)

where M is a Riemannian (or semi -Riemannian) manifold, N̄ and i(N) are
globally hyperbolic spacetime and globally null hypersurface of N̄ respectively.
Thus, N will have geometry induced from N̄ . Using Theorem 4 we conclude
that the equation (7) establishes an interplay between harmonic maps and the
geometries of globally null manifolds and globally hyperbolic spacetimes. To
support this interplay, we present a few physical examples followed by their link
with some known results on harmonic maps.

Physical Examples. Let (R4
1, ḡ) be the Minkowski spacetime, with metric

ds2 = − dt2 + dr2 + r2 (dθ2 + sin2 θ dφ2 ), for a spherical coordinates system
(t, r, θ, φ), which is non-singular if 0 < r < ∞, 0 < θ < π, 0 < φ < 2π. It is
well known that R4

1 is globally hyperbolic. Take two null coordinates u = t + r

and v = t − r (u > v). Then, we have

ds2 = − du dv +
1

4
(u − v)2 (dθ2 + sin2 θ dφ2 ), −∞ < u, v < ∞. (8)

The absence of the terms du2 and dv2 in (8) implies that the two hypersurfaces
{ v = constant }, {u = constant } are lightlike. Denote one of these lightlike
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hypersurfaces by (N, h), where h is the induced degenerate metric of ḡ. A leaf
of the 2 - dimensional screen distribution S(TN) is topologically a 2 - sphere S2

with Riemannian metric dΩ2 = r2 (dθ2 + sin2 θ dφ2 ) which is the intersection
of two hypersurfaces. Since, by definition, a spacetime admits a global timelike
vector field, it follows that both its lightlike hypersurfaces admit a single global
null vector field. Thus, there exists a pair of globally null hypersurfaces of R4

1

and (7) reduces to

φ : M → S2 ⊂ N
i→ R4

1, φ(M) = S2. (9)

Similarly, one can show that there exists a pair of globally null hypersurfaces
of Robertson - Walker spacetimes, Reissner -Nordström spacetimes, and Kerr
spacetimes, with S2 a leaf of their respective screen distributions.

It is well-known that the harmonic maps between Riemannian surfaces have
special properties, related to dimension 2. For example, the energy e(φ) and
the equation τ(φ) = 0 are both preserved by a conformal class of the metric
on a surface M . For this reason, we set dim(M) = 2. Since, in equation (9),
we are essentially dealing with non - degenerate metrics for M and S2 both, the
fundamental existence problem of harmonic maps between Riemannian surfaces
(see the works of Eells-Lemaire [13] for existence problem of harmonic maps
from an oriented surface and from a non - oriented surface to S2) must hold for
the harmonic maps defined by (9).

For higher dimensions, we use Kähler geometry as follows: Let (M,g, J) be
a 2m - dimensional Kähler manifold, where J is a field of endomorphism of TM

such that J2 = − I, the metric g is Hermitian ( g(JX, JY ) = g(X,Y )) and
there exists a Kähler 2 - form Ω on M such that Ω(X,Y ) = g(X,JY ), for all
X,Y ∈ M . (M,g, J) is called almost Kähler if dΩ = 0. On the other hand, since
N ′ is Riemannian, let (N ′, h′, JH) be an almost CR -Kähler manifold, where
H is a real 1 - codimensional subbundle of T (N ′) with a complex structure JH

defined by (JH)2 = − I, h′(JH u, JH v) = h′(u, v), ω is Kähler form defined
by ω(u, v) = h′(u, JH v) for u, v ∈ H and ω(u, v) = 0 for u ⊥ H, satisfies
dω = 0. Observe that a CR -manifold, as defined above, is odd dimensional.
However, if H is 2 - codimensional subbundle of T (N ′), N ′ can be seen as an
even dimensional almost Kähler CR -manifold.

A map φ : (M,g, J) → (N ′, h′, JH) is called a CR - map if
dφ(T ⋆(N ′)) ⊂ H and dφ ◦ J = J ◦ dφ, where T ⋆(N ′) is the dual of T (N ′).
Also, recall the following results of Burstall [4]:

(a) If φ1, φ2 are two CR -maps, which agree on an open subset of M , then
φ1 = φ2 on M .
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(b) If (M,g, J) is almost Hermitian cosymplectic and (N ′, h′, JH) is almost
CR -Kähler, then any CR - map φ : M → N ′ is an E - minimal and, so
harmonic.

(c) If M is also a CR -manifold then, subject to certain conditions, the map
φ : M → N ′ is harmonic.

Thus, using Burstall results we justify the existence of a harmonic map φ,
defined by (7), where M and N ′ are almost Hermitian cosymplectic and almost
CR -Kähler manifolds ( or both are CR -manifolds) respectively and N ′ is a
Riemannian hypersurface of a globally null manifold N .

4. Harmonic Morphisms

Let φ be a harmonic map from a smooth Riemannian (or semi-Riemannian)
manifold (M,g) into a globally null manifold (N,h), of dimensions m and n

respectively, as defined by (5). If M is Riemannian, then, we have the tangent
space TxM = Hx ⊕ Vx, at each point x ∈ M , where Hx and Vx = H⊥

x =
ker (dφx) are its horizontal and vertical spaces, respectively. If M is semi -
Riemannian Vx + Hx 6= TxM is possible, whenever Vx (or just as well Hx) is
degenerate and then φ is called a degenerate harmonic map. In this paper, we
assume that φ is non -degenerate.

Definition 2. A map φ : (M,g) → (N ′, h′) ⊂ (N,h) is called horizon-
tally (weakly) conformal if, for every x ∈ M , either dφx |Hx is conformal and
surjective, or dφx = 0.

The coefficient of conformality λ = λ(x) is called the dilation of φ at x.
Clearly, for a non - degenerate φ, the possibility dφ = 0 will not arise and,
therefore, λ(x) 6= 0. It is known [15] that harmonic morphisms are characterized
as the harmonic maps which are horizontally (weakly) conformal. Such maps
pull back harmonic functions to harmonic functions. Since any constant φ is
obviously a harmonic morphism, for the non - constant case, the existence of
harmonic morphisms require at least the existence of local harmonic functions
on N and M both. To deal with this existence problem, with respect to the
equation (5), we show that there do exist harmonic functions on globally null
manifolds. First we deal with the following simple cases.

Case 1. Suppose dim(N ′) = 1. Then, the horizontal weak conformality is
trivial and a harmonic morphism is just a harmonic map.
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Case 2. Suppose dim(M) = dim(N ′) = 2. Then the harmonic morphisms
are exactly (weakly) conformal maps, for which the concept of harmonic mor-
phism into Riemann surfaces is well-defined. Also, see Fuglede [15, 17] for some
results on Riemannian and Lorentzian surfaces.

Case 3. Suppose dim(M) = dim(N ′) ≥ 3. Then, the harmonic maps are
conformal maps with constant dilation [15].

Application 1. Let (M, g) be the Einstein Universe which may be de-
scribed as a 3 - sphere S3 of a fixed radius r, i.e., as the boundary of a 4 -
dimensional ball, by the equator. Consider a non - constant map

φ : (M, g) → S2 ⊂ (N, h)
i→ R4

1 , (10)

where S2 is a leaf of the screen distribution of N . A submapping of (10), defined
by

φ|S3 : S3 → S2 ⊂ N
i→ R4

1

is known as Hopf map, the most celebrated example of harmonic morphisms,
with constant dilation λ = 2 and minimal fibers. Here we have related Hopf
map with a spacetime and a globally null manifold.

Application 2. Let (M, g) be a 4 - dimensional spacetime of general rel-
ativity. Introduce, at each point of M , a Newman-Penrose (NP) null tetrad
{ea} = {l, k,m, m̄}, where l, k are real null vectors and m is a complex null
vector. Let {ω1, ω2, ω3, ω4} be the dual set of {ea}. Define a complex valued
endomorphism J , given by

J =
√
−1(ω1 ⊗ e1 − ω2 ⊗ e2 + ω3 ⊗ e3 − ω4 ⊗ e4).

It is easy to see that J satisfies the following two conditions:

J2 = −I, g(JX, JY ) = g(X, Y ), ∀X,Y ∈ T (M),

where I is the identity morphism of T(M). Thus, (M, g, J) is an almost Hermi-
tian manifold with respect to a Lorentz metric g of M . The tensor field N of
type (1, 2) defined by

NJ (X, Y ) = [JX, JY ] − J2 [X, Y ] − J([X, JY ] + [JX, Y ]),

for any X,Y ∈ X (M), is called Nijenhuis tensor field of J . Then, J defines a
complex structure on M if and only if N vanishes on M . A complex (M, g, J)
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is called an integrable Hermitian manifold, for which its Lorentz metric g can
be locally expressed as

g = Adz0 d z̄0 + B dz1 d z̄1 + C dz0 d z̄1 + D dz1 d z̄0,

where A, B, C, and D are functions and (z0, z1, z̄0, z̄1) is a complex coordi-
nates system. Well-known physical examples, with above form of the metric g,
are type-D vacuum spacetimes, which include Einstein spaces, Schwarzschild
and Kerr solutions (see Hawking-Ellis [19, pp. 149, 161]).

(see Wood [24]) Let φ : M → N ′ be a non - constant harmonic morphism
from an orientable Einstein 4 - manifold to a Riemann surface N ′. Then
φ is holomorphic with respect to some (integrable) Hermitian structure
J on M . Further, the fibers of φ are super minimal, i.e. J is parallel
along them.

Wood result above will also hold for a particular class of harmonic morphism
φ defined by (10), where S2 = N ′ ⊂ (N,h) is taken as a Riemann surface of
R4

1 and M belongs to a type-D vacuum spacetime endowed with an integrable
Hermitian structure J . Moreover, R4

1 can be replaced by those asymptotically
flat spacetimes of general relativity which possess S2 as a Riemann surface. Ex-
amples are: Schwarzchild, Robertson -Walker, Reissner -Nordström and Kerr
spacetimes, with S2 a leaf of their respective screen distributions of a globally
null manifold.

Note 5. The essential new information is that a harmonic morphism φ

from an integrable Hermitian spacetime manifold into a globally null mani-
fold N provides a construction of families of surfaces N ′ in N , where N is a
hypersurface of some physically significant asymptotically flat spacetimes.

The general theory, with dim(M) > dim(N ′), is difficult. For the existence
of harmonic morphism, one must make sure that there is a class of Riemannian
(or semi-Riemannian) manifolds (M, g ) with local harmonic functions. To
justify this, we consider the following special case. Let Rn+2

1 be Lorentz space
with a local coordinates system (xo, . . . , xn+1). Consider a smooth function
µ : D → R, where D is an open set of Rn+1. Then

M = {(x0, . . . , xn+1 ∈ Rn+2
1 ; x0 = µ(x1, . . . , xn+1}

is a hypersurface of Rn+2
1 which is called a Monge hypersurface. Let natural

parameterization on N be given by

xo = µ(v0, . . . , vn) ; xα+1 = vα, α ∈ {0, . . . , n}.
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Hence, the natural frames field on N is globally defined by

∂vα = µ′

xα+1 ∂x0 + ∂xα+1, α ∈ {0, . . . , n}.

Then, it is easy to see that TN⊥ is spanned by a global vector

ξ = ∂x0 +

n+1
∑

a=1

µ′
xa ∂xa . (11)

We know from (2) that N is lightlike if and only if TN⊥ = Rad TN . This
means that ξ, defined by (11), must be a null vector field if and only if N is
lightlike. Now we state the following results relevant to this paper. Details on
their proofs are available in Chapter 4 of Duggal and Bejancu [11], where the
general case of lightlike Monge hypersurfaces of Rn+2

q has been discussed.

Proposition 1. On a lightlike Monge hypersurface N of Rn+2
1 , there exists

an integrable screen distribution S(TN).

Proposition 2. A lightlike Monge hypersurface N of Rn+2
1 is a product

manifold N = L × N ′, where L is an open subset of a null line and N ′ is
Riemannian.

Proposition 3. A Lightlike Monge hypersurface N of Rn+2
1 is minimal if

and only if N admits a harmonic function.

Note 6. In [11], Proposition 3 was proved for R4
1, since proof for higher

dimensions (which is a straight generalization) is enormously lengthy.

To relate above three results with the subject matter of this section, we let
Rn+2

1 admit a globally defined timelike vector field, which means it is a time
orientable Minkowski spacetime. This further means that Rn+2

1 is a globally
hyperbolic spacetime. Since, by Proposition 2, N ′ is a Riemannian manifold,
the celebrated Hopf - Rinow theorem allows us to assume that N ′ is a complete
Riemannian manifold. Comparing Proposition 1 and Proposition 2 with the
assertions (a) and (b) of Theorem 3 and the fact that N admits a single global
null vector ξ, N is a globally null Monge hypersurface of a Minkowski spacetime
Rn+2

1 . Consequently, Proposition 3 implies the following result.

Proposition 4. A globally null Monge hypersurface N of a Minkowski
spacetime is minimal if and only if N admits a harmonic function µ.

To show the relevance of above theorem in the study of harmonic mor-
phisms, we consider a harmonic map

φ : M → N ′ ⊂ N ⊂ Rn+2
1 , φ(M) = N ′, (12)
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where (M, g) is a Riemannian (or semi -Riemannian) manifold, N is a globally
null Monge hypersurface of Rn+2

1 and N ′ is a Riemannian minimal hypersurface
of N . Let dim(M) = m > n. We know that the harmonic functions on M are
those which satisfy the Laplace-Baltrami equation. Thus, the conclusion is that
given a harmonic map φ, defined by (12), Proposition 4 can satisfy the basic re-
quirement (existence of local harmonic functions on M and N) for the existence
of φ as a harmonic morphism. To make sure that there is a class of Riemannian
(or semi-Riemannian) manifolds (M, g ) with local harmonic functions, there
are more than one approaches. We prefer to use the following differential geo-
metric structure, called f -structure, on M , earlier used by Rawnsley [23] and
Duggal et al [12]. Also see Fuglede [17] who used a special case of an f -structure,
called almost Hermitian structure, in the study of harmonic morphisms. We
first give a brief information on f -structures. In 1963, Yano [25] introduced an
f - structure on a C∞ m - dimensional manifold M , defined by a tensor field f of
type (1,1) which satisfies f3+f = 0 and has constant rank r which is necessarily
even. TM splits into two complementary subbundles Im f and ker f and the
restriction of f to Im f determines a complex structure on such a subbundle.
Almost complex and almost contact structures are special cases according as
r = m and r = m − 1 respectively. Suppose Ker f is parallelizable [12]. Then,
there exists a global frame {ξ

i
} for Ker f with dual 1-forms ηi satisfying:

f2 = −I + ηi ⊗ ξ
i
, ηi(ξ

j
) = δi

j , 1 ≤ i ≤ s.

It follows that fξ
i

= 0, ηi ◦ f = 0. An f - structure on M is normal if the
tensor field Nf = [f, f ]+2dηi ⊗ ξi vanishes, where [f, f ] is the Nijenhuis tensor
of f . Then, there exists a semi - Riemannian metric g on M such that

g(X, fY ) + g(fX, Y ) = 0, ∀X,Y ∈ T (M). (13)

The structure (f, ξ
i
, ηi, g) is called a metric f - structure and M is then called a

metric framed manifold. T (M) splits as complementary orthogonal sum of its
subbundles Im f and Ker f . We denote their respective horizontal and vertical
distributions by D and D⊥. In particular, g is a Riemannian metric on M

if both the distributions D and D⊥ are Riemannian. If there is only a single
timelike ξ

i
and if D is Riemannian, then, M is called a Lorentz framed manifold

[7]. f extended by C - linearity to the complexified tangent space T C(M) has
i,−i, 0 eigenvalues. Denote H = {X − if X|X ∈ D} ⊂ D⊗C, the holomorphic
distribution related to the eigenvalue i.

Definition 3. A metric framed manifold M is called a CR-integrable
framed manifold if its holomorphic distribution is involutive, that is,
[X − ifX, Y − ifY ] ∈ H for any X,Y ∈ D.
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Proposition 5. (Duggal et al [12]) A metric framed manifold M is CR -
integrable if and only if its horizontal distribution D is normal, that is, the
Nijenhuis tensor field Nf (X,Y ) = 0 for X,Y ∈ D.

For a CR - integrable framed manifold (M, g), we have

M = (B × V, g) ; TM = TB ⊕ TV, (14)

where (B, g
B
) and (V, g

V
) are the horizontal and the vertical integral subman-

ifolds (generated by D and D⊥ respectively) of M . To show the relevance of
above brief (on f -structures) in the study of harmonic morphisms, we first ob-
serve that a CR-framed (or integrable framed) manifold M has a holomorphic
distribution H. This means that M admits holomorphic functions, whose real
parts are locally harmonic functions of its horizontal submanifod (B, g

B
) (see

equation (14)). Thus, we conclude:

A CR-integrable framed manifold (M, g) admits harmonic functions, de-
fined locally on its horizontal submanifold (B, g

B
).

Therefore, we have justified the validity of basic requirement of the existence
of harmonic functions on the manifolds M and N ′ needed for the equation (12).
To show that the map φ, given by (12), can be a harmonic morphism, we let
M = (B × V, g) be a CR -integrable Lorentz framed manifold and (B, g

B
) its

Riemannian horizontal submanifold. Also, set

dim(M) = m = 2p + s (s ≥ 1), dim(B) = dim(N ′) = n = 2p.

Suppose M denotes the space of all smooth Riemannian metrics on N ′ and [h′]
a conformal class of metrics of M. Since dim B = dimN ′ and B is Riemannian,
we let g

B
∈ M. This means that B and N ′ are conformal to each other. B

horizontal submanifold of M implies that dφx |Tx B is conformal for every x ∈ B.
Thus, φ is horizontally (weakly) conformal, which implies that φ is a harmonic
morphism. If we relax the condition of B conformal to N ′, φ can be a harmonic
morphism, where we let φ pull back harmonic functions of N ′ to harmonic
functions of M , since their existence has been assured.

In support of above model, we have the following physical example of a
class of 4-dimensional spacetimes which inherit a metric f - structure.

Application 3. Let (M, g) be a 4-dimensional Einstein Maxwell spacetime
of general relativity, with a skew-symmetric ( i.e., a 2-form) tensor field F =
(Fab) on M which represents the electromagnetic fields. The complex self-dual
electromagnetic tensor field F ⋆ is defined by

F ⋆
ab = Fab + i

∼

Fab

∼

Fab=
1

2
ǫabcd F cd, i =

√
−1 .



432 K.L. Duggal

Here, ǫabcd is the Levi-Civita tensor field. At each point x ∈ M consider the null
tetrad ea = {ℓ, k,m, m̄}, where g(ℓ, k) = −1 and g(m, m̄) = 1. According to
Debney-Zund [6], define the following three complex functions, called Maxwell
scalar fields:

φ0 = 2Fabℓ
amb, φ1 = Fab(ℓ

akb + m̄amb), φ2 = 2Fabm̄
amb.

By a Lorentz transformation, one can set φ
0

= φ
2

= 0 (see Debney-Zund [6]).
We are interested in a special case when φ1 is either real or pure imaginary.
For this sub case, it is known [6] that its canonical form is given by

Fab = −2 Re (φ1) ℓ[anb] or 2 i Im (φ1)m[am̄b] , det(Fab) = 0.

Consider a homogeneous spacetime for which φ1 is constant (see Kramer et al
[21, p. 120]) and set|φ

1
|2 = 1. Define a (1, 1) tensor field f ≡ (fa

b ), on the
tangent space Tx(M), at each point x ∈ M , such that

fa
b = gac Fcb , i.e., F (X,Y ) = g(X, fY ), (15)

for every X,Y ∈ M . Operating fa
b by itself three times, it is easy to see that

f satisfies its own minimum characteristic polynomial equation: f3 ± f = 0,
where the sign ± depends on the choice of Im (φ) or Re (φ). We choose Im (φ).
For a Minkowski space, this condition means that the electric and the magnetic
fields are aligned. Thus,

f3 + f = 0 , rank (f) = 2.

F skew-symmetric and (15) implies f is also skew-symmetric, that is,

g(X, f Y ) + g(f X, Y ) = 0 , ∀X,Y ∈ M.

It follows from (13) and above two equations that, under some geometric
conditions, a 4-dimensional Einstein Maxwell homogeneous spacetime (M, g)
inherits a metric f -structure, induced from its electromagnetic tensor field
F . Furthermore, using Definition 3 and Proposition 1 and Proposition 2,
M can be endowed with a CR-integrable Lorentz framed structure, denoted
by ( f, g, H, F ), such that M = (B × V, g) is a product manifold, with 2-
dimensional horizontal surface (B, g

B
). On the existence of such a physical

spacetime, we state the following (for details see in Kramer et al [21, p. 120]):

Theorem. The only Einstein Maxwell field, which is homogeneous and has
a homogeneous non-singular Maxwell field is the Bertotti-Robinson solution

ds2 = A2(d θ2 + sin2 θ dφ2 + dx2 + sinh2 x dt2)
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for local coordinates (t, x, θ, φ) and an arbitrary constant A.

This solution has two families of orthogonal 2-surfaces having equal and
opposite curvatures. Relating these 2-surfaces with D and D⊥, we observe
that they are integrable. Thus, Bertotti-Robinson spacetime has an integrable
f -structure. Bases on above, we have the following result:

Theorem 5. Let φ : M → S2 ⊂ (N, h) ⊂ R4
1 be a map from a homoge-

neous Bertotti-Robinson spacetime to a Riemann surface S2 of a globally null
hypersurface N of R4

1. Then, φ is a harmonic morphism with respect to a
CR-integrable Lorentz framed structure ( f, g, H, F ) on M .

Note 6. Theorem 5 will hold if R4
1 is replaced by those asymptotically

flat spacetimes, which possess S2 a leaf of their respective screen distribution
of a globally null manifold. Examples are: Schwarzchild, Robertson -Walker,
Reissner -Nordström and Kerr spacetimes.

Acknowledgments

I would like to thank S. Gudmundsson, J. Eells and B. Fuglede for their reading
the first draft version. This research was supported through an operating grant
awarded by the Natural Sciences and Engineering Research Council (NSERC)
of Canada.

References

[1] P. Baird, J.C. Wood, Harmonic morphisms, conformal foliations and sheer-
free ray congruences, Bull. Belga. Math. Soc., 5 (1998), 549-564.

[2] J. Beem, P.E. Ehrlich, K.L. Easley, Global Lorentzian Geometry, Marcel
Dekker, New York, Second Edition (1996).

[3] C.L. Bejan, On harmonic maps between semi - Riemannian manifolds, In:
The XVIII-th National Conference on Geometry and Topology, Babes-
Bolyai University, Cluj-Napoca (1988), 31-34.

[4] F.E. Burstall, Non-linear Functional Analysis and Harmonic Maps, Thesis,
University of Warwick (1987).

[5] F.E. Burstall, J.H. Lemaire, J.H. Rawnsley, Harmonic Maps Bibliography,
http://www.bath.ac.uk/masfeb/harmonic.html



434 K.L. Duggal

[6] G.C. Debney, J.D. Zund, A note on the classification of electromagnetic
fields, Tensor N.S., 22 (1971), 333-340.

[7] K.L. Duggal, Lorentzian geometry of globally framed manifolds, Acta Appl.
Math., 19 (1990), 131-148.

[8] K.L. Duggal, Warped product of lightlike manifolds, Nonlinear Analysis,
47, No. 5 (2001), 3061-3072.

[9] K.L. Duggal, Null curves and 2-surfaces of globally null manifolds, Inter-
national J. of Pure and Applied Math., 1, No. 4 (2002), 389-415.

[10] K.L. Duggal, Constant scalar curvature and warped product globally null
manifolds, J. of Geometry and Physics, 43, No. 4 (2002), 327-340.

[11] K.L. Duggal, A. Bejancu, Lightlike Submanifolds of Lightlike Manifolds,
and Applications, Kluwer Academic Publications (1996), 364.

[12] K.L. Duggal, S. Ianus, A.M. Pastore, Maps interchanging f -structures and
their harmonicity, Acta Appl. Maths., 67 (2001), 91-115.

[13] J. Eells, L. Lemaire, Another report on harmonic maps, Bull. London
Math. Soc., 20 (1988), 385-524.

[14] J. Eells, J.H. Sampson, Energie et deformations en geometrie differentiable,
Ann. Inst. Fourier, Grenoble, 14 (1964), 61-69.

[15] B. Fuglede, Harmonic morphisms between Riemannian manifolds, Ann.
Inst. Fourier, Grenoble, 28 (1978), 107-144.

[16] B. Fuglede, Harmonic morphisms between almost Hermitian manifolds,
Bollettino U.M.I., 11-B, No. 7 (1997); Suppl. Fasc., 2, 185-197.

[17] B. Fuglede, Harmonic morphisms between semi-Riemannian manifolds,
Annales Acad. Scientiarum Fennicae Mathematica, 21 (1996), 31-50.

[18] S. Gudmundsson, The Bibliography of Harmonic Morphisms,
http://www.math.//lth.se/matematematiklu/personal/sigma/
harmonic/bibliography.html

[19] S.W. Hawking, G.F.R. Ellis, The Large Scale Structure of Spacetime, Cam-
bridge Univ. Press, Cambridge (1973).

[20] T.A. Ishihara, A mapping of Riemannian manifolds which preserves har-
monic functions, J. Math. Kyoto Univ., 19 (1979), 215-229.



HARMONIC MAPS, MORPHISMS AND... 435

[21] D. Kramer, H. Stephani, M. MacCallum, E. Herlt, E. Exact Solutions of
Einstein’s Field Equations, Cambridge Univ. Press, Cambridge (1980).

[22] M.-L. Leite, Harmonic mappings of surfaces with respect to degenerate
metrics, Amer. J. Math., 110 (1988), 399-412.

[23] J.H. Rawnsley, f-Structures, f-Twistor Spaces and Harmonic Maps, Lecture
Notes in Math., 1164, Springer-Verlag (1985).

[24] J.C. Wood, Harmonic morphisms and Hermitian structures on Einstein
4-manifolds, Internat. J. Math., 3 (1992), 415-439.

[25] K. Yano, On a structure defined by a tensor field of type (1, 1) satisfying
f3 + f = 0, Tensor N.S., 1 (1963), 99-109.



436


