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1. Introduction

Let D is bounded domain in Cn, and D̄ is its closure and

ϕ : D̄ → D

is continuous mapping that is holomorphic into D. It is well-known that (e.g.
see [1]) the mapping ϕ has unique attractive point z◦ such that z◦ ∈ D and
iteration ϕk of mapping ϕ (ϕ◦ = idD̄, ϕ

k+1 = ϕk ◦ϕ, k ≥ 0) converges uniformly
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on D̄ to constant mapping ϕ∞ : D̄ → D, and ϕ∞(z) ≡ z◦ for all z ∈ D̄.

Without loss of generality we assume that 0 ∈ D and z◦ = 0. Let V be a
complex Banach algebra. We denote by Hol (D,V ) algebra of all holomorphic
V -valued functions in D with compact open topology κ and put

A(D,V ) = C(D̄, V ) ∩ Hol (D,V ) .

Algebra A(D,V ) with uniform norm ‖ f ‖∞= supz∈D̄ ‖ f(z) ‖v is Banach al-
gebra (whith ordinary multiplication V -valued functions). Let X ⊂ Hol (D,V )
be some Banach space with its norm ‖ · ‖X such that contains A(D,V ) and ap-
pear Banach A(D,V )-module with respect to multiplication V -valued functions
that is for any f ∈ X and a ∈ A(D,V ) function af ∈ X and

‖ af ‖x≤ c· ‖ a ‖∞ · ‖ f ‖X (1)

(constant c independent of a and f). From (1) we obtain that for any function
f ∈ X multiplication operator Mf : A(D,V ) → X Mf (a) = fa is continuous.
Also, we assume that naturally embedding

i : (X, ‖ · ‖X) →֒ (Hol (D,V ), κ)

is continuous, i.e. for any compact K ⊂ D there exists CK > 0 such that

‖ f ‖k,∞= sup
Z∈K

‖ f(t) ‖V ≤ Ck ‖ f ‖X for anyf ∈ X , (2)

since ϕ(D̄) ⊂ D then we have f ◦ ϕ ∈ A(D,V ) for all f ∈ Hol (D,V ) and

‖ f ◦ ϕ ‖∞≤‖ f ‖ϕ(D̄),∞ . (3)

Consequently, Cϕ : (Hol (D,V ) → A(D,V ), Cϕ(f) = f ◦ϕ is continuous, linear
operator. So, since Hol (D,V ) is Montel space then operator Cϕ is compact.
Fix some V -valued function u ∈ X and define linear operator

T : X → X,

Tf = u · f ◦ ϕ , f ∈ X.

Since operator T has a composition representation T = Mu ◦Cϕ ◦ I, we obtain
that T is compact. The following theorem states this result.

Theorem 1. In the conditions as above T : X → X, f 7→ uf ◦ ϕ define

compact weighted composition operator.
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The aim of this paper is to describe the spectrum of T . Analogous problem
is solved by Kamovitz [4] in the case n = 1 and V = C for A(D)-disc alge-
bra. Then in [5] one of the authors (A.I. Shahbazov) solved this problem for
any n ≥ 1 and V = C. The method used in [5] is essentially different from
Kamovitz method; their based on the application of the theory of perturbation
in combination with Poincaré theorem on local linearizability of the mapping ϕ
in a small neighborhood of Denjoy-Wolf fixed point. Our method similarly to
the method given in [5] by using an abstract (V -valued) holomorphic function
theory. To thank Poincaré Theorem, we can solve this problem for multidimen-
sional domains.

2. Main Result

We can represent the mapping ϕ of the form

ϕ(z) = Az + ψ(z)

on the small neighborhood of 0, where A : Cn → Cn is a linear mapping, and
| ψ(z) |≤ c | z |2 for all z ∈ D̄ (where c is constant and by | · | we denote
l∞-norm, i.e. | w |= max1≤i≤n | wi | for any w = (w1, ..., wn) ∈ cn). Let σ(A)
is spectra of mapping A and σ0(A) = σ(A)\{0} = {α1, ..., αs} since ϕ(D̄) ⊂ D

then we can easily show that | α |< 1 for all α ∈ σ0(A).
Recall that, eigenvalue αp ∈ σ0(A) is called a resonancing if there exists

no negative integers M1,M2, ...,Ms such that
∑
mi ≥ 2 and αp = αm1

1 ...αms

s .
Let σ⋆(A) be subset of the σ0(A), which consisting of all nonresonancing eigen-
values (it is clear that, if σ0(A) 6= φ, then σ⋆(A) = φ). We denote by

∏
(ϕ)

multiplicative subsemigroup (with unit) of C inducing by the set {0}
⋃
σ⋆(A),

i.e.
∏

(ϕ) consists of zero and all elements of the form λ =
∏

αi∈σ⋆(A) α
qi

i and
qi ∈ Z+, where Z+ is the set of all nonnegative integers. Next theorem is the
main result of the work:

Theorem 2.1. If σ(T ) denotes the spectrum of T : X → X, f 7→ u · f ◦ ϕ.

Then σ(T ) =‖ u(0) ‖v

∏
(ϕ), in particularly, if u(0) = 0 then the operator T is

quasinilpotent.

3. Scheme of the Proof

Without loss of generality we will assume that u ≡ 1v, where 1v denote the unit
element of V (general case easily lead to this case). Let ϕǫ(z) = ϕ(z) + △ǫz,
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where △ǫ−diagonal matrix and ‖ △ǫ ‖< ǫ ≪ 1. Mapping ϕǫ induces the
operator Tǫ−perturbation of the operator T , i.e. Tǫf(z) = f(ϕǫ(z)). Operator
Tǫ is too compact and in the small ǫ exactly approximates operator T (with
respect to uniform operator norm). It is clear that we can choose △ǫ such
that all eigenvalues of matrix Jacobi of mapping ϕǫ at the point 0 are nonzero,
different and nonresonancing. Consequently according to Poincaré Theorem [2]
on the enough small neighborhood of 0 we can choose new coordinate W which
biholomorphical depends of coordinate such that in this coordinate the mapping
ϕǫ has the AǫW form, where Aǫ is a diagonal matrix (its diagonal elements are
eigenvalues of Jacobi matrix of the mapping ϕǫ). Consequently, we can find
spectrum (and eigenvalues ) of operator Tǫ in the C[[W ]]− algebra of convergent
powers series of the argument W (it is sufficient to consider the equation Tǫf =
νf for series f on the small neighborhood of 0). Therefore we have spectrum
of operator Tǫ: it consists 0, 1 and all numbers in the form νq = µ

q1

1,ǫ....µ
QN

n,ǫ ,
where µ1,ǫ, ..., µn,ǫ are diagonal elements of matrix Aǫ and q = (q1, ..., qn) is any
vector in Z+. We can assume that µ1,ǫ, ..., µn,ǫ are multiplicativly independent

numbers (i.e. if µk1

1,ǫ...µ
kn

n,ǫ = 1, where k1, ..., kn ∈ Z+ then we have ki = 0
for all i), then for any eigenvalue νq, q = (q1, ..., qn) according unique (up to
scalar multiplier) eigenvector fq(w) = w

q1

1 ....w
qn

n ∈ C[[w]]. Since ϕǫ(D̄) ⊂ D

for small ǫ, then for iteration ϕn
ǫ of the mapping we have ϕn

ǫ → 0 as n → ∞.
Hence, we have that all eigenvectors of Tǫ belonging to space X. Consequently,
σX(Tǫ) = σC[[w]](Tǫ)). According to the perturbation theory [3], we know that
σX(T ) consists of all limit points of the set

⋃

k

σX(Tǫk
), where {ǫk} → ǫk, k → ∞,

ǫk > 0.
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